
Chapter 3

Calderón-Zygmund theory

3.1 Singular integral operators of Cauchy type

The starting point is the following result addressing the boundedness of the Cauchy
operator on Lipschitz graphs. Denote by L(Lp → Lp) the Banach space of bounded,
linear operators on Lp.

3.1.1 Theorem 3.1.1. Let A : R→ R be a Lipschitz function with ‖A′‖L∞(R) ≤M . Then
for each 1 < p <∞ there exist a constant C with the following significance. For each
ε > 0, the operator

CA,εf(x) :=

∫

|x−y|>ε

f(y)

x− y + i(A(x)− A(y))
dy (3.1.1) e3.1.1

satisfies

‖CA,ε‖L(Lp→Lp) ≤ C(1 +M). (3.1.2) e3.1.2

Proof. For the first part we present a proof given by M. Melnikov and J. Verdera
MeVe
[MeVe]. For starters, we note that the Cauchy integral operator (

e3.1.1
3.1.1) can be written

as

Cεf(x) =

∫

|y−x|>ε

f(y)

z(y)− z(x)
dy (3.1.3) e3.1.3

where z(x) = x + iA(x) is the natural parametrization of the graph of the Lipschitz
function A : R → R. Consider some interval I ⊂ R with characteristic function χI .
Note that

∫

I

|Cε(χI)|2 =

∫

Tε

1

z(y)− z(x)

1

z(t)− z(x)
dxdydt, (3.1.4) e3.1.4

where
Tε := {(x, y, t) ∈ I3 : |y − x| > ε, ‖t− x| > ε}.

The key ingredient in the proof by Melnikov-Verdera is symmetrizing the above in-
tegral, both with respect to the kernel as well as the domain. This, in turn, brings
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16 Ch.3. Calderón-Zygmund theory

the so-called Menger curvature into play, the main novelty in the approach under
discussion. Turning to the actual details, consider the symmetric domain

Sε := {(x, y, t) ∈ I3 : |y − x| > ε, |t− x| > ε, |t− y| > ε}.

Then the integral (
e3.1.4
3.1.4) over the domain Tε is equivalent to the one over Sε in the

sense that

∫

I

|Cε(χI)|2 =

∫

Sε

1

z(y)− z(x)

1

z(t)− z(x)
dxdydt+O(|I|). (3.1.5) e3.1.5

This is not hard to see if we split the remaining set Tε \ Sε into

Uε,1 := {(x, y, t) ∈ I3 : |y − x| > ε, |t− x| > 2ε, |t− y| < ε}, (3.1.6) e3.1.6

Uε,2 := {(x, y, t) ∈ I3 : |y − x| > ε, 2ε > |t− x| > ε, |t− y| < ε}. (3.1.7) e3.1.7

Majorizing the absolute value of the integrand by ε2 on Uε,2 and by 2
|t−x|2 on Uε,1

allows us to bound

∫

Uε,j

∣∣∣ 1

z(y)− z(x)

1

z(t)− z(x)

∣∣∣ dxdydt ≤ C|I| (3.1.8) e3.1.8

for j = 1, 2 and for some numerical constant C. To symmetrize the kernel, we average
over all possible permutations of the variables x1 := x, x2 := y, x3 := t, so that
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∫

I

|Cε(χI)|2 =

∫

Sε

∑
σ

1

z(xσ(2))− z(xσ(1))

1

z(xσ(3))− z(xσ(1))
dx1dx2dx3 +O(|I|).

(3.1.9) e3.1.9

The main geometric observation to be made here is that the symmetrized integrand
becomes

∑
σ

1

z(xσ(2))− z(xσ(1))

1

z(xσ(3))− z(xσ(1))
= c2(z1, z2, z3), (3.1.10) e3.1.10

where c(z1, z2, z3) is the Menger curvature associated with the points z1 := z(x1),
z2 := z(x2), and z3 := z(x3). The latter can be defined as

c(z1, z2, z3) :=
4S(z1, z2, z3)

|z2 − z1||z3 − z1||z2 − z3| , (3.1.11) e3.1.11

with S(z1, z2, z3) denoting the area of triangle with vertices at z1, z2 and z3.
The equality (

e3.1.10
3.1.10) can be justified using a simple argument to the effect that

c(z1, z2, z3) =
2 sinαij

|zi − zj| , (3.1.12) e3.1.12

where αij is the angle opposite to the side zizj in the triangle under consideration,
and the elementary formula
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Re

(
1

ab
+

1

b(b− a)
− 1

(b− a)a

)
= 2

(
|a|2|b|2 − (

Re(ab)
)2

|a|2|b|2|b− a|2
)

(3.1.13) e3.1.13

applied to the complex numbers a := z2 − z1 and b := z3 − z1. Now we may invoke
the formula

2S(z1, z2, z3) =
∣∣Im [(z2 − z1)(z3 − z1)]

∣∣
=

∣∣(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)
∣∣, (3.1.14) e3.1.14

(with zj := xj + iyj, j = 1, 2, 3), in order to conclude that

c(z(x), z(y), z(t)) ≤ 2

∣∣∣∣∣
A(y)−A(x)

y−x
− A(t)−A(x)

t−x

t− y

∣∣∣∣∣ . (3.1.15) e3.1.15

The next claim we would like to make here is that for every locally absolutely
continuous function a such that a′ ∈ L2(R) there holds

∫

R3

(
a(y)−a(x)

y−x
− a(t)−a(x)

t−x

t− y

)2

dxdydt = C‖a′‖2
L2(R) (3.1.16) e3.1.16

for some numerical constant C. This can be seen as follows.
Making a change of variables h = y−x and k = t−x, we may invoke Plancherel’s

inequality in x to rewrite the integral in (
e3.1.16
3.1.16) as

∫

R3

∣∣∣∣∣∣

eiξh−1
ξh

− eiξk−1)
ξk

h− k

∣∣∣∣∣∣

2

|a′(ξ)|2 dξdhdk. (3.1.17) e3.1.17

Next, we set u = ξh, v = ξk and E(u) := eiu−1
iu

, so that the last expression becomes

‖a′‖2
L2(R)

∫

R2

∣∣∣∣
E(u+ t)− E(u)

t

∣∣∣∣
2

dudt. (3.1.18) e3.1.18

There remains to show that the integral in (
e3.1.18
3.1.18) is finite. To this end, upon noticing

that Ê = 2πχ(0,1) (where ‘hat’ denotes the Fourier transform) Plancherel’s formula
allows us to bound the double integral above by the numerical constant:

CHECK NORMALIZATION CONSTANTS FOR THE FOURIER TRANS-
FORM !!!

∫

R2

∣∣∣∣
eiξt − 1

t

∣∣∣∣
2

dξdt = 2π

∫ +∞

−∞

∫ 1

0

∣∣∣∣
eiξt − 1

t

∣∣∣∣
2

dξdt

= 2π

∫

|t|<1

∫ 1

0

∣∣∣∣
eiξt − 1

t

∣∣∣∣
2

dξdt
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+2π

∫

|t|>1

∫ 1

0

∣∣∣∣
eiξt − 1

t

∣∣∣∣
2

dξdt <∞. (3.1.19) e3.1.19

That the last two integrals above are finite follows by estimating |(eiξt−1)/t|2 by |ξ|2
and 4/t2, respectively.

Now we may use (
e3.1.16
3.1.16) to prove that, for every finite interval I ⊂ R,

∫

I3

c2(z(x), z(y), z(t)) dxdydt ≤ C‖A′‖2
L∞(R)|I|. (3.1.20) e3.1.20

On the interval I = [x0, x1] consider PI(x) = A(x0) +A′I(x−x0), where A′I = 1
|I|

∫
I
A′

is the average of A′. Then, invoking (
e3.1.15
3.1.15), the left hand-side in (

e3.1.20
3.1.20) can be

bounded by

4

∫

R3

∣∣∣∣∣
a(y)−a(x)

y−x
− a(t)−a(x)

t−x

t− y

∣∣∣∣∣

2

dxdydt (3.1.21) e3.1.21

for the choice a := (A− PI)χI . This, in turn, can be controlled by

4‖(A′ − A′I)χI‖2
L2(R) ≤ 16C‖A′‖2

L∞(R)|I|, (3.1.22) e3.1.22

where (
e3.1.16
3.1.16) has been invoked. As a result, we arrive at the estimate

∫

I

|Cε(χI)|2 ≤ C|I| (3.1.23) e3.1.23

for every interval I ⊂ R.

Having disposed of (
e3.1.23
3.1.23), we can then relatively painlessly show that

Cε : L∞(R) → BMO(R) and Cε : H1(R) → L1(R), (3.1.24) e3.1.24

are bounded operators with norms bounded independently of ε > 0. The argument
is then finished via interpolation

FeSt
[FeSt]:

Cε : Lp(R) → Lp(R), 1 < p <∞. (3.1.25) e3.1.25

First, consider some real function b ∈ L∞(R) supported in the interval I. Then

2

∫

I

|Cε(b)|2 − 4 Re

∫

I

Cε(b)Cε(χI)b

=

∫

Sε

c2(z(x), z(y), z(t))b(y)b(t) dxdydt+O(‖b‖2
L∞(R)|I|).

(3.1.26) e3.1.26

To prove this, observe that
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c2(z(x), z(y), z(t)) =
1

z(y)− z(x)

1

z(t)− z(x)
+

1

z(t)− z(x)

1

z(y)− z(x)

+ 2 Re
( 1

z(y)− z(t)

1

z(x)− z(t)

)

+ 2 Re
( 1

z(t)− z(y)

1

z(x)− z(y)

)
.

(3.1.27) e3.1.27

Next, consider separately the terms in right hand-side of (
e3.1.27
3.1.27). For the first one

we may estimate

∫

Sε

1

z(y)− z(x)

1

z(t)− z(x)
b(t)b(y) dxdydt

=

∫

Tε(x)

b(y)

z(y)− z(x)

b(t)

z(t)− z(x)
dxdydt+O(‖b‖2

L∞(R)|I|)

=

∫

I

|Cε(x)|2 dx+O(‖b‖2
L∞(R)|I|),

(3.1.28) eq1.39

where Tε(x) = {(x, y, t) ⊂ I3 : |y − x| > ε, |t − x| > ε}. A similar estimate is valid
for the second term in the right hand-side of (

e3.1.27
3.1.27).

The integral of the third term of (
e3.1.27
3.1.27) can be controlled by observing that

∫

Sε

1

z(y)− z(t)

1

z(x)− z(t)
b(t)b(y) dxdydt

= −
∫

Tε(t)

dx

z(t)− z(x)

b(t)b(y) dydt

z(y)− z(t)
+O(‖b‖2

L∞(R)|I|)

= −
∫

t∈I

∫

|y−t|>ε

CεχI(t)
b(y) dy

z(y)− z(t)
b(t) dt+O(‖b‖2

L∞(R)|I|)

= −
∫

I

CεχI(t)Cεb(t) b(t) dt+O(‖b‖2
L∞(R)|I|). (3.1.29) eq1.42

and then taking the real part of all sides. This finishes the proof of (
e3.1.26
3.1.26).

Then (
e3.1.26
3.1.26) and (

e3.1.23
3.1.23) lead to the inequality

∫

I

|Cε(b)|2 ≤ C‖b‖L∞(R)|I|1/2
(∫

I

|Cε(b)|2
)1/2

+ C‖b‖2
L∞(R)|I|, (3.1.30) eq1.46

which, in turn, implies

∫

I

|Cε(b)| ≤ C‖b‖L∞(R)|I|, (3.1.31) eq1.47

for every essentially bounded function b supported in the interval I.



20 Ch.3. Calderón-Zygmund theory

The next order of business is to use the last estimate to prove that the Cauchy
operator maps L∞(R) boundedly into BMO(R). First, we need to define the operator
Cε on an arbitrary function f ∈ L∞(R) (not necessarily compactly supported).

Consider the set of all intervals on the real line with rational endpoints, I. Then
for every pair of points x1, x2 ∈ R \Q choose I ∈ I such that x1, x2 ∈ I. Let us put
f1 := fχ2I , f2 := f − f1, and

F (x1, x2) := (Cεf1)(x1)− (Cεf1)(x2)

+

∫

R

( 1

z(x1)− z(t)
− 1

z(x2)− z(t)

)
f2(t) dt. (3.1.32) eq1.48,49,50

Note that the definition of F (x1, x2) does not depend on I. Also, for a.e. x1, x2 ∈ R,

F (x, x1)− F (x, x2) = −(Cεf1)(x1) + (Cεf1)(x2)

+

∫

R

(
− 1

z(x1)− z(t)
+

1

z(x2)− z(t)

)
f2(t) dt (3.1.33) eq1.51

is a constant with respect to x.
This justifies defining the action of the operator Cε on some arbitrary function

f ∈ L∞(R) as the equivalence class (modulo constants) of x 7→ F (x1, x), for a.e.
x1 ∈ R.

Now we only need to prove that the Cauchy operator defined in this way is bounded
on BMO(R). By (

eq1.47
3.1.31)

∫

I

|Cεf1(x)| dx ≤
∫

2I

|Cεf1(x)| dx ≤ C‖f‖L∞(R)|I|. (3.1.34) eq1.52

On the other hand, with x0 denoting the center of the interval I, for every x ∈ I

∣∣∣
∫

R\2I

( 1

z(x)− z(t)
− 1

z(x0)− z(t)

)
f2(t) dt

∣∣∣

≤
∣∣∣
∫

R\2I

z(x0)− z(x)

(z(x)− z(t))(z(x0)− z(t))
f2(t) dt

∣∣∣

≤ C‖f‖L∞(R). (3.1.35) eq1.53,54,55

Based on this and the definition of F , we can therefore conclude that

∫

I

∣∣F (x0, x)− Cεf1(x0)| dx ≤ C‖f‖L∞(R)|I|, (3.1.36) eq1.56

for every interval I ∈ I. This proves the first statement in (
e3.1.24
3.1.24).

It is not much harder to show that the second assertion in (
e3.1.24
3.1.24) holds true.

Consider a - atom in H1(R). The goal is to show that

‖Cεa‖L1(R) < C (3.1.37) eq1.57
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for some constant C independent of the particular atom. Denoting the support of
the atom a by I := [x0 − r, x0 + r], we split the discussion into two cases. First, if
x ∈ (2I)c,

|Cεa(x)| ≤
∫

I

|z(x0)− z(y)|
|z(y)− z(x)||z(x0)− z(x)| |a(y)| dy

≤ C
r

|x− x0|2
∫

I

|a(y)| dy ≤ C
r

|x− x0|2 , (3.1.38) eq1.58,59

hence,

∫

(2I)c

|Cεa(x)| dx = 2

∫ +∞

x0+2r

r

|x− x0|2 dx ≤ C. (3.1.39) eq1.60

Second, if x ∈ 2I, then by (
eq1.47
3.1.31)

∫

2I

|Cεa(x)| dx ≤ C‖a‖L∞(R)|I| ≤ C <∞. (3.1.40) eq1.61

This finishes the proof of (
e3.1.24
3.1.24) and, as it was mentioned before, the conclusion

(
e3.1.25
3.1.25) follows by interpolation.

3.1.2 Corollary 3.1.2. Let B : R → R be a Lipschitz function with 0 < β−1 < B′(x) <
β < ∞ for some constant β > 1. Then for each ε > 0 and each η ∈ [−1, 1] the
operator

C̃B,η,εf(x) :=

∫

|x−y|>ε

f(y)

η(x− y)i+B(x)−B(y)
dy (3.1.41) eq1.3

satisfies

‖C̃B,η,ε‖L(Lp→Lp) ≤ Cβ4. (3.1.42) eq1.4

To prove this, a simple technical result is going to be of importance. Recall that
M stands for the usual Hardy-Littlewood maximal operator.

l1.1 Lemma 3.1.3. Assume that

C1|x− y| ≤ ρ(x, y) ≤ C2|x− y|, x, y ∈ Rn, (3.1.43) eq1.5

and

|k(x, y)| ≤ C0

|x− y|n , x, y ∈ Rn, (3.1.44) eq1.6

for some constants C0, C1, C2. Then
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∆(x) :=

∣∣∣∣∣∣∣∣∣

∫

|x−y|>ε

y∈Rn

k(x, y)f(y)dy −
∫

ρ(x−y)>ε

y∈Rn

k(x, y)f(y)dy

∣∣∣∣∣∣∣∣∣
≤ C0(C

−n
1 + Cn

2 )Mf(x) (3.1.45) eq1.7

uniformly for x ∈ Rn.

Proof. A direct size estimate gives

∆(x) ≤
∫
|x−y|>ε, ρ(x,y)<ε

y∈Rn

C0

|x− y|n |f(y)|dy +

∫
|x−y|<ε, ρ(x,y)>ε

y∈Rn

C0

|x− y|n |f(y)|dy

:= I + II, (3.1.46) eq1.8

where the last equality defines I, II. We have:

I ≤ C0

εn

∫

C1|x−y|<ε

|f(y)|dy ≤ C0

Cn
1

Mf(x), (3.1.47) eq1.9

and

II ≤ C0C
n
2

εn

∫

|x−y|<ε

|f(y)|dy ≤ C0C
n
2Mf(x). (3.1.48) eq1.10

The desired conclusion follows. 2

To prove Corollary
3.1.2
3.1.2, first, make a change of variables s = B(x), t = B(y).

Then we may write

(C̃B,η,εf)(B−1(s)) =

∫

|B−1(s)−B−1(t)|>ε

f(B−1(t))[B′(B−1(t))]−1

s− t+ iη(B−1(s)−B−1(t))
dt. (3.1.49) eq1.62

In particular,

|(C̃B,η,εf)(B−1(s))| ≤ |CηB−1,ε((f/B
′) ◦B−1)(s)|+ Cβ3Mf(B−1(s)), (3.1.50) eq1.63

uniformly for s ∈ R. The desired conclusion can now be deduced from (
eq1.63
3.1.50) with

the help of (
e3.1.2
3.1.2). 2

t1.2 Theorem 3.1.4. Suppose F (z) is an analytic function in the open strip {z ∈ C :
|Im z| < 2}. Let A : R → R be a Lipschitz function with ‖A′‖L∞ ≤ M . Then there
exists a universal constant C such that for each ε > 0, the operator

KA,F,εf(x) :=

∫

|x−y|>ε

1

x− y
F

(A(x)− A(y)

x− y

)
f(y) dy, x ∈ R, (3.1.51) eq1.64
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satisfies

‖KA,F,ε‖L(Lp→Lp) ≤ C(1 +M4) sup {|F (z)|; z ∈ C, |Im z| < 2}. (3.1.52) eq1.65

Proof. Let γ1
± := {ζ = u ± i : |u| ≤ 2M}, γ2

± := {ζ = ±2M + iv : |v| ≤ 1}, and set
γ := γ1

+ ∪ γ2
+ ∪ γ1

− ∪ γ2
−. Since F is analytic for z ∈ C with |Im z| < 2, it follows that

F (s) =
1

2π i

∫

γ

F (ζ)

ζ − s
dζ =

1

2π i

∫

γ1
+∪γ1

−

F (ζ)

ζ − s
dζ +

1

2π i

∫

γ2
+∪γ2

−

F (ζ)

ζ − s
dζ. (3.1.53) eq1.66

Accordingly,

KA,F,εf(x) =
1

2π i

∫

γ1
+∪γ1

−

F (ζ)

∫

|x−y|>ε

1

x− y

f(y)

ζ − A(x)−A(y)
x−y

dy dζ

+
1

2π i

∫

γ2
+∪γ2

−

F (ζ)

∫

|x−y|>ε

1

x− y

f(y)

ζ − A(x)−A(y)
x−y

dy dζ

= I+ + I− + II+ + II−, (3.1.54) eq1.67

where

I± := ∓ 1

2π

∫

γ1
±

F (ζ)

∫

|x−y|>ε

f(y)

x− y + i[A±ζ (x)− A±ζ (y)]
dy dζ (3.1.55) eq1.68

with A±ζ (x) := ∓[A(x)− (Re ζ)x], and

II± :=
1

2π i

∫

γ2
±

F (ζ)

∫

|x−y|>ε

f(y)

(Im ζ)(x− y)i+ [B±(x)−B±(y)]
dy dζ (3.1.56) eq1.69

with B±(x) := −[A(x)∓ 2Mx].
At this point, the proof is concluded by invoking Theorem

3.1.1
3.1.1. 2

The main result as far as the one-dimensional theory of Calderón-Zygmund oper-
ators is as follows.

t1.3 Theorem 3.1.5. Suppose F ∈ CN(R), N ≥ 6 and assume that A : R → R is a
Lipschitz function with ‖A′‖L∞(Rn) ≤ M . Then for each 1 < p < ∞ there exists a
constant Cp such that the operator (

eq1.64
3.1.51) satisfies

‖KA,F,ε‖L(Lp→Lp) ≤ Cp(1 +M4) sup {|F (k)(x)|; |x| ≤M + 1, 0 ≤ k ≤ 6}, (3.1.57) eq1.70

uniformly in ε > 0.
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Proof. There is no loss of generality in assuming that F is supported in the interval
[−M − 1,M + 1]. With ‘hat’ denoting the Fourier transform we have

F (s) =

∫

R
eisξF̂ (ξ) dξ (3.1.58) eq1.71

so that

KA,F,εf(x) =

∫

R
F̂ (ξ)

(∫

|x−y|>ε

1

x− y
eiξ

A(x)−A(y)
x−y f(y) dy

)
dξ. (3.1.59) eq1.72

Note that the inner integral is the Cauchy operator (
e3.1.1
3.1.1) corresponding to the

choice F (z) = exp(iz) and with A replaced by ξA. Consequently, by (
eq1.65
3.1.52),

‖KA,F,εf‖L(Lp→Lp) ≤ C

∫

R
(1 + (M |ξ|)4)|F̂ (ξ)| dξ

≤ C(1 +M4) (3.1.60) eq1.73

sup {|F (k)(x)|; |x| ≤M + 1, 0 ≤ k ≤ 6},

as desired. 2

3.2 Higher dimensional singular integrals

We now discuss a higher-dimensional version of the previous theorem.

t1.4 Theorem 3.2.1. Suppose F ∈ CN(Rm), |N | ≥ 5 + m, F is odd, and assume that
A : Rn → Rm is a Lipschitz function with ‖∇A‖L∞(Rn,Rm) ≤ M . Then for each
1 < p <∞ there exists a constant C such that the operator

KA,F,εf(x) :=

∫

|x−y|>ε

1

|x− y|nF
(A(x)− A(y)

|x− y|
)
f(y) dy, x ∈ Rn, (3.2.1) eq1.74

satisfies

‖KA,F,ε‖L(Lp→Lp) ≤ Cp(1 +M4) sup {|DαF (z)| : |z| ≤M + 1, |α| ≤ 5 +m}, (3.2.2) eq1.75

uniformly in ε > 0.

Proof. In the case n = 1,

1

|x− y|F
(A(x)− A(y)

|x− y|
)

=
1

x− y
F

(A(x)− A(y)

x− y

)
(3.2.3) eq1.76

since F is odd, so that (
eq1.75
3.2.2) follows from an argument similar to the one used in

the proof of Theorem
t1.3
3.1.5, i.e. writing
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KA,F,εf(x) =

∫

Rm

F̂ (ξ)
(∫

|x−y|>ε

1

x− y
ei〈ξ,

A(x)−A(y)
x−y

〉f(y) dy
)
dξ (3.2.4) eq1.77

and invoking Theorem
t1.2
3.1.4.

For n > 1 we can reduce the problem to the 1-dimensional case by the method of
rotation. First, assume that f ∈ C∞0 (Rn). Then the integral operator in (

eq1.74
3.2.1)

can be considered as

KA,F,εf(x) =

∫

Rn

k(x, y)f(y) dy

=
1

2

∫

Rn

(
k(x, x+ z)f(x+ z) + k(x, x− z)f(x− z)

)
dz (3.2.5) eq1.79

with kernel

k(x, y) :=
1

|x− y|nF
(A(x)− A(y)

|x− y|
)
χ{y∈Rn: |x−y|>ε}. (3.2.6) eq1.78

Next, in polar coordinates

KA,F,εf(x) =
1

2

∫

Sn−1

Kωf(x) dω, where Kωf(x) =

∫

R
k(x, x+ rω)f(x+ rω)|r|n−1 dr.

(3.2.7) eq1.80

Then the goal is to prove

‖Kωf‖Lp(Rn) ≤ C‖f‖Lp(Rn), (3.2.8) eq1.81

for some constant C independent of ω.
Every x ∈ Rn can be uniquely represented as x = tω + y, where y belongs to the

orthogonal complement of the line {tω; t ∈ R} (ω is fixed). Then

Kωf(tω + y) =

∫

R
k(tω + y, (t+ r)ω + y)f((t+ r)ω + y)|r|n−1 dr

=

∫

R
k(tω + y, sω + y)f(sω + y)|s− t|n−1 ds (3.2.9) eq1.82

can be considered as a 1-dimensional Calderón-Zygmund operator in (
eq1.74
3.2.1) and,

therefore, is bounded on Lp(R) by the argument presented above. Hence,

‖Kωf‖p
Lp(Rn) ≤ C

∫

Rn−1

∫

R
|f(tω + y)|p dtdy = C‖f‖p

Lp(Rn), (3.2.10) eq1.84

since dtdy is equivalent to the Lebesgue measure in Rn for each fixed ω ∈ Sn−1. The
last bound concludes the proof of Theorem

t1.4
3.2.1 since C∞0 (Rn) is dense in Lp(Rn),

for 1 < p <∞. 2
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Handling boundary singular integral operators on Lipschitz boundaries and Lp-
based function spaces requires the use of the rather sophisticated machinery known
as Calderón-Zygmund theory. Below we record the variants which are best suited for
the applications we have in mind.

t2.5 Theorem 3.2.2. Let A : Rn → Rm be a Lipschitz function with Lipschitz contant
M , and assume that F : Rm → R, F ∈ C1(Rm), F is odd function. For x, y ∈ Rn

with x 6= y we set K(x, y) := 1
|x−y|nF

(
A(x)−A(y)
|x−y|

)
, and for ε > 0, f ∈ Lipcomp(Rn),

we define the truncated operator

Tεf(x) :=

∫

|x−y|>ε

K(x, y)f(y) dy. (3.2.11) eq2.1-3

Then, for each 1 < p <∞, the following assertions hold:

1. The maximal operator T∗f(x) := sup {|Tεf(x)| : ε > 0} is bounded on Lp(Rn).
Moreover,

‖T∗‖L(Lp→Lp) ≤ Cp + Cp(1 +M4) sup {|DαF (z)| : |z| ≤M + 1, |α| ≤ 5 +m}.
(3.2.12) maxlp

2. If 1 < p < ∞ and f ∈ Lp(Rn) then the limit limε→0 Tεf(x) exists for almost
every x ∈ Rn and the operator

Tf(x) := lim
ε→0

Tεf(x) (3.2.13) operatorT

is bounded on Lp(Rn).

3. The operator (
operatorT
3.2.13) is bounded from L∞(Rn) into BMO(Rn).

4. The operator (
operatorT
3.2.13) is bounded from L1(Rn) into weak-L1(Rn).

Let us start the proof of Theorem
t2.5
3.2.2 with the following results.

l1-3 Lemma 3.2.3. Let A : Rn → Rm and B : Rn → Rm′
be functions satisfying

|A(x)− A(y)| ≤M |x− y|, and (3.2.14) e3.2.14

M−1|x− y| ≤ |B(x)−B(y)| ≤M |x− y|, ∀ x, y ∈ Rn, (3.2.15) e3.2.15

for some positive constant M . Also let F : Rm × R → R be a C1, odd function. Fix
x ∈ Rn and for each ε > 0 consider

U(ε) := {y ∈ Rn : 1 > |x− y| > ε}, (3.2.16) e3.2.16

V (ε) := {y ∈ Rn : |∇B(x) · (x− y)| > ε, |x− y| < 1}, (3.2.17)
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W (ε) := {y ∈ Rn : |B(x)−B(y)| > ε, |x− y| < 1}. (3.2.18)

Then

lim
ε↘0

∫

U(ε)

1

|x− y|nF
(A(x)− A(y)

|x− y|
)
dy = lim

ε↓0

∫

V (ε)

1

|x− y|nF
(A(x)− A(y)

|x− y|
)
dy

= lim
ε↓0

∫

W (ε)

1

|x− y|nF
(A(x)− A(y)

|x− y|
)
dy, (3.2.19) 3limits

provided ∇A(x) and ∇B(x) exist, and any one of the above three limits exists and is
finite.

Proof. Without loss of generality we can take x = 0, A(0) = 0, B(0) = 0. By
Lemma

radam
2.1.1 there exist nonnegative functions ηA(t) and ηB(t) defined for t > 0, so

that ηA(t) ↓ 0, ηB(t) ↓ 0 as t ↓ 0 and

|A(y)−∇A(0) · y| ≤ |y| ηA(|y|), (3.2.20) eq5-3

|B(y)−∇B(0) · y| ≤ |y| ηB(|y|). (3.2.21) eq5b-3

If we let D(ε) := {y ∈ Rn : ε > |y| > ε/M} then V (ε/M) \ U(ε) ⊂ D(ε). Employing
the properties of F and (

eq5-3
3.2.20), the difference of the first two limits in (

3limits
3.2.19)

becomes

lim
ε↓0

∣∣∣∣
∫

V (ε/M)\U(ε)

1

|y|nF
(A(y)

|y|
)
dy

∣∣∣∣

= lim
ε↓0

1

2

∣∣∣∣
∫

V (ε/M)\U(ε)

1

|y|n
[
F

(A(y)

|y|
)

+ F
(A(−y)

|y|
)]
dy

∣∣∣∣

= lim
ε↓0

1

2

∣∣∣∣
∫

V (ε/M)\U(ε)

1

|y|n
[
F

(A(y)

|y|
)
− F

(
−A(−y)

|y|
)]
dy

∣∣∣∣

≤
[

sup
|ξ|≤M

|∇F (ξ)|
]

lim
ε↓0

∫

D(ε)

ηA(|y|)|y|−n dy

≤ C lim
ε↓0

ηA(ε) = 0,

which proves the first equality in (
3limits
3.2.19).

In order to prove the second one, observe that for y ∈ V (ε)\W (ε) we have
M−1|y| ≤ |B(y)| < ε, so that |y| < εM . In turn, this forces

|∇B(0) · y| ≤ |∇B(0) · y −B(y)|+ |B(y)| ≤ εM ηB(εM) + ε, (3.2.22) e3.2.22

so that, for y ∈ V (ε)\W (ε),
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ε < |∇B(0) · y| ≤ εM ηB(εM) + ε. (3.2.23) e3.2.23

Hence, the measure of V (ε)\W (ε) is of the order εnη(εM) (cf. Exercise ???). Since
the integrand restricted to V (ε)\W (ε) is of the order ε−n we conclude, by letting
ε ↓ 0, that the integral over the V (ε)\W (ε) vanishes.

Resoning in a similar way it follows that

ε− εM ηB(εM) < |∇B(0) · y| ≤ ε, (3.2.24) e3.2.24

uniformly for y ∈ W (ε)\V (ε). Thus, for the same reasons as before, the integral over
W (ε)\V (ε) also vanishes as ε ↓ 0, which completes the proof of the lemma. 2

l2.2 Lemma 3.2.4. For every function f ∈ L1(Rn) and every positive number λ there is
a decomposition f = g +

∑∞
k=1 bk into a ”good” function g ∈ L1(Rn)

⋂
L2(Rn) and

series of “bad” terms bk with the following properties:

|g(x)| ≤ 2nλ a.e. in Rn, (3.2.25) cd1

supp bk ⊂ Qk and

∫

Rn

bk(x) dx = 0 (3.2.26) cd2

for some family of disjoint cubes {Qk}∞k=1 such that

∞∑

k=1

|Qk| ≤ λ−1‖f‖L1(Rn). (3.2.27) cd3

Moreover,

‖g‖L1(Rn) +
∞∑

k=1

‖bk‖L1(Rn) ≤ 3‖f‖L1(Rn), (3.2.28) cd4

and

‖g‖L2(Rn) ≤ 2nλ1/2‖f‖1/2

L1(Rn). (3.2.29) cd4.1

l2.3 Lemma 3.2.5. Let Tε be the operator defined in (
eq2.1-3
3.2.11). Then there is a constant

C such that

|{x ∈ Rn : |Tεf(x)| > λ}| ≤ C

λ
‖f‖L1(Rn) (3.2.30) w2

for every function f ∈ L1(Rn)
⋂
L2(Rn) and every positive number λ, i.e., Tε is ”weak

L1” bounded.

We start with the Calderón-Zygmund decomposition of function f (Lemma
??
??).

Denoting by Q∗k the cube with the same center as Qk and twice bigger side-length,
and by Ω∗ the union

⋃∞
k=1Q

∗
k, we have
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|Ω∗| ≤
∞∑

k=1

|Q∗k| ≤ 2n

∞∑

k=1

|Qk| ≤ 2nλ−1‖f‖L1(Rn) (3.2.31) w3

by (
cd3
3.2.27).

Let us set E := {x ∈ Rn \ Ω∗ : |Tεf(x) > λ}. Then our goal is to prove that
|E| ≤ Cλ−1‖f‖L1(Rn), because {x ∈ Rn : |Tεf(x) > λ} ⊂ E

⋃
Ω∗ and |Ω∗| is bounded

by 2nλ−1‖f‖L1(Rn) (see (
w3
3.2.31)).

Observe that E ⊂ E1

⋃
E2 where we define E1 := {x ∈ E : |Tεg(x)| > λ/2}

and E2 := {x ∈ E : |Tε(
∑∞

k=1 bk)(x)| > λ/2}. The measure of E1 can be con-
trolled using Chebyshev’s inequality and the L2 boundedness of operator Tε proved
in Theorem

t2.5
3.2.2. Specifically,

|E1| ≤
(

2

λ

)2

‖Tεg‖2
L2(Rn) ≤

(
2

λ

)2

‖g‖2
L2(Rn) ≤ 4n+1λ−1‖f‖L1(Rn). (3.2.32) w4

Next, consider the set E2. Since f ∈ L1(Rn)
⋂
L2(Rn), the series

∑∞
k=1 bk con-

verges in L2(Rn) and Tε(
∑∞

k=1 bk)(x) =
∑∞

k=1 Tεbk(x) for every x ∈ Rn. Then

∫

Rn\Ω∗
|Tε(

∞∑

k=1

bk(x))| dx (3.2.33) w5

≤
∞∑

k=1

∫

Rn\Q∗k

∫

Qk

|K(x, y)−K(x, yk)||bk(y)| dydx, (3.2.34) w5.1

where yk denotes the center of cube Qk and the last inequality invokes vanishing
moment condition imposed on bk’s (

cd2
3.2.26). It is not hard to see that for the kernel

K(x, y) introduced in (
???
3.5.3) the following holds:

∫

{x∈Rn; |x−y′|≥2|y−y′|}
|K(x, y′)−K(x, y)| dx ≤ C (3.2.35) w6

for some constant C. Then changing the order of integration in (
w5.1
3.2.34) along with

estimate (
w6
3.2.35) and (

cd4
3.2.28) allows us to bound the integral above by the multiple

of ‖f‖L1(Rn).
This completes the proof of Lemma

l2.3
3.2.5.

2

STATE THE LEMMA BELOW FOR MORE GENERAL KERNELS!!

Cotlar Lemma 3.2.6. [Cotlar’s inequality] Let A : Rn → Rm be a Lipschitz function and
F : Rm → R be a smooth and odd function. For x, y ∈ Rn with x 6= y we set

K(x, y) := 1
|x−y|nF

(
A(x)−A(y)
|x−y|

)
, and for ε > 0, f ∈ Lipcomp(Rn), define the truncated

operator

Tεf(x) :=

∫

|x−y|>ε

K(x, y)f(y) dy. (3.2.36) tepsilon
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Then, the following estimate holds

T∗,εf(x) ≤ CMf(x) + 2M(Tε0)f(x), ∀ ε > ε0, (3.2.37) tstarepsilon

where C is a constant depending on the dimension only, ε0 > 0 is fixed, M denotes
the usual Hardy-Littlewood maximal operator, and

T∗,εf(x) := sup
ε′>ε

|Tε′f(x)|.

Proof. Without loss of generality, it suffices to prove (
tstarepsilon
3.2.37) for x = 0. Then our

goal is to show that

|Tεf(0)| ≤ CMf(0) + 2M(Tε0)f(0), ∀ ε > ε0. (3.2.38) eq2.3-3

It is clear that the estimate (
eq2.3-3
3.2.38) implies (

tstarepsilon
3.2.37) by suitably taking the supremum.

The first step is to show that ∀x ∈ Rn and ∀ε > 0,

|Tεf(x′)− Tεf(x)| ≤ CMf(0), (3.2.39) eq2.5-3

provided |x− x′| ≤ ε/2. This can be done as follows:

∣∣∣Tεf(x′)− Tεf(x)
∣∣∣ ≤

∣∣∣
∫

|x−y|≥ε

(K(x′, y)−K(x, y))f(y)dy
∣∣∣

+
∣∣∣
∫

|x′−y|≥ε

K(x′, y)f(y)dy −
∫

|x−y|≥ε

K(x′, y)f(y)dy
∣∣∣

:= I + II. (3.2.40) eq2.6-3

The term II can be bounded by a multiple of Mf(0) using the argument similar
to that in Lemma

l1.1
3.1.3. The estimate for I follows from the restrictions imposed on

the kernel K(x, y) and the inequality

ε

∫

|y|≥ε

|y|−n−1|f(y)|dy ≤ CMf(0), ∀ε > 0, (3.2.41) eq2.9-3

the proof of which is straightforward and we leave it to motivated reader (see Exercise
19).

Let us turn our attention to the proof of (
eq2.3-3
3.2.38). Set f1 := fχB(0,ε) and f2 :=

f −f1, which entails Tεf(0) = Tε0f2(0) for every ε > ε0. Then for each x ∈ B(0, ε/2),
by (

eq2.5-3
3.2.39), we have

|Tε0f2(x)− Tε0f2(0)| ≤ CMf(0), (3.2.42) eq2.10-3

and therefore,

|Tε0f2(0)| ≤ |Tε0f(x)|+ |Tε0f1(x)|+ CMf(0), for a.e. x ∈ B(0, ε/2). (3.2.43) eq2.11-3
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We finish the proof by analyzing the weak L1 norms of the above functions. Set

N(f) := sup
λ>0

(λµ({x ∈ B : |f(x)| > λ})), (3.2.44) eq2.12-3

where B = B(0, ε/2), and µ stands for the measure supported on the ball B of
constant density |B|−1. Observe that f(x) = α on B implies N(f) = α for any
constant α and N(f1 + f2 + f3) ≤ 2N(f1) + 4N(f2) + 4N(f3) for every functions f1,
f2 and f3.

Then the estimate

|Tεf(0)| = |Tε0f2(0)| ≤ 2N(Tε0f) + 4N(Tε0f1) + 4CMf(0) (3.2.45) eq2.13-3

follows from (
eq2.11-3
3.2.43).

Going further, the right hand-side above can be bounded using Chebyshev’s in-
equality, which yields N(Tε0f) ≤ CM(Tε0f)(0), and the ”weak L1” boundedness of
the operator T (Lemma

l2
7.1.35), which eventually gives N(Tε0f1) ≤ 2nCMf(0).

2

fromdensetoLp Lemma 3.2.7. Let {Tε}ε be a family of operators with the following properties.

1. There exists a dense subspace V in Lp(Rn) such that for any f ∈ V the limit
limε→0 Tεf(x) exists for almost every x ∈ Rn.

2. The maximal operator T∗f(x) := sup {|Tεf(x)| : ε > 0} is bounded on Lp(Rn).

Then, the limit limε→0 Tεf(x) exists for any f ∈ Lp(Rn) at almost any x ∈ Rn

and the operator
Tf(x) := lim

ε→0
Tεf(x)

is bounded on Lp(Rn).

SEE WHAT THE WEAKEST HYPOTHESES ARE !!!!!!!!!!!!!!!!!
Proof. The boundedness of the operator T is immediate once we prove its existence.
In turn, the pointwise convergence in Lp(Rn) will follow if we show that

|{x ∈ Rn : lim sup
ε→0

Tεf(x) 6= lim inf
ε→0

Tεf(x)}| = 0. (3.2.46) eq2.17-3

Fix θ > 0 and consider

S = {x ∈ Rn : | lim sup
ε→0

Tεf(x)− lim inf
ε→0

Tεf(x)| > θ}. (3.2.47) eq2.18-3

Fix δ > 0 and select h ∈ V such that ‖f − h‖Lp(Rn) < δ.
Then S ⊂ S1

⋃
S2 where

S1 = {x ∈ Rn : | lim sup
ε→0

Tεf(x)− lim
ε→0

Tεh(x)| > θ/2}, (3.2.48) eq2.19-3

S2 = {x ∈ Rn : | lim inf
ε→0

Tεf(x)− lim
ε→0

Tεh(x)| > θ/2}. (3.2.49) eq2.20-3
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Then |S1|, the measure of the set S1, can be estimated in the following way:

|S1| ≤ |{x ∈ Rn : T∗(f − h) > θ/2}| ≤
(

2

θ

)p ∫

Rn

|T∗(f − h)|pdσ (3.2.50) eq2.21-3

≤
(

2

θ

)p

‖f − h‖p
Lp(Rn) ≤ C

(
2

θ

)p

δp, (3.2.51) eq2.22-3

which vanishes as δ → 0. The same consideration works for the set S2. This concludes
the proof of Lemma

fromdensetoLp
3.2.7. 2

Proof of Theorem
t2.5
3.2.2. The first part of the theorem is a consequence of the Cotlar’s

inequality as stated in Lemma
Cotlar
3.2.6. Making use of (

tstarepsilon
3.2.37), we observe that

T∗f(x) = lim
ε→0

T∗,εf(x), (3.2.52) eq2.14-3

and, therefore, by Lebesgue’s Monotone Convergence Theorem,

‖T∗f‖Lp(Rn) = lim
ε→0

‖T∗,εf‖Lp(Rn)

≤ C lim
ε→0

(
‖Mf‖Lp(Rn) + ‖MTε/2f‖Lp(Rn)

)
≤ C‖f‖Lp(Rn).(3.2.53) eq2.15-3

This completes the proof of (1) in Theorem
t2.5
3.2.2.

In order to show the pointwise convergence stated in (2), Theorem
t2.5
3.2.2, we will

return to particular operators discussed in previous chapters and show, one at a time,
that pointwise convergence holds for those operators when applyed to functions in Lp

for almost every x ∈ Rn, this way “building up” the proof of the pointwise convergence
for Tε as in Theorem

t2.5
3.2.2.

Step 1. Pointwise convergence for the Cauchy operator from (
e3.1.1
3.1.1).

Let V := (1 + iA′)Lipcomp(R), which is a dense subclass of Lp(R), 1 < p <∞, due to
A being Lipschitz.

Claim 1. For any h ∈ V the limit limε→0 CA,εh(x) exists for almost every x ∈ R.

Indeed, if h = (1 + iA′)f , f ∈ Lipcomp(R), then we can write

CA,εh(x) =

∫

1>|x−y|>ε

1 + iA′(y)

x− y + i(A(x)− A(y))
(f(y)− f(x)) dy

−f(x)

∫

1>|x−y|>ε

−(1 + iA′(y))

x− y + i(A(x)− A(y))
dy

+

∫

|x−y|>1

1 + iA′(y)

x− y + i(A(x)− A(y))
f(y) dy

=: I + II + III. (3.2.54) limitCauchy
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Using the fact that f is a compactly supported Lipschitz function, it is immediate
that limε→0(I + III) exists. Furthermore, when computing the integral in II, the
part depending on ε can be writen as

ln
−1 + iA(x)−A(x+ε)

ε

1 + iA(x)−A(x−ε)
ε

, (3.2.55) lnepsilon

whose limit as ε → 0 exists for almost every x ∈ R, since A is Lipschitz. This
concludes the proof of the Claim 1.

Finally, a combination of Claim 1, Lemma
fromdensetoLp
3.2.7, and part (1) of Theorem

t2.5
3.2.2

gives that for f ∈ Lp(R) the limit limε→0 CA,εf(x) exists for almost every x ∈ R.

Step 2. Pointwise convergence for the Cauchy operator (
eq1.3
3.1.41) from Corol-

lary
3.1.2
3.1.2.

Using Step 1 it follows that, for f ∈ Lp(R), the limit limε→0 C̃B,η,εf(x) exists for
almost every x ∈ R.

Step 3. Pointwise convergence for the operator (
eq1.64
3.1.51) from Theorem

t1.2
3.1.4.

Claim 2. If f ∈ Lp(R), the limit limε→0KA,F,εf(x) exists for almost every x ∈ R.
In order to prove Claim 2 fix f ∈ Lp(R) and recall I±, II± as defined in (

eq1.67
3.1.54). The

goal is to first show that limε→0 I+ exists for almost every x ∈ R. To this end, for
x, ζ ∈ R set

F ζ,x
ε := F (ζ)

∫

|x−y|>ε

f(y)

x− y + i[A±ζ (x)− A±ζ (y)]
dy. (3.2.56) Fzeta

Then imploying Step 2 it follows that for each ζ ∈ γ1
+ the limit

lim
ε→0

F ζ,x
ε (3.2.57) limitFzeta

exists for almost every x ∈ R. Next we want to prove that supε>0 |F ,̇x
ε | ∈ L1(γ1

+) for
almost every x ∈ R. To see the latter we write

∫

R

∣∣∣∣∣
∫

γ1
+

sup
ε>0

|F ζ,x
ε | dζ

∣∣∣∣∣

2

dx ≤
∫

γ1
+

∫

R
(sup

ε>0
|F ζ,x

ε |)2 dx dζ (3.2.58) integralFzeta

≤ C(M)‖f‖L2(R).

The first inequality in (
integralFzeta
3.2.58) is standard, while for the second one we have used

(
maxlp
3.2.12). Now combining the above we have all the ingredients in place for ap-

plying Lebesque’s Dominated Convergence Theorem to conclude that limε→0 I+ =
limε→0(− 1

2π

∫
γ1
+
F ζ,x

ε dζ) exists for almost every x ∈ R. Similarly, one shows that

limε→0 I−, limε→0 II± exist for almost every x ∈ R, and thus Claim 2 is proved.

Step 4. Pointwise convergence for the operator (
eq1.70
3.1.57) from Theorem

t1.3
3.1.5.
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The fact that for f ∈ Lp(R), the limit limε→0KA,F,εf(x) exists for almost every x ∈ R,
follows by a reasoning similar to the one in Step 3. This time the identity (

eq1.72
3.1.59)

replaces the expressions in (
eq1.67
3.1.54) and the decay properties of the Fourier transform

F̂ (ξ) in (
eq1.71
3.1.58) are used when applying Lebesque’s Dominated Convergence Theorem.

Step 5. Pointwise convergence for our operator (
eq2.1-3
3.2.11) from Theorem

t2.5
3.2.2.

The case n = 1 has been proved in Step 4. If we now assume that n > 1, we first look
at the action of Tε on smooth, compactly supported functions. If we fix f ∈ C∞0 (Rn)
and consider Kω,ε as defined in (

eq1.80
3.2.7), then Step 4 gives that limε→0Kω,εf(x) exists

for almost every x ∈ Rn. Hence, for our operator KA,F,ε in (
eq1.80
3.2.7), we can make use

of Lebesque’s Dominated convergence Theorem to conclude that limε→0KA,F,εf(x)
exists for almost every x ∈ Rn; here we recall the estimate (

eq1.81
3.2.8). The latter, together

with Lemma
fromdensetoLp
3.2.7 and (

maxlp
3.2.12), finally yields the pointwise convergence stated in (2)

of Theorem
t2.5
3.2.2, since C∞0 (Rn) is dense in Lp(Rn).

The fact that T maps L1 into weak-L1, is implicit in what we have proved so far
(see Lemma

l2.3
3.2.5).

Turning to part (3) of Theorem
t2.5
3.2.2, observe that the concept of Tf for an

arbitrary function f ∈ L∞(Rn) (not necessarily compactly supported) is not quite
clarified for the operator at hand. Following the same pattern as in the case of the
Cauchy operator, for every pair of points x1, x2 ∈ Rn we choose a cube Q ∈ Rn such
that x1, x2 ∈ Q and denote by 2Q the cube centered at the same point as Q with the
sidelength twice longer. Next, consider the functions f1 := fχ2Q, f2 := f − f1, and

F (x1, x2) := (Tf1)(x1)− (Tf1)(x2) +

∫

Rn

(K(x1, y)−K(x2, y))f2(y) dy. (3.2.59) eq1.48,49,50

Note that the definition of F given above does not depend on the choice of cube Q.
Moreover, for every x1, x2 ∈ Rn, the function F (x, x1) − F (x, x2) is constant with
respect to x. This observation allows to define the action of the operator T on the
function f ∈ L∞(Rn) as the equivalence class (modulo constants) of x 7→ F (x1, x),
for a.e. x1 ∈ Rn.

It remains to show that T is bounded from L∞(Rn) into BMO(Rn). Owing to
L2-boundedness of the operator T , we can write

1

|Q|
∫

Q

|Tf1(x)| dx ≤
(

1

|Q|
∫

Q

|Tf1(x)|2 dx
)1/2

≤
(

1

|Q|
∫

2Q

|f1(x)|2 dx
)1/2

≤ C‖f‖L∞(Rn). (3.2.60) T12

Going further, for every x ∈ Q

∣∣∣
∫

Rn

(K(x, y)−K(xQ, y))f2(y) dy
∣∣∣
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≤ C‖f‖L∞(Rn)

∫

R\2Q

|x− xQ|
|y − xQ|n+1

dy ≤ C‖f‖L∞(Rn). (3.2.61) e3.2.61

for arbitrary cube Q ∈ Rn centered at point xQ. Therefore,

1

|Q|
∫

Q

∣∣∣
∫

Rn

(K(x, y)−K(xQ, y))f2(y) dy
∣∣∣ dx ≤ C‖f‖L∞(Rn). (3.2.62) T14

Finally, combining (
T12
3.2.60) and (

T14
3.2.62), we establish the estimate

1

|Q|
∫

Q

|F (x, xQ)− Tf1(xQ)| dx ≤ C‖f‖L∞(Rn) (3.2.63) e3.2.63

for every Q ∈ Rn and hence, the boundedness of operator T in BMO(Rn).
It is also possible to define Tf for f ∈ ÃL∞(Rn) in an alternative way. It can

be viewed as a distribution known modulo an additive constant, i.e. a continuous
linear functional defined on the space of functions g ∈ H1(Rn). The continuity would
amount to Tf ∈ BMO(Rn). Assume that g is an H1 – atom supported in Br(x0).
We decompose f = f1 + f2, where f1 = fχB2r(x0) and f2 = fχRn\B2r(x0) and then
define

〈Tf, g〉 := 〈Tf1, g〉+

∫

Rn

∫

Rn

(K(x, y)−K(x0, y))f2(y)g(x) dydx. (3.2.64) e3.2.64

Note that subtracting K(x0, y) from the kernel above makes the integral well-defined
without spoiling the nature of the operator, since

∫
Rn g(x) dx = 0. Next,

|〈Tf1, g〉| ≤ ‖Tf1‖L2(Rn)‖g‖L2(Rn), (3.2.65) T16

which, owing to the boundedness of the operator T on L2(Rn) and the size condition
imposed on the atom, is controlled by

C‖f1‖L2(Rn)r
−n/2 ≤ C. (3.2.66) T17

On the other hand,

∣∣∣∣
∫

Rn

∫

Rn

(K(x, y)−K(x0, y))f2(y)g(x) dydx

∣∣∣∣

≤ C‖f2‖L∞(Rn)

∫

Br(x0)

∫

y∈Rn

|x−y|≥2|x−x0|

|K(x, y)−K(x0, y)| dy |g(x)| dx. (3.2.67) T15

It is not hard to show that the inside integral above and therefore, the whole expres-
sion (

T15
3.2.67), is bounded by a finite constant. Combined with (

T16
3.2.65) – (

T17
3.2.66), this

observation concludes the proof.
THERE ARE TWO ARGUMENTS HERE. WHICH ONE TO LEAVE?
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The following part was in the same file after enddocument:
.......................................................................
Verify that the definition given above does not depend on the choice of ball B and
that the integral in (

eq1.51
3.1.33) converges. Also, check that the definition reduces to the

usual one in the case of compactly supported L∞-function f and the case when T is
given by an integrable kernel.
..........................................................................

3.3 Applications of Calderón-Zygmund Theory

The nontangential behavior of integral operators is modeled in abstract in the next
theorem.

t2.6 Theorem 3.3.1. Let A : Rn → Rm, B : Rn → R be two Lipschitz functions and let
F : Rm × R→ R be a C1, odd function which satisfies the decay conditions

|F (a, b)| ≤ C(1 + |b|)−n, (3.3.1) eq2.23

|∇IF (a, b)| ≤, C (3.3.2) eq2.24

|∇IIF (a, b)| ≤ C(1 + |b|)−1 (3.3.3) eq2.25

uniformly for a in compact subsets of Rn and arbitrary b ∈ R. For x, y ∈ Rn with
x 6= y and t > 0 we set

Kt(x, y) :=
1

|x− y|nF
(
A(x)− A(y)

|x− y| ,
B(x)−B(y) + t

|x− y|
)
. (3.3.4) eq2.26

Also, for each t > 0 introduce

T tf(x) :=

∫

Rn

Kt(x, y)f(y) dy, x ∈ Rn, (3.3.5) e3.3.5

and, for some fixed, positive λ,

T∗∗f(x) := sup {|T tf(z)| : |x− z| < λt}, x ∈ Rn. (3.3.6) e3.3.6

Then, for each 1 < p <∞, the following assertions are valid:

1. The nontangential maximal operator T∗∗ is bounded on Lp(Rn). Furthermore,

‖T∗∗‖L(Lp→Lp) ≤ C(1 +M4)
[
1 + sup {|DαF (z)|; |z| < M + 1, |α| < 5 + n}

]
.

(3.3.7) e3.3.7

2. For each f ∈ Lp(Rn), the limit

T f(x) := lim
|x−z|<λt

z→x, t→0

T tf(z) (3.3.8) eq2.27

exists at almost every x ∈ Rn and the operator T is bounded on Lp(Rn).
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CAN WE RELEASE THE ASSUMPTION THAT THE LIMIT IN
(
eq2.27
3.3.8) EXISTS ???

Proof. For x, y ∈ Rn with x 6= y consider the kernel

K(x, y) :=
1

|x− y|nF
(
A(x)− A(y)

|x− y| ,
B(x)−B(y)

|x− y|
)
, (3.3.9) eq2.28

and let T, T∗ be the operators canonically associated with this integral kernel as in
Theorem A.

The crux of the matter is establishing the a.e. pointwise estimate

T∗∗f ≤ CT∗f + CMf (3.3.10) eq2.29

uniformly for f ∈ Lp(Rn). Then the statement of the theorem follows from Theorem
A and (by now) standard arguments.

To this end, fix x, z ∈ Rn, t > 0 such that |x − z| < λt, and let α > 0 be a large
constant, to be specified later. Then

∣∣∣∣
∫

Rn

Kt(z, y)f(y)dy −
∫

|x−y|>αt

K(x, y)f(y)dy

∣∣∣∣ (3.3.11) eq2.30

≤
∫

|x−y|<αt

|Kt(z, y)||f(y)|dy +

∫

|x−y|>αt

|Kt(z, y)−K(x, y)||f(y)|dy =: I + II.

(3.3.12) eq2.31

Clearly, it suffices to show that |I|, |II| ≤ CMf . To see this, first observe that

|Kt(z, y)| ≤ Ct−n uniformly for any z, y ∈ Rn, z 6= y (3.3.13) eq2.32

(in fact, this also justifies the well definiteness of T t). Indeed, using the fact that
Ct ≤ |B(z)−B(y) + t|+ |z− y| (easily seen by analyzing the cases |z− y| ≥ t

2‖B′‖L∞

and |z − y| ≤ t
2‖B′‖L∞

), we may infer that

(
1 +

|B(z)−B(y) + t|
|z − y|

)−n

≤ C

(
t

|z − y|
)−n

. (3.3.14) eq2.33

With this at hand, the estimate (
eq2.32
3.3.13) is a direct consequence of (

eq2.23
3.3.1). Returning

to I, from (
eq2.32
3.3.13), we deduce that |I| ≤ CMf .

Thus, we are left with analyzing II. First of all, we need to prove that

|Kt(z, y)−K(x, y)| ≤ Ct|x− y|−n−1 for |x− y| > αt. (3.3.15) eq2.34

Let Gy(x, t) := Kt(x, y). Then

|Kt(z, y)−K(x, y)| = |Gy(z, t)−Gy(x, 0)| (3.3.16) eq2.35

can be bounded using Mean Value Theorem by

Ct(|∇IGy(w, s)|+ |∇IIGy(w, s)|), (3.3.17) eq2.36



38 Ch.3. Calderón-Zygmund theory

where w = (1− θ)z + θx, s = (1− θ)t for some 0 < θ < 1. Next,

|∇IGy(w, s)| ≈ 1

|w − y|n+1

∣∣∣∣F
(
A(w)− A(y)

|w − y| ,
B(w)−B(y) + s

|w − y|
)∣∣∣∣

+
1

|w − y|n
∣∣∣∣∇IF

(
A(w)− A(y)

|w − y| ,
B(w)−B(y) + s

|w − y|
)∣∣∣∣

1

|w − y|

+
1

|w − y|n
∣∣∣∣∇IIF

(
A(w)− A(y)

|w − y| ,
B(w)−B(y) + s

|w − y|
)∣∣∣∣

(
1

|w − y| +
|B(w)−B(y) + s|

|w − y|2
)

Keeping in mind the restrictions on size of derivatives of function F stated in the
Theorem

t2.6
3.3.1, we conclude that the above expression is bounded by 1

|w−y|n+1 .
Similarly it can be shown that

|∇IIGy(w, s)| ≤ C
1

|w − y|n+1
. (3.3.18) eq2.38

However, |w − y| ≥ C min{|x− y|, |y − z|} and

|y − z| ≥ |x− y| − |z − x| ≥
(

1− λ

α

)
|x− y|. (3.3.19) eq2.40

Therefore, if we choose α > λ, then |w − y| ≥ C|x− y| and

|Kt(z, y)−K(x, y)| ≤ Ct|x− y|−n−1. (3.3.20) eq2.41

Now let us split the domain of integration of II into dyadic annuli of the form
2jαt ≤ |x− y| ≤ 2j+1αt, j = 0, 1, .... Then

∫

|x−y|>αt

|Kt(z, y)−K(x, y)||f(y)|dy

≤
∞∑

j=0

∫

2jαt<|x−y|<2j+1αt

t

|x− y|n+1
|f(y)|dy

≤ C

∞∑
j=0

2−jMf(x).

(3.3.21) eq2.42

This immediately gives the desired inequality, i.e. |II| ≤ CMf .
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Finally, what we have proved so far, much as in the
The idea is that pointwise convergence for a dense class along with the bound-

edness of the maximal operator associated with the type of convergence in question
always entails a.e. convergence for the entire Lp class.

The proof of last part of the statement of the theorem utilizes the same basic
principle as in case of the Theorem

t???
??. More specifically, the idea is to identify

a dense subspace V in Lp(Rn) such that for any f ∈ V the limit (
eq???
4.3.10) exists for

almost every x ∈ Rn. Then, much as before, the boundedness of the maximal operator
associated with the type of convergence under discussion ensures that this limit exists
for any f ∈ Lp(Rn) at almost every x ∈ Rn.

In our situation, we may take V := C1
0(Rn) and observe that

lim
|x−z|<λt

z→x, t→0

T tf(z) = lim
ε→0

lim
|x−z|<λt

z→x, t→0

[
I + II + III

]
, (3.3.22) e3.3.23

where

I :=

∫

|x−y|>1

Kt(z, y)f(y) dy,

II :=

∫

1>|x−y|>ε

Kt(z, y)[f(y)− f(x)] dy, (3.3.23) e3.3.24

III := f(x)

∫

1>|x−y|>ε

Kt(z, y) dy.

Consequently,

lim
ε→0

lim
|x−z|<λt

z→x, t→0

I =

∫

|x−y|>1

K(x, y)f(y) dy

lim
ε→0

lim
|x−z|<λt

z→x, t→0

II =

∫

1>|x−y|
K(x, y)[f(y)− f(x)] dy,

whereas

lim
ε→0

lim
|x−z|<λt

z→x, t→0

III = lim
ε→0

∫

1>|x−y|>ε

K(x, y) dy. (3.3.24) e3.3.27

Now, this last limit is known to exists at a.e. x ∈ Rn, cf. Exercise ???.
Once the pointwise definition of the operator T has been established, its bound-

edness on Lp(Rn) is implied by that of T∗∗. 2

Remark. Applying the above theorems to concrete situations (e.g. the case of layer
potential operators on Lipschitz domains) requires a number of small adjustments
which we will only silently assume. Instead, for details, we direct the reader to the
excellent treatment in

FJR
[FJR].

Next we state a technical result whose proof is given in the Appendices.
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l2-3 Proposition 3.3.2. Let A : Rn → Rm+1, B : Rn → Rm′
be two functions such that

|A(x)− A(y)| ≤M |x− y|, M−1|x− y| ≤ |B(x)−B(y)| ≤M |x− y|, (3.3.25) e3.3.26

for some positive constant M , and all x, y ∈ Rn. Also, let F : Rm × R→ R be a C1,
odd function which satisfies the decay conditions

|F (a, b)| ≤ C(1 + |b|)−n (3.3.26) eq2.23bis

|∇IF (a, b)|+ |∇IIF (a, b)| ≤ C(1 + |b|)−1, (3.3.27) eq2.24bis

uniformly for a in compact subsets of Rn and arbitrary b ∈ R.
Fix x ∈ Rn, ε > 0 and introduce G(ε) = {y ∈ Rn : |B(x) − B(y)| < ε} and

H(ε) = {y ∈ Rn : |∇B(x) · (x− y)| < ε}. Also, fix a constant vector ω ∈ Sm ⊂ Rm+1

with ωm+1 > 0. Then

lim
ε↓0

lim
t↓0

∫

G(ε)

1

|x− y|nF
(A(x)− A(y) + tω

|x− y|
)
dy

= lim
r→∞

∫

H(r)

1

|x− y|nF
(∇A(x) · (x− y) + ω

|x− y|
)
dy

= lim
r→∞

∫

|y|<r

1

|x− y|nF
(∇A(x) · (x− y) + ω

|x− y|
)
dy,

(3.3.28) eq6-3

provided ∇A(x), ∇B(x) exist, and limε↓0
∫

ε<|x−y|<1
1

|x−y|nF
(

A(x)−A(y)
|x−y|

)
dy exists and

is finite.

Note that since F is odd, the last two integrands in (
eq???
4.3.10) may be replaced by

1

|x− y|nF
(∇A(x) · (x− y) + ω

|x− y|
)
− 1

|x− y|nF
(∇A(x) · (x− y)− ω

|x− y|
)

which leads to absolutely convergent integrals. In particular, the (last two, hence all
three) limits in (

eq6-3
3.3.28) exist. This can also be used to show that, as functions of x,

these expressions are bounded.
MAKE AN EXERCISE OUT OF THIS !!!!

Proof. We shall prove only the first equality in (
eq??
??), the justification of the second

one is virtually the same. Without loss of generality we can take x = 0, A(0) = 0
and B(0) = 0. Observe that

lim
ε↓0

lim
t↓0

∫

G(ε)

1

|y|nF
(−A(y) + tω

|y|
)
dy − lim

ε↓0
lim
t↓0

∫

H(ε)

1

|y|nF
(−A(y) + tω

|y|
)
dy

= lim
ε↓0

[∫

W (ε)\V (ε)

1

|y|nF
(A(y)

|y|
)
dy −

∫

V (ε)\W (ε)

1

|y|nF
(A(y)

|y|
)
dy

]
= 0,

(3.3.29) efbc
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where V (ε) and W (ε) are as in Lemma
l1-3
3.2.3. Consequently, the domain of integration

in the first integral in (
eq6-3
3.3.28) may be replaced with H(ε). Thus, we have to compute

lim
ε↓0

lim
t↓0

∫

I

1

|y|nF
(−A(y) + tω

|y|
)
dy + lim

ε↓0
lim
t↓0

∫

II

1

|y|nF
(−A(y) + tω

|y|
)
dy, (3.3.30) eq7-3

where I = I(t) := {y ∈ Rn : |∇B(0) · y| < t} and II = II(ε, t) := {y ∈ Rn : t <
|∇B(0) · y| < ε}. Invoking Lemma

l1-3
3.2.3 and our hypotheses, we obtain that

lim
ε↓0

lim
t↓0

∫

II(ε,t)

1

|y|nF
(A(y)

|y|
)
dy

= lim
ε↓0

lim
t↓0

∫

II(ε,t)

1

|y|n
[
F

(A(y)

|y|
)
− F

(∇A(0) · y
|y|

)]
dy

= lim
ε↓0

lim
t↓0

∫

V (t)

1

|y|n
[
F

(A(y)

|y|
)
− F

(∇A(0) · y
|y|

)]
dy

− lim
ε↓0

lim
t↓0

∫

V (ε)

1

|y|n
[
F

(A(y)

|y|
)
− F

(∇A(0) · y
|y|

)]
dy = 0.

Therefore,

lim
ε↓0

lim
t↓0

∫

II(ε,t)

1

|y|nF
(−A(y) + tω

|y|
)
dy,

lim
ε↓0

lim
t↓0

∫

II(ε,t)

1

|y|n
[
F

(−A(y) + tω

|y|
)
− F

(−A(y)

|y|
)]
dy

= lim
ε↓0

lim
t↓0

∫

II(ε/t,1)

1

|y|n
[
F

(−At(y) + ω

|y|
)
− F

(−At(y)

|y|
)]
dy,

(3.3.31) eq7b-3

where we have set At(y) := t−1A(ty). An application of the Mean Value Theorem
shows that the last integrand above is bounded by |y|−n−1 times a constant inde-
pendent of y and t, while it is not hard to see that if y ∈ II( ε

t
, 1) then |y| > M−1.

Furthermore, (
eq5-3
3.2.20) implies that At(y) → ∇A(0) · y as t→ 0. By Lebesgue’s Dom-

inated Convergence Theorem and the fact that F (∇A(0)·y
|y| ) is odd in y ∈ Rn, we get

that

lim
ε↓0

lim
t↓0

∫

II(ε,t)

1

|y|nF
(−A(y) + tω

|y|
)
dy = lim

r→∞

∫

II(r,1)

1

|y|nF
(−∇A(0) · y + ω

|y|
)
dy.

(3.3.32) IIet

Finally, we treat the first integral in (
eq7-3
3.3.30). In this case, thanks to (

eq2.24bis
3.3.27) and

the fact that ωN+1 > 0, we get that
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∫

I

1

|y|n
[
F

(−A(y) + tω

|y|
)
− F

(−∇A(0) · y + tω

|y|
)]
dy

≤ CηA(t)

∫

|y|≤t

1

|y|n
1

1 +
∣∣∣ξ(y) + tωN+1

|y|

∣∣∣
dy,

(3.3.33) It1

where ξ : Rn → R is a bounded function, |ξ| ≤ CM . The right hand side of (
It1
3.3.33)

is bounded by CηA(t), thus its limit, as t→ 0, is zero. This allows us to replace the

original integrand in the first integral in (
eq7-3
3.3.30) by 1

|y|nF (−∇A(0)·y+tω
|y| ). Dilating in t

further yields

lim
t↓0

∫

I(t)

1

|y|nF
(−A(y) + tω

|y|
)
dy =

∫

I(1)

1

|y|nF
(−∇A(0) · y + ω

|y|
)
dy. (3.3.34) eq8-3

This and (
IIet
3.3.32) then conclude the proof of the proposition since, clearly, H(r) =

I(1) ∪ II(r, 1). 2

For k : Rn \ {0} → R and Ω Lipschitz domain in Rn define the potential

Kf(x) =

∫

∂Ω

k(Q− x)f(Q) dσ(Q), x ∈ Rn \ ∂Ω. (3.3.35) potential

For β > 1 and Q ∈ ∂Ω the non-tangential cones Γ±(Q) are defined as

Γ±(Q) = Γβ
±(Q) := {x ∈ Ω± : |x−Q| < β dist(x, ∂Ω)}, (3.3.36) e3.3.37

where, recall that Ω+ = Ω and Ω− = Rn \ Ω̄.

p1-3 Proposition 3.3.3. There exists N = N(n) positive integer such that if the kernel
k ∈ CN(Rn \ {0}) is odd and homogeneous of degree −(n− 1), i.e.

k(x) = −k(−x), k(tx) = t1−nk(x), (3.3.37) eq0-3

for all x ∈ Rn \ {0}, t > 0, the following are true. Whenever 1 < p <∞, the limit

Kf(P ) := lim
ε↓0

∫

∂Ω\B(P,ε)

k(Q− P )f(Q)dσ(Q) (3.3.38) eq???

exists at a.e. P ∈ ∂Ω for every f ∈ Lp(∂Ω). Also,

‖Kf‖Lp(∂Ω) ≤ C(p, ∂Ω)‖k|Sn−1‖CN‖f‖Lp(∂Ω). (3.3.39) eq1-3

Furthermore, assuming that β is large enough,

‖N(Kf)‖Lp(∂Ω) ≤ C(p, β, ∂Ω)‖k|Sn−1‖CN‖f‖Lp(∂Ω), (3.3.40) eq???

and, for each f ∈ Lp(∂Ω),
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lim
x→P,x∈Γ±(P )

Kf(x) = ±(2π)n/2

2i
k̂
(
ν(P )

)
f(P ) +Kf(P ) (3.3.41) eq???

for a.e. P ∈ ∂Ω, where ν(P ) is the outward unit normal to Ω at P .

For smoother domains we refer the reader to
Mir
[Mir] and

SeSi
[SeSi].

Proof. For starters, we will show that

lim
x→P,x∈Γ±(P )

Kf(x) = lim
ε↓0

∫

∂Ω\B(P,ε)

k(Q− P )f(Q)dσ(Q)

+ f(P ) lim
r→∞

∫
Q

(P )∩B(P,r)

k(y − (P ∓ ν(P ))dy

(3.3.42) eq2-3

for a.e. P ∈ ∂Ω, where
∏

(P ) denotes the tangent plane to ∂Ω. The tangent plane∏
(P ) to ∂Ω at P is well defined for almost every P ∈ ∂Ω (see Theorem 4.1).

Using a partition of unity, matters are reduced to the case when Ω is a domain
above a compactly supported Lipschitz function ϕ. Furthermore, since dσ(y′) =√

1 + |∇ϕ(y)|2dy′ and f̃ ∈ Lp(∂Ω) if and only if f(y′) = f̃(y′, ϕ(y′))
√

1 + |∇ϕ(y′)|2 ∈
Lp(Rn−1), it suffices to analyze the operator

Kf(z) =

∫

Rn−1

k(y′ − z′, ϕ(y′)− zn)f(y′)dy′, z ∈ Rn\∂Ω,

for f ∈ Lp(Rn−1), z = (z′, zn), y = (y′, ϕ(y′)) ∈ ∂Ω. In particular, if x = (x′, ϕ(x′)) ∈
∂Ω is such that z ∈ Γ+(x), then we can define the unit vector ω := z−x

|z−x| . The points

x + tω, t > 0 approach z within Γ+(z) as t→ 0. With these identifications in mind,
the kernel of our operator can be writen as

1

|x′ − y′|n−1
k
(A(x′)− A(y′) + tω

|x′ − y′|
)
, (3.3.43) kernel

where A(y′) := (y′, ϕ(y′)). In order to apply Proposition
l2-3
3.3.2 we need to remove

the singularity of k at the origin. For this purpose let θ be a smooth even function
function defined on Rn−1, such that θ = 0 near the origin and θ(x′) = 1 for |x′| ≥ 1

2
.

Then, if we set the function F := −θk, we have

Kf(x+ tω) =

∫

Rn−1

1

|x′ − y′|n−1
F

(A(x′)− A(y′) + tω

|x′ − y′|
)
dy′ := Tf(x′, t). (3.3.44) operator

We will first analyze the limit limt→0+ Tf(x′, t). Without loss of generality we can
assume that x′ = 0, A(0) = 0. For fixed R > 0 we take f ∈ C1

0(Rn−1) with
suppf ⊆ BR(0). Then for ε > 0 small we can write
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lim
t→0+

Tf(x′, t) = lim
t→0+

lim
ε→0+

∫

ε<|y′|<R

1

|y′|n−1
F

(−A(y′) + tω

|y′|
)

(f(y′)− f(0)) dy′

+ f(0) lim
t→0+

lim
ε→0+

∫

ε<|y′|<R

1

|y′|n−1
F

(−A(y′) + tω

|y′|
)
dy′

+ f(0) lim
t→0+

lim
ε→0+

∫

|y′|<ε

1

|y′|n−1
F

(−A(y′) + tω

|y′|
)
dy′ =: I + II + III.

(3.3.45) IIIIII

It is not difficult to see that one can take limt→0 in I and II which leads to the
“removal” of tω under the integral. Further combining the resulting integrals we
obtain that

I + II = lim
ε→0+

∫

|y′|>ε

1

|y′|n−1
F

(−A(y′)
|y′|

)
f(y′) dy = lim

ε→0+

∫

|y′|>ε

k(y′, ϕ(y′))f(y′) dy′.

(3.3.46) IandII

To treat II we recall Proposition
l2-3
3.3.2 and conclude that

III = f(0) lim
r→∞

∫

|y′|2+|〈∇ϕ(0),y′〉|2<r2

k((y′,∇ϕ(0) · y′)− ω)dy′. (3.3.47) termIII

Next we claim that if ω is replaced in (
termIII
3.3.47) by its normal component the value of

III does not change. In order to prove this claim, let ω = ωnor + ωtan, where ωnor

and ωtan are the normal and tangential, respectively, components of ω. Then we can
write

lim
r→∞

∫

|y′|2+|〈∇ϕ(0),y′〉|2<r2

[
k((y′,∇ϕ(0) · y′)− ω)− k((y′,∇ϕ(0) · y′)− ωnor)

]
dy′

= lim
r→∞

∫

|y′|2+|〈∇ϕ(0),y′〉|2<r2

∫ 1

0

d

dθ

[
k((y′,∇ϕ(0) · y′)− ωnor − θωtan)

]
dθ dy′

= lim
r→∞

1√
1+|∇ϕ(0)|2

∫

Q∈Q
(0), Q∈Br(0)

∫ 1

0

d

dθ

[
k(Q− ωnor − θωtan)

]
dθ dS(Q)

= 1√
1+|∇ϕ(0)|2

∫ 1

0

∫
Q

(0)

−ωtan · ∇Q(k(Q− ωnor − θωtan)) dS(Q) dθ.

(3.3.48) replaceomega

Above, dS(Q) denotes the measure on
∏

(0), and we have that dS(Q) =
√

1 + |∇ϕ(0)|2 dy′.
We point out that we have used the fact that z ∈ Γ+(0), and thus the direction ω
itself stays in a fixed cone, in order to be able to pass to the limit as r → ∞. To
continue, observe that the integrand in the last term in (

replaceomega
3.3.48) is a constant multiple

of the tangential derivative of k. As such, its integral over
∏

(0) is zero. To see this,
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let ψ :
∏

(0) → R be a smooth, compactly supported function, identically 1 near 0.
Then, if ∇tank(Q) denotes a tangential derivative of k, integration by parts gives

∫
Q

(0)

∇tank(Q) dS(Q) = lim
R→∞

∫
Q

(0)

Ψ
(Q
R

)
∇tank(Q) dS(Q)

= lim
R→∞

− 1

R

∫
Q

(0)

(∇tanψ)
(Q
R

)
k(Q) dS(Q)

≤ lim
R→∞

C

R

∫

Q∈Q
(0),|Q|≤R

1

|Q|n−1
dS(Q) = 0

(3.3.49) tangderivk

For the inequality in (
tangderivk
3.3.49) we have used (

eq0-3
3.3.37).

This proves the claim that in the expression of III one can replace ω with its
normal component. Furthermore, it is immediate that the right hand side of (

termIII
3.3.47)

stays the same if ω is replaced by cω, c > 0 constant. Summing up, we can conclude
that in fact (

termIII
3.3.47) holds with ω replaced by −ν(0) = (− ∇ϕ(0)√

1+∇ϕ(0)2
, 1√

1+∇ϕ(0)2
), with

ν(0) being the outward unit normal to Ω. More precisely, one has that

III = f(0) lim
r→∞

∫

|y′|2+|〈∇ϕ(0),y′〉|2<r2

k
(
y′ + ∇ϕ(0)√

1+∇ϕ(0)2
,∇ϕ(0) · y′ − 1√

1+∇ϕ(0)2

)
dy′.

(3.3.50) termIIIb

Now a combination of (
IIIIII
3.3.45), (

IandII
3.3.46), and (

termIIIb
3.3.50), yields

lim
t→0+

Kf(tω) = lim
ε→0+

∫

|y′|>ε

k(y′, ϕ(y′))f(y′) dy′

+ f(0) lim
r→∞

∫

|y′|2+|〈∇ϕ(0),y′〉|2<r2

k
(
y′ + ∇ϕ(0)√

1+∇ϕ(0)2
,∇ϕ(0) · y′ − 1√

1+∇ϕ(0)2

)
dy′.

(3.3.51)

This proves (
eq2-3
3.3.42) for Γ+(0). The proof for z ∈ Γ−(0) is similar and we omit it.

To summarize, so far we have shown that, if f ∈ Lp(Γ), 1 < p < ∞, then at
almost every point x ∈ Γ we have nontangential limits

(Kf)±(x) = α±(x)f(x) + lim
ε→0

∫

|y−x|>ε

k(x− y)f(y) dσ(y), (3.3.52) C.1

where

α±(x) = lim
R→∞

∫

Πx∩BR(x)

k
(
x− y ± n(x)

)
dy. (3.3.53) C.2

Here BR(x) stands for the ball in Rn with center at x and radius R. Given this,
our formula (1.22) is equivalent to the statement that
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lim
R→∞

∫

Πx∩BR(x)

k
(
x− y ± n(x)

)
dy = ±cnk̂

(
n(x)

)
, (3.3.54) C.3

where cn is a constant we will identify below. Verifying (
C.3
3.3.54) can be tackled directly,

as an exercise in Fourier analysis, but we will take a slightly different route.
Namely, it is clear from (

C.1
3.3.52)–(

C.2
3.3.53) that α+(x) = −α−(x), and that the

jump of Kf across Γ is equal a.e. to 2α+(x)f(x). Also, let us observe from (C.2) that
the jump coefficient α+(x) depends exclusively on k and the tangent hyperplane Πx.
Thus, to prove (

C.3
3.3.54) we need merely show that, in the case Γ = Π, a hyperplane

in Rn, with unit normal n, the jump of Kf across Π is equal a.e. to 2cnk̂(n)f . Also,
there is no loss of generality in checking this when Π = {(x′, 0) : x′ ∈ Rn−1}, x = 0,
and n = (0, . . . , 0,−1). Furthermore, it suffices to consider a single f ∈ S(Π), such
that f(0) 6= 0. Then, for x ∈ Rn \ Π,

Kf(x) = P−1(D)(f ⊗ δ)(x), (3.3.55) C.4

where we write P−1(D)u = k ∗ u for u ∈ E ′(Rn), so P−1(ξ) = (2π)n/2k̂(ξ). Now

(Kf )̂ (ξ) = (2π)−1/2P−1(ξ)f̂(ξ′), (3.3.56) C.5

and if f̂ ∈ C∞0 (Rn−1), this differs from (2π)−1/2P−1(0, ξn)f̂(ξ′) by an element of S ′(Rn)
that is integrable outside a sufficiently large ball. Thus Kf − F is continuous on Rn,
where F̂ (ξ) = (2π)−1/2P−1(0, ξn)f̂(ξ′), i.e.,

F (x) = 1
2
i P−1(n) sgn(xn) f(x′). (3.3.57) C.6

The nature of the jump of this function across Π is clear; it is equal to iP−1(n). Hence

α±(0) = ∓1
2
iP−1(n). (3.3.58) C.7

This establishes (
C.3
3.3.54), with cn = (2π)n/2/2i, and it also proves (

e1.22
??).

FINISH THE PROOF OF NT-ESTIMATES!!!
2

3.4 Variable coefficient singular integrals

........................................

3.5 Pseudodifferential operators

We recall that a pseudodifferential operator P (x,D) with (total) symbol p(x, ξ) is
given by

P (x,D)u = (2π)−n/2

∫
p(x, ξ)û(ξ)eix·ξ dξ
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= (2π)−n

∫∫
p(x, ξ)ei(x−y)·ξu(y) dy dξ. (3.5.1) e1.6

There are several symbol classes of importance. One class, denoted Sm
1,0, is defined by

p(x, ξ) ∈ Sm
1,0 ⇐⇒ |Dβ

xD
α
ξ p(x, ξ)| ≤ Cαβ(1 + |ξ|2)(m−|α|)/2, (3.5.2) e1.7

uniformly for x in compact subsets of Rn. Here, we are concerned with a smaller class
of symbols. We say p(x, ξ) ∈ Sm

cl if

p(x, ξ) ∼ pm(x, ξ) + pm−1(x, ξ) + · · · , (3.5.3) e1.8

with pj smooth in x and ξ and homogeneous of degree j in ξ (for |ξ| ≥ 1). The
meaning of (1.8) is that, for each k ≥ 1, the difference between the left side and the
sum of the first k terms on the right belong to Sm−k

1,0 . The term pm(x, ξ) in (1.8) is
called the principal symbol of P (x,D).

The expression in the left-hand side of (
eq???
4.3.10) is an oscillatory integral, defined

in the following sense. If Lx,y := (1 + |x − y|2)−1(I − ∆ξ) then Lt
x,y = Lx,y and

Lx,y

(
ei(x−y)·ξ

)
= ei〈x−y,ξ〉. Then we set

∫
p(x, ξ)ei(x−y)·ξ dξ :=

∫ [
LN

x,yp(x, ξ)
]
ei(x−y)·ξ dξ, (3.5.4) eq???

where the integral in the right-hand side converges absolutely if N is large enough.
According to a celebrated theorem of L. Schwartz, any linear, continuous operator

T from the space of test functions D(Rn) into D′(Rn), the space of disstributions is
uniquely defined by a distribution k ∈ D′(Rn × Rn), in the sense that

〈Tu, v〉 = 〈k, u⊗ v〉, ∀u, v ∈ D(Rn). (3.5.5) eq???

For a classical pseudodifferential operator P (x,D) ∈ OPSm
cl we set

kP (x, y) =∈ D′(Rn × Rn) (3.5.6) e1.3

for its Schwartz kernel, and let SymbP ∈ Sm
cl stand for its principal symbol. For later

reference, let us point out here that, as is well-known,

kP (x, y) = (2π)−n

∫
p(x, ξ)ei(x−y)·ξ dξ = (2π)−n/2[Fξp](x, y − x). (3.5.7) kernel-symbol

This entails kP ∈ C∞(Rn × Rn \ diag) and

|kp(x, y)| ≤ C|x− y|−(n+m), x 6= y. (3.5.8) eq???

DERIVATIVES??
In it useful to note here that

Pj(x,D) ∈ OPS
mj

cl
, j = 1, 2 =⇒ P1(x,D)P2(x,D) ∈ OPSm1+m2

cl
, (3.5.9) eq???
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SymbP1P2
(x, ξ) = SymbP1

(x, ξ)SymbP2
(x, ξ). (3.5.10)

The class of formal adjoints of (
eq???
4.3.10) are pseudodifferential operators of the form

Q(D, x)v(x) := (2π)−n

∫∫
q(ξ, y)ei(x−y)·ξv(y) dy dξ. (3.5.11) eq???

It can then be shown that Q(D, x) ∈ OPSm

cl if q ∈ Sm
1,0. The Schwartz kernel of

(
eq???
4.3.10) is then given by

kQ(x, y) =

∫
q(ξ, y)ei(x−y)·ξ dxi = [Fxq](y − x, y). (3.5.12) eq???

The composition between P (x,D) as in (
eq???
4.3.10) and Q(D, x) as in (

eq???
4.3.10) is given

by

P (x,D)Q(D, x)v(x) = (2π)−n

∫∫
p(x, ξ)q(ξ, x)ei(x−y)·ξv(y) dy dξ. (3.5.13) eq???

.....................................
Fix an arbitrary Lipschitz domain Ω ⊆ Rn and denote by ν(x) the outward unit

conormal (well defined) at almost every x ∈ ∂Ω. Also, dσ is the surface measure on
∂Ω.

For two fixed nonnegative integers N,M , consider the (trivial) vector bundles

E := [C∞(Ω̄)]N , F := [C∞(Ω̄)]M . (3.5.14) ???

In the sequel, we let

〈u, v〉 :=
∑

j

ujvj (3.5.15) ???

denote the pointwise inner product in such bundles. This pairing is bilinear since it
does not involve complex conjugation.

We shall agree that L1(Rn, E) ↪→ D′(Rn, E), the embedding of integrable sections
into the space of distributions with coefficients in E is made in such a way that any
integrable section f is identified with the functional

C∞(Rn, E) 3 φ 7→
∫

Rn

〈f(x), φ(x)〉 dx. (3.5.16) 1.1

Next, if P is a pseudodifferential operator of order −1 with principal symbol

Symb (P ) : Rn \ {0} −→ Hom (E ,F) (3.5.17) 1.4

we introduce layer potential operators by formally writing, for f : ∂Ω → E ,

KPf(x) : = p.v.

∫

∂Ω

〈kP (x, y), f(y)〉 dσ(y) (3.5.18) 1.5
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= lim
ε→0

∫

y∈∂Ω , |x−y|>ε

〈kP (x, y), f(y)〉 dσ(y), x ∈ ∂Ω. (3.5.19)

Also, we set

KPf(x) :=

∫

∂Ω

〈kP (x, y), f(y)〉 dσ(y), x ∈ Rn \ ∂Ω. (3.5.20) 1.6

The main result of this section is as follows.

1.1 Theorem 3.5.1. Let E ,F be as above and let P (x,D) ∈ OPS−1
cl (E ,F) be such that

SymbP (x, ξ) is odd in ξ ∈ Rn. Then, for each f ∈ Lp(∂Ω, E), with 1 < p < ∞,
KPf(x) exists pointwise at almost every boundary point x ∈ ∂Ω and

KP : Lp(∂Ω, E) → Lp(∂Ω,F) (3.5.21) 1.7

is a bounded operator. Also, there exists C > 0 so that

‖N(KPf)‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω,E), ∀f ∈ Lp(∂Ω, E), (3.5.22) 1.8

and KPf has a nontangential boundary trace at almost every boundary point. More
specifically,

KPf
∣∣∣
∂Ω±

= ± 1
2i

SymbP (·, ν)f +KPf a.e. on ∂Ω. (3.5.23) 1.9

Furthermore,

KP : L2(∂Ω, E) → H1/2,2(Ω,F) (3.5.24) 1.10

is a bounded operator.

We debut with a “variable coefficient” version of Proposition
???
3.5.3.

Let Γ be a Lipschitz graph in Rn, of the form xn = φ(x1, . . . , xn−1) for some
Lipschitz function φ : Rn−1 → R. Here, Lp(Γ) is defined using surface measure (i.e.,
(n− 1)-dimensional Hausdorff measure) on Γ.

1.2 Lemma 3.5.2. There exists M = M(n) such that the following holds. Let b(x, z) be
odd in z and homogeneous of degree −(n−1) in z, and assume Dα

z b(x, z) is continuous
and bounded on Rn×Sn−1, for |α| ≤M . Then b(x, x−y) is the kernel of an operator

Bf(x) := p.v.

∫

Γ

b(x, x− y)f(y) dσ(y), x ∈ Γ, (3.5.25) e1.16

bounded on Lp(Γ), for 1 < p <∞.
Furthermore, if

Bf(x) :=

∫

Γ

b(x, x− y)f(y) dσ(y), x ∈ Rn \ Γ, (3.5.26) e1.16
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then

‖N(Bf)‖ ≤ C‖f‖Lp(Γ), (3.5.27) e1.19

and, for any f ∈ Lp(Γ), 1 < p <∞,

B
∣∣∣
Γ
f(x) = ± 1

2i
Fz[b(x, z)](ν(x))f(x) +Bf(x), (3.5.28) e1.23

depending on whether the (non-tangential) approach is from above or below Γ.

Proof. We shall employ the classical method of spherical harmonic decomposition,
due to Calderón and Zygmund. The idea is to write

b(x, z) =
∑
j≥1

bj(x)ϕj

(
z/|z|) |z|−(n−1), (3.5.29) e1.2

where {ϕj : j ≥ 1} is an orthonormal basis of L2(Sn−1) consisting of eigenfunctions
of the Laplace operator on the sphere Sn−1. Furthermore, we can assume that ϕj is
odd whenever bj 6= 0. With N as in Theorem 1.1 and M sufficiently larger than N ,
the regularity hypothesis implies

‖bj‖L∞‖ϕj‖CN ≤ Cj−2. (3.5.30) e1.3

Note that, if kj(x) = ϕj(x/|x|)|x|−(n−1) with ϕj odd, then the operator

Kjf(x) :=

∫

Γ

kj(x− y)f(y) dσ(y), x ∈ Γ, (3.5.31) e1.15

is estimable by Theorem 1.1, and, for f ∈ Lp(Γ),

Bf(x) =
∑
j≥1

bj(x)Kjf(x), x ∈ Γ. (3.5.32) e1.4

Hence,

‖B‖L(Lp) ≤ C(p,Γ)
∑
j≥1

‖bj‖L∞‖ϕj‖CN

≤ C(p,Γ) sup
|α|≤M

‖Dα
z b(x, z)‖L∞(Rn×Sn−1), (3.5.33) e1.5

which justifies (???). Similarly, if

Kjf(x) :=

∫

Γ

kj(x− y)f(y) dσ(y), x ∈ Rn \ Γ, (3.5.34) e1.15

then

Bf(x) =
∑
j≥1

bj(x)Kjf(x), x ∈ RN \ Γ. (3.5.35) e1.4
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Thus,

N(Bf)(x) ≤
∑
j≥1

‖bj‖L∞N(Kjf)(x), x ∈ Γ, (3.5.36) e1.19

so that, using estimates of the form (
e1.3
3.5.30),

‖N(Bf)‖Lp(Γ0) ≤ Cp‖f‖Lp(Γ0), (3.5.37) e1.21

uniformly in f , for each 1 < p <∞.
Finally, from (

???
3.5.3),

Bf
∣∣∣
Γ
(x) =

∑
j≥1

bj(x)Kjf
∣∣∣
Γ
(x)

=
∑
j≥1

[
±(2π)n/2

2i
bj(x)k̂j(ν(x))f(x) + bj(x)Kjf(x)

]

= ±(2π)n/2

2i
Fz[b(x, z)](ν(x))f(x) +Bf(x), (3.5.38) e1.23

where the sign depends on which side of Γ the (non-tangential) approach takes place.
This finishes the proof of the lemma. 2

After these preliminaries, it is straightforward to carry out the

Proof of Theorem
???
3.5.3. The problem localizes, so there is no loss of generality in

assuming that ∂Ω is a Lipschitz hypersurface Γ in Rn. Also, the pseudodifferential
operator P (x,D) can be canonically identified (locally) with a matrix of classical
pseudodifferential operators (Pjk(x,D))j,k of order −1. Since lower order terms in the
asymptotic expansion (

???
3.5.3) yield only weakly singular integrals, it can be further

assumed that each Pjk(x,D) is associated with an odd, homogeneous total symbol.
In this context, by working componentwise, Lemma

???
3.5.3 yields the desired result,

given (
kernel-symbol
3.5.7). 2

??? Corollary 3.5.3. Let Q(x,D) ∈ OPS
−(m+1)
cl (E ,F) be a pseudodifferential operator

whose principal symbol SymbQ(x, ξ) has an opposite parity, in ξ ∈ Rn, to that of the

nonnegative integer m. Also, assume that P : E → G, P̃ : F → G are differential
operators of order m. Set

Tf(x) := p.v.

∫

∂Ω

〈PxkQ(x, y), f(y)〉 dσ(y) x ∈ ∂Ω, (3.5.39) 1.5

T f(x) :=

∫

∂Ω

〈PxkQ(x, y), f(y)〉 dσ(y), x ∈ Rn \ ∂Ω, (3.5.40) 1.5

and
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T̃ f(x) := p.v.

∫

∂Ω

〈P̃ykQ(x, y), f(y)〉 dσ(y), x ∈ ∂Ω, (3.5.41) 1.5

T̃ f(x) :=

∫

∂Ω

〈P̃ykQ(x, y), f(y)〉 dσ(y), x ∈ Rn \ ∂Ω. (3.5.42) 1.5

Then the above principal value integrals exist a.e. on ∂Ω, the operators

T : Lp(∂Ω, E) → Lp(∂Ω,G), T̃ : Lp(∂Ω,F) → Lp(∂Ω,G), (3.5.43) 1.6

are bounded, and

‖N(T f)‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω,G), ‖N(T̃ f)‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω,G). (3.5.44) 1.8

Furthermore, for each Lp function f , 1 < p <∞,

T f
∣∣∣
∂Ω±

= ± 1
2i

SymbP (·, ν)SymbQ(·, ν)f + Tf a.e. on ∂Ω, (3.5.45) 1.9

and

T̃ f
∣∣∣
∂Ω±

= ± 1
2i

SymbQ(·, ν)SymbP̃ (·, ν)f + T̃ f a.e. on ∂Ω. (3.5.46) 1.9

3.6 Further results

6.1

Remark. Call a linear, bounded operator T : S(Rn) → S ′(Rn) of Calderón-Zygmund
type if it extends to a bounded operator in L2(Rn) and if its Schwartz kenrel k(x, y)
satisfies

|k(x, y)|+ |x− y||∇Ik(x, y)|+ |x− y||∇IIk(x, y)| ≤ C

|x− y|n , x, y ∈ Rn.

It follows that any Calderón-Zygmund operator T is bounded on Lp(Rn) for 1 < p <
∞, maps L∞(Rn) into BMO(Rn) and L1(Rn) into weak-L1(Rn). Furthermore,

T ∗1 = 0 =⇒ T : Hp(Rn) −→ Hp(Rn), n/(n+ 1) < p ≤ 1,

and

T1 = 0 =⇒ T : Cα(Rn) −→ Cα(Rn), 0 < α < 1.

...... boundedness on Hp and Cα to be finished later ..............
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6.2

Cotlar’s Lemma
Cotlar
3.2.6 allows to control the Lp norm of maximal operator T∗f by

the Lp norm of Hardy-Littlewood maximal function M and, as a result, to establish
boundedness of T∗f on Lp spaces for 1 < p < ∞. M is also bounded on BMO(Rn)
(see

BDeVS
[BDeVS]).

The question to be asked here is what happens in weighted Lp spaces. The main
result in this theory is the so-called ”good λ” inequalities. For Calderón-type operator
T and A∞ weight ω there exist δ > 0, C > 0, γ0 > 0 such that for every f ∈ C∞0 (Rn),
every λ > 0 and every γ ∈ (0, γ0)

ω{x ∈ Rn : T∗f(x) > 2λ and Mf(x) ≤ γλ} ≤ Cγδω{x ∈ Rn : T∗f(x) > λ}. (3.6.1) eq4.1

This result, established by Burkholder in the context of martingales
???
[?], provides the

following estimate. For T and ω as above and 0 < p < ∞ there exists C > 0 such
that for every locally integrable function f

∫

Rn

(T∗f(x))pω(x) dx ≤ C

∫

Rn

Mf(x)pω(x) dx. (3.6.2) eq4.2

Next, and most importantly, if 1 < p < ∞ and ω ∈ Ap, then every Calderón-
Zygmund operator T can be extended to a continuous linear operator from Lp(Rn, ω dx)
to itself.

6.3

In the case of Calderón-type singular integral operators of the special form

Tf(x) = p.v.

∫

Rn

E
(A(x)− A(y)

|x− y|
)Ω(x− y)

|x− y|n f(y) dy, (3.6.3) eq4.3

(where A ∈ I1(BMO) and Ω, E(t) are smooth functions of opposite parities, the
following Lp and weighted Lp estimates are available for every 1 < p <∞ ???

[?]:
DOES OMEGA HAVE TO BE SMOOTH?

‖Tf‖p,ω ≤ C(n, p, Ap)(1 + ‖∇A‖BMO)µ‖Ω‖∞‖f‖p,ω for some µ > 0. (3.6.4) eq4.4

Ω is assumed to be homogeneous of degree zero and essentially bounded, ω ∈ Ap and
a bound on p.v. is understood in the sence that the estimate (

eq4.4
3.6.4) holds for every

truncation of the operator T with the constant independent of truncation.
By the same techniques one can treat singular integral operators with the structure

T̃ f(x) = P.V.

∫

Rn

(B(x)−B(y))E
(A(x)− A(y)

|x− y|
) Ω(x− y)

|x− y|n+1
f(y) dy, (3.6.5) eq4.5

for Lipschitz function A,B and with E, Ω of same parity. Then for every 1 < p <∞
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‖T̃ f‖p,ω ≤ C(n, p, Ap)(1 + ‖∇A‖BMO)µ‖Ω‖∞‖∇B‖∞‖f‖p,ω. (3.6.6) eq4.6

It is of particular significance for our discussion that the results mentioned above
provide the proof for boundedness of the boundary double layer potential operator
K on the BMO1 domains. Specifically,

‖Kf‖Lp(∂Ω) ≤ C(n, p, Ap)‖f‖Lp(∂Ω), (3.6.7) eq4.7

with ∂Ω parametrized by (x,A(x)) and C(n, p, Ap) → 0 as ‖∇A‖BMO → 0.
Another important application is the compactness of the operatorKf = limε→0Kεf ,

where

Kεf(x) = cn

∫

|x−y|>ε

y∈∂Ω

〈x− y, ν(y)〉
|x− y|n f(y) dσ(y), (3.6.8) eq4.8

on Lp(∂Ω), 1 < p <∞ for bounded VMO1 domain with boundary ∂Ω.
For details, the reader is referred to

Steve
[H].

6.4

INCLUDE HERE THE SQUARE-FUNCTION ESTIMATE OF LEWIS
AND HOFMANN, WITH THE COMMENT THAT IT RELIES ON THE
T(1) THEOREM OF CHRIST. THIS SHOULD BE USEFUL FOR S-B
MAPPING PROP’S OF SIO IN THE NEXT CHAPTER

Let ∆ = {(x, y) : x ∈ Rn}. Then K : (Rn × Rn)\∆ → C is called standard if
∃C <∞, δ > 0 such that for all x, y ∈ Rn, x 6= y, and x′, y′ ∈ Rn it holds

|K(x, y)| ≤ C

|x− y|n

and

|K(x, y)−K(x′, y′)| ≤ C|x− x′|δ
|x− y|n+δ

|K(y, x)−K(y, x′)| ≤ C|x− x′|δ
|x− y|n+δ

provided |x− x′| < 1
2
|x− y|.

Definition 3.6.1. An operator T : D → D′ is said to be associated to a kernel
K ∈ L′loc(Rn × Rn\∆), provided for any f, g ∈ D with supp f ∩ supp g =

〈Tf, g〉 =

∫∫
K(x, y)f(y)g(x) dx dy
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We will use the notation T ∼ K if the operator T is associated to K.
For a function ϕ we set ϕx,t(y) := ϕ

(
y−x

t

)
.

Definition 3.6.2. An operator T is said to be weakly bounded if there exist positive
constants C, N such that ∀x ∈ Rn, ∀ t ∈ R+, and

ϕ, ψ ∈ BN := {ϕ ∈ C∞ : suppϕ ⊂ {x ∈ Rn : ‖x‖ ≤ 1}, ||∂αϕ‖∀|α|≤N ≤ 1}
there holds

|〈Tϕx,t, ψx,t〉| ≤ Ctn.

Theorem 3.6.3. If T : S → S ′ is a linear and continuous operator associated to a
standard kernel, then

T : L2 → L2 is bounded ⇔





T (1) ∈ BMO

T ∗(1) ∈ BMO

T is weakly bounded

Theorem 3.6.4. If T : S → S ′ is a linear, continuous, operator, associated to a
standard and antisymmetric kernel, then

T : L2 → L2 is bounded ⇔ T (1) ∈ BMO.

Theorem 3.6.5. Let T : S → S ′ be a linear and continuous operator, associated to a
standard kernel. Then T : L2 → L2 is bounded if and only if there exists A > 0 such
that ∀φ ∈ C∞, suppφ ⊂ B(0, 1) with |∂αφ| ≤ 1, ∀ 0 ≤ |α| ≤ N there hold

‖T (φX0,R)‖L2 ≤ AR
n
2 , ‖T ∗(φX0,R)‖L2 ≤ AR

n
2 . (3.6.9)

Theorem 3.6.6. Let T : S → S ′ be a linear, continuous operator associated to a
standard kernel. Then T : L2 → L2 is bounded if and only if there exists C > 0 such
that ‖T (XB)‖L1(B), ‖T ∗(XB)‖L1(B) ≤ CB1 for all balls B ⊂ Rn.

Theorem 3.6.7. Let T : D → D be a linear, continuous operator associated to a
standard kernel and having the property that there exists ε > 0 such that

|〈Tψx,t, φy,t〉| ≤ 1

t

1

1 +
∣∣u−v

t

∣∣1+ε , |〈T ∗ψx,t, φy,t〉| ≤ 1

t

1

1 +
∣∣u−v

t

∣∣1+ε (3.6.10)

Then
T : L2 → L2 is bounded ⇔ T (1) ∈ BMO, T ∗(1) ∈ BMO.

Theorem 3.6.8 (David, Journé, Semmers). Suppose T : S → S ′ is a linear,
continuous operator, associated to a standard kernel. Then,

T : L2 → L2 is bounded ⇔ ∃ b ∈ L∞ such that T (b) ∈ BMO,

T ∗(b) ∈ BMO, MbTMb is weakly bounded,

where Mb is the multiplication by b operator.
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6.5. Spaces of homogeneous type and singular integral opera-
tors on such spaces

Definition 3.6.9. A topological space X is called space of homogeneous type if it is
endowed with a Borel measure µ and a quasi-metric (or quasi-distance) d : X ×X →
R+ = {t ∈ R : t ≥ 0} satisfying
(a) d(x, y) = d(y, x),
(b) d(x, y) > 0 if and only if x 6= y, and
(c) there exists a constant c such that d(x, y) ≤ c[d(x, z) + d(z, y)]
for all x, y, z ∈ X.

In this setting the spheres Br(x) = {y ∈ X : d(x, y) < r} centered at x and
of radius r form a basis of open neighborhoods of the point x and µ(Br(x)) > 0
whenever r > 0. Coifman and Weiss (in

CW1
[CW1]) showed the existence of an absolute

constant C such that
µ(Br(x)) ≤ C µ(Br/2(x)).

An example of space of homogeneous type would be X = Rn with µ the Lebesgue
measure and d(x, y) =

∑n
j=1 |xj − yj|αj , where αj > 0. A list of other examples can

be found in
CW
[CW2].

The following theorem of Coifman and de Guzmán (see
CG
[CG]) is particularly

important for us.

Theorem 3.6.10. Let X be a space of homogeneous type endowed with the Borel
measure µ and the quasi-metric d. Consider k(x, y) : X × X −→ R a measurable
function satisfying the integral Hörmander condition: there exist constants c1 > 1,
c2 > 0 such that, for every x0, x ∈ X,

∫

d(x0,y)≥c1 d(x0,x)

|k(x0, y)− k(x, y)|dµ(y) ≤ c2. (3.6.11) H1

Assume that the operator

Tf(x) =

∫

X

k(x, y)f(y)dµ(y)

is continuous from L2(X) to L2(X). Then for every 1 ≤ p ≤ 2 there exists a constant
c = c(p) depending on p, such that for every f ∈ L2(X) ∩ Lp(X)

‖Tf‖Lp(X) ≤ c ‖f‖Lp(X) if 1 < p ≤ 2,

and

µ {x ∈ X : |Tf(x)| > t} ≤ c
‖f‖L1(X)

t
for every t > 0, if p = 1.

If k∗ satisfies condition (
H1
3.6.11), then by duality, T is also bounded on Lp(X) for

2 < p <∞.

A detailed proof is exposed in
CW1
[CW1].
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3.7 Exercises

1. Let A : Rn −→ R be a Lipschitz function. There exists N = N(n) such that, if
k ∈ CN(Rn \ 0) is even (i.e., k(−x) = k(x)) and homogeneous of degree −n, then
k(x−y)(A(x)−A(y)) is the kernel of an operator K bounded on Lp(Γ), for 1 < p <∞,
of norm

‖K‖L(Lp) ≤ C(p, ‖∇φ‖L∞)‖∇A‖L∞‖k|Sn−1‖CN . (3.7.1) e1.1a

2. Let A : Rn −→ R be a Lipschitz function. There exists M = M(n) such that
the following holds. Let b(x, z) be even in z and homogeneous of degree −n in
z, and assume Dα

z b(x, z) is continuous and bounded on Rn × Sn−1, for |α| ≤ M .
Then b(x, x− y)(A(x)−A(y)) is the kernel of an operator B, bounded on Lp(Γ), for
1 < p <∞.

3. If p(x, ξ) ∈ S−2
cl has principal symbol that is even in ξ, then the Schwartz kernels

of ∂jp(x,D), p(x,D)∂j, 1 ≤ j ≤ n, are all kernels of operators bounded on Lp(∂Ω)
for 1 < p <∞.

4. If b is as in Lemma
???
3.5.3, then b(y, x− y) is the kernel of an operator B̃, bounded

on Lp(Γ), for 1 < p <∞.
Hint: One argues similarly as in .... using this time B̃f(x) =

∑
j≥1

Kj(bjf)(x).

5. Consider p(x, ξ) ∈ S−1
cl which has a principal part odd in ξ, and let b(x, x − y)

be the Schwartz kernel of p(x,D) ∈ OPS−1
cl . Let g be a fixed C1 Riemannian metric

on Rn and let r(x, y) denote the geodesic distance (in the metric g) between two
points x, y. Further, let Ω be a bounded Lipschitz domain in Rn and denote by dσ
the area element of ∂Ω induced from the Euclidean structure of Rn. Then, for each
1 < p <∞, the principal-value singular integral operators

Bf(x) = lim
ε→0

∫
{y∈Γ:|x−y|>ε}

b(x, x− y)f(y) dσ(y), x ∈ ∂Ω,

Bgf(x) = lim
ε→0

∫
{y∈Γ:r(x,y)>ε}

b(x, x− y)f(y) dσ(y), x ∈ ∂Ω.
(3.7.2) B.1

coincide pointwise a.e. for any f ∈ Lp(∂Ω).

6. Prove a similar result for integral operators associated with the kernel b(y, x− y),
where b is as in Lemma

???
3.5.3...

7. Consider

B̃f(x) :=

∫

Γ

b(y, x− y)f(y) dσ(y), x ∈ Rn \ Γ, (3.7.3) e1.16

where b is as in Lemma
???
3.5.3. Using the same superposition arguments as in the proof

of ...., show that
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‖N(B̃f)‖ ≤ C‖f‖Lp(Γ), (3.7.4) e1.19

and

(B̃f)±(x) = ∓1
2
iq−1

(
n(x), x

)
f(x) + B̃f(x), (3.7.5) e1.23

for any f ∈ Lp(Γ0), 1 < p <∞.

8. As pointed out in ...., the operators treated in Theorem
???
3.5.3 are bounded on

Lp(Γ, ω dσ) for every Ap weight ω, when p ∈ (1,∞). Extend the arguments used in
the proofs of .... to show that for any p ∈ (1,∞) and any Ap weight ω on Γ, the
operators treated in .... are all bounded on Lp(Γ0, ω dσ).

9. Extend Theorem
???
3.5.3 to the case when the codimension of Γ is > 1. Concretely,

prove that if Γ be an m-dimensional Lipschitz graph in Rn and p(x, ξ) ∈ S−(n−m)
cl has

principal symbol that is odd in ξ, then the Schwartz kernel of p(x,D) is the kernel of
an operator bounded on Lp(Γ0), for any p ∈ (1,∞) and any compact Γ0 ⊂ Γ.

10. Let TA denote the operator defined in 2 of Theorem
t2.5
3.2.2. Prove that the

mapping [0, 1] 3 t 7→ T tA ∈ L(Lp(Rn)) is Lipschitz continuous.

Hint: Show that the operator d
dt

[T tA] falls under the scope of Theorem
???
3.5.3.

11. A more powerful version of the above statement is as follows. Let A, F , and
K be as in Theorem

t2.5
3.2.2. Then, the mapping A 7→ T is continuous from the set

of Lipschitz functions (from Rn into Rm) into the set of bounded linear operators on
Lp(Rn).

Hint: Prove that ‖TA − TB‖L(Lp(Rn)) ≤ C‖∇A−∇B‖L∞(Rn). To show this, write

TA − TB =
∫ 1

0
d
dt

[T (1−t)A+tB] dt and invoke Theorem
Hofmann
??.

12. Supply a detailed proof of Corollary
???
3.5.3.

13. Let Q be a m× n matrix with real entries so that Qx = 0 ⇔ x = 0. Prove that
there exists a constant C > 0 so that the (Euclidean) measure of the set

{x ∈ Rn; r < |Qx| < R}
is ≤ C(Rn − rn), for each 0 < r < R <∞.

Hint: Write |Qx| = |(QtQ)1/2x| then make a change of variables.

14. Let B : Rn → Rm, M > 0, be such that |x − y| ≤ M |B(x) − B(y)| for each
x, y ∈ Rn. Show that if B is differentiable at x∗ ∈ Rn then |∇B(x∗) · v| ≥M−1|v| for
each v ∈ Rn.

Hint: Consider the directional derivative of B at x∗ along v/|v|.
15. (Jean-Lin Journe)
Suppose that K : {(x, y) ∈ Rn×Rn : x 6= y} → C is a continuous function for which
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there exists a positive constant c such that for all x, y ∈ Rn, x 6= y,

K(x, y) ≤ c

|x− y|n

and
|∇xK(x, y)|+ |∇yK(x, y)| ≤ c

|x− y|n+1
.

Let Q be a cube in Rn, and f ∈ L1
loc(Rn). Show the following estimates.

(a) For x ∈ Q, ∫

2Q\Q

|K(x, y)| |f(y)| dy ≤ c f ∗(x).

(b) For x, x0 ∈ Q,

∫

(2Q)c

|K(x, y)−K(x0, y)| |f(y)| dy ≤ c f ∗(x0).

(c) For y0 ∈ Q,

∫

(2Q)c

∫

Q

|K(x, y)−K(x, y0)| |f(y)| dy dx ≤ c |Q| f ∗(y0).

Here

f ∗(x) = sup
r>0

1

Q(x, r)

∫

Q(x,r)

f(y)dy,

and Q(x, r) is the cube in Rn, centered at x and with radius r.

16. Let A : Rn → Rm be a Lipschitz function and let F : Rm → R be a smooth, odd
function. Prove that the limit

lim
ε→0

∫

1>|x−y|>ε

1

|x− y|nF
(
A(x)− A(y)

|x− y|
)
dy (3.7.6) eq???

exists for a.e. x ∈ Rn.

Hint: For a fixed f ∈ C1(Rn) which decays sufficiently fast at infinity and such
that f(x) > 0 at every point x ∈ Rn, write

Tεf(x) =

∫

|x−y|>1

K(x, y)f(y) dy +

∫

1>|x−y|>ε

K(x, y)[f(y)− f(x)] dy

+f(x)

∫

1>|x−y|>ε

K(x, y) dy
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and invoke Theorem
t.???
??.

17. (After boundedness of Cauchy operator on Lp)

Let A be a Lipschitz function on the real line. Set Kn(x, y) := (A(x)−A(y))n

(x−y)n+1 , and
let Tn be the principal value operator defined by Kn. Prove that Tn is bounded on
L2(Rn) with a norm controlled by Cn+1‖A′‖L∞(Rn).

Hint: Do this by induction. Show that Tn(1) = Tn−1(A
′) and then proceed, using

the corresponding computations in Theorem ??? [Boundedness of Cauchy operator].

18. (After boundedness of Cauchy operator on Lp)
A rectifiable, connected curve Γ ⊂ C is called chord-arc, if for some constant

C ≥ 0 and any two points a, b ∈ Γ, the length of the piece of Γ connecting a to b is
less than C times |a − b|. In terms of the arclength parametrization z(t) of Γ, the
chord-arc condition is |t − s| ≤ C|z(t) − z(s)| for every t, s ∈ R. Define a Cauchy

integral operator on Γ as CΓf(x) = p.v.
∫
Γ

f(w) ds(w)
z−w

, where ds stands for the arc-length
measure on Γ. Show that CΓ is a bounded operator on L2(Γ, ds).

19. Consider F ∈ C∞(Rm \ {0}) odd, A : Rn → Rm a Lipschitz function, and, for
x ∈ Rn, define

Tf(x) = lim
ε→0

∫

|x−y|>ε

y∈Rn

F

(
A(x)− A(y)

|x− y|
)
k(x, x− y) f(y) dy,

where k(x, y) is homogeneous of degree −n. If T (1) = constant, then

T : Lp(Rn) −→ Lp(Rn)

is bounded for 1 < p <∞.

Hint. Use the method of spherical harmonics to separate x and x− y.

20. Prove that for every function f ∈ L2(Rn), each γ > 0 and all ε > 0,

εγ

∫

|y|≥ε

|y|−n−γ|f(y)|dy ≤ CMf(0), (3.7.7) eq2.9-3

where the constant C = C(n, γ) depends only on γ > 0 and the dimension.
Hint: To establish this inequality, split the range of integration into the dyadic

shells Dk = {y ∈ Rn : 2kε ≤ |y| < 2k+1ε}, k ∈ N. Next, observe that each Dk is
a subset of the ball Bk = {y ∈ Rn : |y| ≤ 2k+1ε} and apply the definition of the
maximal function to the ball Bk.



Chapter 4

Singular Integrals on
Sobolev-Besov spaces

4.1 Sobolev and Besov spaces in Lipschitz domains

Let us start by recalling the Littlewood-Paley definition of Triebel-Lizorkin (F p,q
s ) and

Besov (Bp,q
s ) spaces. Let Φ be the collection of all systems {φj}∞j=0 ⊂ S, the Schwartz

class, such that

(i) there exist positive constants A, B, C such that

{
supp φ0 ⊂ {x; |x| ≤ A},
supp φj ⊂ {x; B2j−1 ≤ |x| ≤ C2j+1} if j = 1, 2, 3...,

(4.1.1) eq2.1

(ii) for every multi-index α there exists a positive number cα such that

sup
x∈Rn

sup
j∈N

2j|α||∂αφj(x)| ≤ cα, (4.1.2) eq2.2

(iii)
∞∑

j=0

φj(x) = 1 for every x ∈ Rn. (4.1.3) eq2.3

Let s ∈ R and 0 < q ≤ ∞ and fix some family {φj}∞j=0 ∈ Φ. Also, let F denote
the Fourier transform in Rn.

(i) If 0 < p <∞ then the Triebel-Lizorkin scale is defined by

F p,q
s (Rn) :=

{
f ∈ S ′; ‖f‖F p,q

s (Rn) :=
∥∥∥
( ∞∑

j=0

|2sjF−1(φjFf)|q
)1/q∥∥∥

Lp(Rn)
<∞

}
.

(4.1.4) eq2.4

(ii) If 0 < p ≤ ∞ then the Besov scale is
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Bp,q
s (Rn) :=

{
f ∈ S ′; ‖f‖Bp,q

s (Rn) :=
( ∞∑

j=0

‖2sjF−1(φjFf)‖q
Lp(Rn)

)1/q

<∞
}
.

(4.1.5) eq2.5

As is well-known, a different choice of the system {φj}∞j=0 ∈ Φ yields the same spaces
(
eq2.4
6.1.4)-(

eq2.5
6.1.5), albeit equipped with equivalent norms.

For the range of indices n/(n + 1) < p, q < ∞ and n(1/p − 1)+ < s < 1, an
intrinsic definition for membership to Bp,q

s (Rn) is obtained by requiring that

‖f‖Bp,q
s (Rn) := ‖f‖Lp(Rn) +

(∫

Rn

‖f(·+ t)− f(·)‖q
Lp(Rn)

|t|n+sq
dt

)1/q

< +∞. (4.1.6) eq2.7

It has been long known that many classical smoothness spaces are encompassed
by the above two scales. For example,

Cs(Rn) = B∞,∞
s (Rn), 0 < s /∈ Z,

Lp(Rn) = F p,2
0 (Rn), 1 < p <∞,

Lp
k(Rn) = F p,2

k (Rn), 1 < p <∞, k = 1, 2...,

Hp
at(Rn) = F p,2

0 (Rn), 0 < p ≤ 1,

H1,p
at (Rn) = F p,2

1 (Rn), 0 < p ≤ 1.

We let dσ denote the canonical surface measure on ∂Ω so that ν, the outward unit
normal to ∂Ω, is well-defined dσ-a.e.

The scales of Besov and Triebel-Lizorkin spaces can be naturally transported
from Rn−1 to the boundary of a (bounded) Lipschitz domain Ω via pull-back and
a partition of unity. We denote them by Bp,q

s (∂Ω) and by F p,q
s (∂Ω), respectively.

More specifically, if (n − 1)/n < p, q < ∞, (n − 1)(1/p − 1)+ < s < 1, when Ω is
the region from Rn lying above the graph of a Lipschitz function φ : Rn−1 → R, we
define Bp,q

s (∂Ω) as the space of functions f for which the assignment x 7→ f(x, φ(x))
belongs to Bp,q

s (Rn−1). This definition then readily extends to the case of (bounded)
Lipschitz domains in Rn via a standard partition of unity argument. The case when
p = q = ∞ corresponds to the usual (non-homogeneous) Hölder spaces Cs(∂Ω).
Similar considerations apply to F p,q

s (∂Ω).
Denote by Lp

1(∂Ω) the Sobolev space of functions in Lp(∂Ω) whose tangential
gradients are in Lp(∂Ω), 1 < p < ∞. Sobolev and Besov spaces with positive,
fractional smoothness can then be defined via complex and real interpolation methods,
respectively, i.e.

Lp
θ(∂Ω) := [Lp(∂Ω), Lp

1(∂Ω)]θ, 0 < θ < 1, 1 < p <∞, (4.1.7) eqLcomplexIP

Bp,q
θ (∂Ω) := (Lp(∂Ω), Lp

1(∂Ω))θ,q , with 0 < θ < 1, 1 < p, q <∞. (4.1.8) eqLrealIP

Next, for a Lipschitz domain Ω ⊂ Rn, we let Bp,q
s (Ω), 1 ≤ p, q ≤ ∞, s > 0, consist

of restrictions to Ω of functions from Bp,q
s (Rn). Recall that the trace operator
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Tr : Bp,p
s (Ω) −→ Bp,p

s− 1
p

(∂Ω) (4.1.9) eq2.9

is well defined, bounded and onto if 1 ≤ p ≤ ∞ and 1
p
< s < 1 + 1

p
. This also has a

bounded right inverse whose operator norm is controlled exclusively in terms of p, s
and the Lipschitz character of Ω.

Regarding Besov spaces with a negative amount of smoothness, if Ω is the domain
in Rn above the graph of a Lipschitz function φ : Rn−1 → R, we agree that

f ∈ Bp,q
−s(∂Ω) ⇐⇒ f(x, φ(x))

√
1 + |∇φ(x)|2 ∈ Bp,q

−s(Rn−1),

whenever (n − 1)/n < p, q < ∞, (n − 1)(1/p − 1)+ < 1 − s < 1. As before, this
definition is then extended to the case of (bounded) Lipschitz domains in Rn via a
simple partition of unity argument. In particular, for −1 < s < 0 and 1 < p, q <∞,

Bp,q
s (∂Ω) = (Bp′,q′

−s (∂Ω))∗, 1/p+ 1/p′ = 1, 1/q + 1/q′ = 1, (4.1.10) eq2.8

where the duality pairing between f ∈ Bp,q
s (∂Ω) and g ∈ Bp′,q′

−s (∂Ω) is (a natural
extension of)

∫
∂Ω
fg dσ. We also refer to

RS
[RS],

Tr83
[Tr1],

BL
[BL],

JeKe
[JK4],

MiTa
[MT3], for

a more detailed exposition of these and other related matters, such as embedding
theorems.

In the sequel, we shall also use atomic characterization of the Besov spaces
Bp,p

s (∂Ω). These are a straightforward adaptation of the Euclidean results fromFrJa
[FJ2], given the definitions we adopt in this paper. Specifically, let us assume that
(n− 1)/n < p <∞ and that (n− 1)(1

p
− 1)+ < s < 1. A function a is called an atom

for Bp,p
s (∂Ω) if

(1) ∃Sr − surface ball : supp(a) ⊆ Sr,

(2) ‖a‖L∞(∂Ω) ≤ rs−n−1
p ,

(3) ‖∇tana‖L∞(∂Ω) ≤ rs−n−1
p
−1.

Here and elsewhere, ∇tan = ∇−ν∂ν will denote the tangential gradient on ∂Ω. Also, a
surface ball Sr(x) is any set of the form Br(x)∩∂Ω, with x ∈ ∂Ω and 0 < r < diam Ω.
Parenthetically, let us note that (1) & (3) ⇒ (2). Then

‖f‖Bp,p
s (∂Ω) ≈ inf

{(∑
j

|µj|p
)1/p

; f =
∑

j

µjaj, aj are Bp,p
s (∂Ω) atoms, {µj}j ∈ `p

}
.

(4.1.11) eq2.10

Similarly, there are atomic decompositions for Bp,p
−s (∂Ω). Concretely, let us assume

that (n − 1)/n < p < ∞ and (n − 1)(1
p
− 1)+ < 1 − s < 1, and call a an atom for

Bp,p
−s (∂Ω) if

(1) ∃Sr − surface ball : supp(a) ⊆ Sr,
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(2) ‖a‖L∞(∂Ω) ≤ r−s−n−1
p ,

(3)

∫

∂Ω

a dσ = 0.

Then the Euclidean results from
FrJa
[FJ2] lifted to ∂Ω give

‖f‖Bp,p
−s (∂Ω) ≈ inf

{(∑
j

|µj|p
)1/p

; f =
∑

j

µjaj, aj are Bp,p
−s (∂Ω) atoms, {µj}j ∈ `p

}
.

(4.1.12) eq2.11

As far as the Hardy spaces Hp
at(∂Ω), n−1

n
< p ≤ 1, are concerned, call a an atom

for Hp
at(∂Ω), if

(i) ∃Sr − surface ball : supp(a) ⊆ Sr,

(ii) ‖a‖L∞(∂Ω) ≤ r−
n−1

p ,

(iii)

∫

∂Ω

a dσ = 0.

Then

Hp
at(∂Ω) :=

{∑
j

λjaj; aj is an Hp
at(∂Ω) atom, {λj}j ∈ `p

}
. (4.1.13) eq2.12

See, e.g.,
CW
[CW2] for the more general setting of homogeneous spaces.

We now proceed to record some important interpolation results. By [·, ·]θ and
(·, ·)θ,q we will denote the complex and real methods of interpolation, respectively.

t2.3 Theorem 4.1.1. (cf.
MeMi
[MeMi2]) Let α0, α1 ∈ R, 0 < p0, p1, q0, q1 ≤ ∞, p0 + q0 <∞,

p1 + q1 <∞, 0 < θ < 1, α = (1− θ)α0 + θα1,
1
p

= 1−θ
p0

+ θ
p1

and 1
q

= 1−θ
q0

+ θ
q1

. Then

[F p0,q0
α0

(Rn), F p1,q1
α1

(Rn)]θ = F p,q
α (Rn). (4.1.14) eq2.19

t2.4 Theorem 4.1.2. (cf.
Tr83
[Tr1]) Let α0, α1 ∈ R, α0 6= α1, 0 < p < ∞, 0 < q0, q1 ≤ ∞,

0 < θ < 1, α = (1− θ)α0 + θα1. Then

(F p,q0
α0

(Rn), F p,q1
α1

(Rn))θ,q = Bp,q
α (Rn). (4.1.15) eq2.20

An important remark is that appropriate versions of the last two theorems above
continue to hold in the case when the underlying Euclidean space is replaced by the
boundary of a Lipschitz domain –this is more or less immediate from the various
definitions adopted in this paper. In the sequence, we shall tacitly use this without
any special mention. The interested reader is further referred to

Za
[Za],

Trnew
[Tr2], for a

more detailed discussion in this regard.
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tJeKecriterion Theorem 4.1.3. (cf.
JeKe
[JK4]) Suppose u is a function defined in the Lipschitz domain

Ω. For 0 < α < 1, a nonnegative integer k, and 1 ≤ p ≤ ∞, consider the following
statements:

(a) u belongs to Bp,p
k+α(Ω);

(b) δ1−α|∇k+1u|+ |∇ku|+ |u| belongs to Lp(Ω).
Then

(i) (b) ⇒ (a), for any u ∈ L1
loc(Ω) such that ∇ju ∈ L1

loc(Ω), 1 ≤ j ≤ k + 1;

(ii) (b) ⇔ (a), if u is harmonic in Ω.

The result similar to (ii) in the theorem above holds for Sobolev scale Lp
k+α(Ω) under

the hypotheses 0 ≤ α ≤ 1 and 1 < p < ∞ (cf.
JeKe
[JK4]). However, the proof is rather

elaborate and since we have no use for results of this kind in the present monograph,
we shall not pursue the subject further.

Proof of Theorem
tJeKecriterion
4.1.3 To start, observe that the matters can be reduced to the

case k = 0 (see Proposition
pJeKe2.18
4.1.4 for details).

Next, assume that u is locally integrable function on Ω as well as its derivatives
of order less than or equal to k + 1. Suppose, u belongs to the space Bp,p

α (Ω). By
virtue of interpolation formula (

eqLrealIP
4.1.8) the norm of u in Bp,p

α (Ω) can be regarded as
the infimum of

(∫ ∞

0

‖t1−αf(t)‖p
Lp

1(Ω)
t−1 dt

)1/p

+

(∫ ∞

0

‖t1−αf ′(t)‖p
Lp(Ω)t

−1 dt

)1/p

. (4.1.16) eqIPNorm

over all functions f : [0,∞) → Lp(Ω) + Lp
1(Ω) such that f(0) = u. Since the interior

estimates are straightforward, we shall restrict our attention to a small neighborhood
of the boundary, where Ω can be locally represented as a domain above the graph of
Lipschitz function φ(x). More precisely, consider a ball B(x′, r) centered at boundary
point x′ such that

B ∩ Ω = {(x′, y) ∈ B(x′, r); y > φ(x′)} where φ(0) = 0. (4.1.17) eq???

Going further, we introduce functions η ∈ C∞0 (B(x′, r)) and θ ∈ C∞0 (−r, r) such
that η(x)|B(x′,r/2) = θ(y)|(−r/2,r/2) = 1. Also, set g(t) := η(x)u(x, y + t)θ(t). Then
g(0) = ηu and the expression in (

eqIPNorm
4.1.16) can be controlled modulo finite constant by

(∫ ∞

0

‖t1−αg(t)‖p
Lp(Ω)t

−1 dt

)1/p

+

(∫ ∞

0

∫

B∩Ω

|t1−αθ(t)η(x)∇u(x+ ten)|p dxt−1 dt

)1/p

.

The first summand above is majorized by

(∫ ∞

0

∫

B∩Ω

|u(x′, y)|p dx′dy tp−αp−1 dt

)1/p

≤ C‖u‖Lp(Ω). (4.1.18) eq???
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As for the second one, it does not exceed

(∫

B∩Ω

|∇u(x)|p
∫ Cδ(x)

0

tp−αp−1 dtdx

)1/p

≤ C

(∫

B∩Ω

|δ(x)1−α∇u(x)|p dx
)1/p

.

(4.1.19) eq???

Now it remains to establish the implication (a) ⇒ (b) for arbitrary harmonic
function u in Ω. According to the Mean Value property of harmonic functions and
Holder’s inequality,

|∇u(x)| ≤ Cδ(x)−1

(
1

δ(x)n

∫

B(x,δ(x)/2)

|u(z)− u(x)|p dz
)1/p

≤ Cδ(x)α−1

(∫

B(x,δ(x)/2)

|u(z)− u(x)|p
|x− z|n+αp

dz

)1/p

. (4.1.20) eq???

With this in mind, one can use an intrinsic characterization of Besov spaces to com-
plete the argument.

2

pJeKe2.18 Proposition 4.1.4. (cf.
JeKe
[JK4]) Assume that Ω is a Lipschitz domain in Rn. Then

(a) for α > 0 and 1 < p < ∞, u ∈ Lp
α+1(Ω) if and only if u ∈ Lp(Ω) and

∇u ∈ Lp
α(Ω),

(b) for α > 0 and 1 ≤ p ≤ ∞, u ∈ Bp,p
α+1(Ω) if and only if u ∈ Lp(Ω) and

∇u ∈ Bp,p
α (Ω) for α > 0 and 1 ≤ p ≤ ∞.

THE PROOF?????????????????

4.2 Mapping properties of SIO, I

To start, denote by CµSm

cl the class of classical symbols q(ξ, x) of order m which are

Cµ in x, for some µ ∈ [0,∞], while still smooth in ξ ∈ Rn \ 0. Also, given any two
numbers a, b we set a ∨ b := max{a, b}.

pmp1 Proposition 4.2.1. Assume that K(x−y, y) is the Schwartz kernel for some q(ξ, x) ∈
CµS−2

cl
, µ ≥ 1, whose principal symbol is even in ξ. Consider the corresponding

integral operator

Rf(x) :=

∫

∂Ω

K(x− y, y)f(y) dσ(y), x ∈ Ω. (4.2.1) mp1

Then for 1 < p <∞, 0 ≤ s ≤ 1, the operator

R : Lp
−s(∂Ω) −→ Bp,p∨2

1−s+1/p(Ω) (4.2.2) mp2

is well defined and bounded.
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Proof. By performing a decomposition in spherical harmonics (cf.
MT
[MT3] for details

in similar circumstances), there is no loss of generality in assuming that µ = ∞.
Note that if we treat only the cases when s = 0 and s = 1, the rest follows by

complex interpolation (cf.
BL
[BL]). In fact, we shall only consider the situation when

s = 0 (see Exercise ???). It suffices to show the following. If q(ξ, x) ∈ CµS−2

cl
, µ ≥ 1,

has a principal symbol that is even in ξ, then the Schwartz kernels of ∂jq(D, x),
q(D, x)∂j ∈ ØPC0S−1

cl
are all kernels of operators mapping Lp(∂Ω) boundedly into

Bp,p∨2
1/p (Ω) for each 1 < p <∞.

Take for instance the case of the Schwartz kernel k(x − y, y) of ∇xq(D, x) ∈
ØPC0S−1

cl
, for some q(ξ, x) ∈ CµS−2

cl
, µ ≥ 1, whose principal symbol is even in ξ and

denote by K the corresponding integral operator, i.e.,

Kf(x) :=

∫

∂Ω

k(x− y, y)f(y) dσ(y), x ∈ Ω. (4.2.3) mp2

Fix f ∈ Lp(∂Ω) and set u := Kf in Ω. Analogously to
JK2
[JK4],

Ve2
[Ve3], we use the

fact that ‖u‖Bp,q
1/p

(Ω) is controlled by a finite sum of expressions of the type

(∫ r

0

tq−q/p
(∫

Sr

∫ r

t

|∇u(x′, ϕ(x′) + s)|p dx′ds
)q/pdt

t

)1/q

+
(∫ r

0

tq−q/p
(∫

Sr

∫ r

t

|u(x′, ϕ(x′) + s)|p dx′ds
)q/pdt

t

)1/q

=: I + II. (4.2.4) mp3

Here ϕ : Rn−1 → R is a Lipschitz function used to describe ∂Ω locally and Sr ⊆ ∂Ω
is a surface ball of fixed radius r > 0.

Our aim is to bound I and II by ‖f‖Lp(∂Ω) in the case when 1 < p < ∞ and
q := p ∨ 2. The first observation is that II in (

mp3
4.2.4) can easily be controlled using

‖u∗‖Lp(∂Ω) = ‖(Kf)∗‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω), (4.2.5) mp4

where the last estimate is proved in
MT
[MT3] (recall that (·)∗ stands for the nontangential

maximal function of u). As for I, following
JK2
[JK4] we invoke Hardy’s inequality (cf.,

e.g., Appendix A in
St
[St]) in the case 1 < p ≤ 2 plus Minkowski’s inequality in order

to write

|I| ≤ C
(∫ r

0

(∫

Sr

|s∇u(x′, ϕ(x′) + s)|p dx′
)q/pds

s

)1/q

≤ C
(∫

Sr

(∫ r

0

|s∇u(x′, ϕ(x′) + s)|q ds
s

)p/q

dx′
)1/p

. (4.2.6) mp5

Note that we can arrive at same majorand for I as above in the case 2 ≤ p <∞
simply by using Fubini’s theorem since, in this case, p = q.
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At this point observe that matters are reduced to proving the Lp-boundedness,
1 < p <∞, of the Lq((0, r), ds/s)-valued operator T given by the assignment:

Lp(Sr) 3 f 7→ s∇Kf(x′, ϕ(x′) + s) ∈ Lp(Sr, L
q((0, r), ds/s)). (4.2.7) mp6

It is preferable to deal first with the Hilbert space setting, i.e., when q = 2, since
in this case the vector-valued Calderón-Zygmund theory works. Concretely, setting

k̃s(x
′, y′) := s∇1k((x′ − y′, ϕ(x′)− ϕ(y′) + s), (y′, ϕ(y′)), x′, y′ ∈ Rn−1, (4.2.8) mp7

the estimates

|∇i+1
1 ∇j

2k(x, y)| ≤ C|x− y|−(n−i−j), i, j ≥ 0, (4.2.9) mp8

readily imply that

(∫ r

0

|∇i
x′∇j

y′ k̃s(x
′, y′)|2ds

s

)1/2

≤ C|x′ − y′|−(n−1+i+j), 0 ≤ i+ j ≤ 1. (4.2.10) mp9

In turn, these express the fact that the kernel of T in (
mp7
4.2.8) is standard. The

boundedness of the operator T when p = 2 follows from

‖Tf‖L2(Sr,L2((0,r),ds/s)) ≤ C
(∫

Sr

∫ r

0

s|∇u(x′, ϕ(x′) + s)|2 ds dx′
)1/2

≤ C
(∫

Ω

δ(x)|∇u(x)|2 dx
)1/2

≤ C‖f‖L2(∂Ω). (4.2.11) mp10

The crucial step in (
mp10
4.2.11) is the last inequality and this has been proved in Theorem

1.1 of
MMT
[MMT]. This finishes the proof of the Lp-boundedness of T when q = 2 and

takes care of the 1 < p ≤ 2 part in the statement of the theorem.
Next, consider the case when p ≥ 2. When f has small support, contained in an

open subset of ∂Ω where ∂Ω is given as the graph of ϕ : {x′ ∈ Rn−1 : |x′| < r} → R
and x0 = (x′0, ϕ(x′0)) ∈ ∂Ω is an arbitrary boundary point, then

s|∇u(x′0, ϕ(x′0) + s)|

≤
∫

|y′|<r

s|∇k((x′0, ϕ(x′0) + s), (y′, ϕ(y′))| · |f(y′, ϕ(y′))| dy′

≤ CMf(x0), (4.2.12) mp11

uniformly in s, where M denotes the Hardy-Littlewood maximal operator on ∂Ω.
The last inequality in (

mp11
4.2.12) is a consequence of fact that the expression
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s|∇k((x′, ϕ(x′) + s), (y′, ϕ(y′))| (4.2.13) mp12

behaves like the Poisson kernel for the upper-half space; see, e.g., Theorem 2, pp. 62–
63 in

St
[St]. Thus,

sups∈(0,r)s|∇u(x′0, ϕ(x′0) + s)| ≤ CMf(x0). (4.2.14) mp13

Using this and the fact that M is bounded on Lp(∂Ω), 1 < p <∞, it follows that

(∫

Sr

(
sups∈(0,r)|s∇u(x′, ϕ(x′) + s)|

)p

dx′
)1/p

≤ C‖f‖Lp(∂Ω), (4.2.15) mp14

i.e., that T in (
mp6
4.2.7) is bounded when q = ∞.

The case when p = q > 2 now follows by interpolating the end-point results
corresponding to q = 2 and q = ∞. (Note that here we use the fact that Bp,q1

s ↪→ Bp,q2
s

for 1 ≤ q1 < q2 ≤ ∞.) This completes the proof of the proposition. 2

We now analyze the action of the double layer potential on the scale of Sobolev
spaces.

pmp2 Proposition 4.2.2. For 1 < p <∞ and 0 ≤ s ≤ 1, the operator

D : Lp
s(∂Ω) −→ Bp,p∨2

s+1/p(Ω) (4.2.16) mp15

is bounded.

Proof. For (
mp15
4.2.16) with s = 0, arguments similar to the ones used in the proof of the

previous proposition apply. Matters can again be reduced to the same pattern in the
case s = 1, thanks to the identity

∂jDf(x) =
n∑

k=1

∫

∂Ω

νk(y)∂xj
∂yk

E(x− y)f(y) dσy

=
n∑

k=1

∫

∂Ω

(νj(y)∂yk
− νk(y)∂yj

)[∂yk
E(x− y)]f(y) dσy

=
n∑

k=1

∫

∂Ω

∂yk
E(x− y)[(νj∂k − νk∂j)f ](y) dσy. (4.2.17) mp16

valid for each 1 ≤ j ≤ n and x ∈ Ω. The important aspect of the above identity is
that it allows to write

∇Df = T (∇tanf) (4.2.18) mp17

where ∇tan stands for the tangential gradient on ∂Ω, and T is a singular integral
operator of the type ∂jS. Now the claim about (

mp15
4.2.16) is obtained by interpolation.

2
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4.2.1 Mapping properties of layer potentials, II

tmp3.1 Theorem 4.2.3. Let Ω be a Lipschitz domain in Rn. Consider the integral operator

Tf(x) =

∫

∂Ω

k(x, y)f(y)dσ(y), x ∈ Ω, (4.2.19) eqmp44

satisfying the following conditions:

(1) T1 = const, (4.2.20) eqmp45

(2) |∇k
xk(x, y)| ≤ C|x− y|−(n+k+γ−1), k = 1, 2, .., N, (4.2.21) eqmp46

for some positive integer N and γ ≥ 0. Then

‖δk+γ− 1
p
−s|∇kTf |‖Lp(Ω) ≤ C‖f‖Bp,p

s (∂Ω), (4.2.22) eqmp47

granted that n−1
n
< p ≤ ∞, (n− 1)(1

p
− 1)+ < s < 1.

It should be noted that the class of operators satisfying (
eqmp45
4.2.20) -(

eqmp46
4.2.21) contains

the double layer potential as well as the Cauchy operator.

Proof. We proceed by analyzing several cases starting with:
Case 1. 1 ≤ p ≤ ∞. The estimate (

eqmp47
4.2.22) will be proved in three steps.

The idea is to obtain the result for p = 1, then for p = ∞ and, finally, use Stein’s
interpolation theorem for analytic families of operators (Theorem

t2.5
3.2.2) to cover the

range in between.
Consider first the case p = 1. We shall prove that under the current assumptions

on the operator

‖δk+γ−1−s|∇kTf | ‖L1(Ω) ≤ C‖f‖B1,1
s (∂Ω), (4.2.23) eq3.5

First recall the intrinsic characterization of the Besov space B1,1
s (∂Ω)

‖f‖B1,1
s (∂Ω) = ‖f‖L1(∂Ω) +

∫

∂Ω

∫

∂Ω

|f(x)− f(y)|
|x− y|n−1+s

dσ(x)dσ(y). (4.2.24) eq3.6

The estimate we seek has local character. Thus, using a partition of unity, we may
assume that the support of f is included in a coordinate patch where ∂Ω is represented
by the graph of the Lipschitz function φ : Rn−1 → R. Assuming that this is the case,
we make a change of variables and set f̃(x) := f(x, φ(x)), extended by zero outside
of the support. In particular, f̃ ∈ B1,1

s (Rn−1).
Thanks to (

eqmp45
4.2.20) we have that ∇kT annihilates constants. In concert with the

assumption (
eqmp46
4.2.21) on the kernel, this implies that

∫

Ω

δk+γ−1−s(x)|∇kTf(x)|dx (4.2.25) eq3.7

can be controlled by a multiple of
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∫ ∞

0

tk+γ−1−s

∫

Rn−1

∫

Rn−1

|f̃(x)− f̃(y)|
(|x− y|2 + t2)

n+k+γ−1
2

dxdy. (4.2.26) eq3.8

In turn, this can be majorized by

C

∫

Rn−1

∫

Rn−1

|f̃(x)− f̃(y)|
(∫ ∞

0

tk+γ−1−s

(|x− y|+ t)n+k+γ−1
dt

)
dxdy. (4.2.27) eq3.9

Making the change of variables r = t
|x−y| , r ∈ (0,∞), dt = |x − y|dr, we can further

bound the innermost integral above by

∫ ∞

0

tk+γ−1−s

(|x− y|+ t)n+k+γ−1
dt = |x− y|−s+1−n

∫ ∞

0

rk+γ−1−s

(1 + r)n+k+γ−1
dr ≤ C|x− y|−s+1−n

(4.2.28) 3.10

for some finite constant C = C(k, γ, s, n). Thus,

∫

Ω

δk+γ−1−s(x)|∇kTf(x)| dx ≤ C

∫

Rn−1

∫

Rn−1

|f̃(x)− f̃(y)|
|x− y|n+s−1

dxdy

≤ C‖f̃‖B1,1
s (Rn−1) ≤ C‖f‖B1,1

s (∂Ω) (4.2.29) eq3.11

as desired; this completes the proof of (
eq3.5
7.1.39).

Next we turn our attention to the case p = ∞. The goal is to show that
δk+γ−s|∇kTf | ∈ L∞(Ω) for f ∈ B∞,∞

s (∂Ω), with appropriate control of the norms.
To this end, let x∗ denote the point on ∂Ω such that |x − x∗| = δ(x). Then we may
write

∇kTf(x) =

∫

∂Ω

∇k
xk(x, y)(f(y)− f(x∗)) dσ(y). (4.2.30) eq3.12

Since f ∈ B∞,∞
s (∂Ω) = Cs(∂Ω) we have |f(y) − f(x∗)| ≤ ‖f‖B∞,∞

s (∂Ω)|y − x∗|s,
y ∈ ∂Ω. With this in mind and recalling the assumptions (

eqmp46
4.2.21) on the kernel,

we split the last integral into two parts, I1, I2, corresponding to y ∈ S100r(x
∗) and

y ∈ ∂Ω \ S100r(x
∗), respectively, where r := |x− x∗|. We have

|I1| ≤ C‖f‖B∞,∞
s (∂Ω)

∫

S100r(x∗)

|y − x∗|s
|x− y|n−1+k+γ

dσ(y)

≤ C‖f‖B∞,∞
s (∂Ω)

∫

S100r(x∗)
|x− y|s−n+1−k−γ dσ(y)

≤ C‖f‖B∞,∞
s (∂Ω)

∫

S100r(x∗)
rs−n+1−k−γdσ(y) ≤ C rs−k−γ ‖f‖B∞,∞

s (∂Ω).(4.2.31) eq3.13

On the other hand,
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|I2| ≤ C‖f‖B∞,∞
s (∂Ω)

∫

∂Ω\S100r(x∗)

|y − x∗|s
|x− y|n−1+k+γ

dσ(y)

≤ C‖f‖B∞,∞
s (∂Ω)

∫

∂Ω\S100r(x∗)
|x∗ − y|s−n+1−k−γ dσ(y)

≤ C‖f‖B∞,∞
s (∂Ω)

∫ ∞

100r

ρs−1−k−γdρ ≤ C rs−k−γ ‖f‖B∞,∞
s (∂Ω). (4.2.32) eq3.14

These inequalities complete the argument for the case p = ∞.
Now the estimate

δk+γ− 1
p
−s|∇kTf | ∈ Lp(Ω) for f ∈ Bp,p

s (∂Ω), (4.2.33) eq3.15

k = 1, 2, ..., N, s ∈ (0, 1), p ∈ [1,∞],

will follow from Theorem
???
3.5.3 [Stein’s IP]. The details are as follows. Consider the

family of operators

Lzf := δk+γ−1+z−[(1−z)s0+zs1]|∇kTf |, (4.2.34) eq3.16

so that

<ez = 0 ⇒ |L0f | = δk+γ−1−s0|∇kTf |,
<ez = 1 ⇒ |L1f | = δk+γ−s1|∇kTf |.

Our results for p = 1 and p = ∞ lead to the conclusion that the operators

L0 : B1,1
s0

(∂Ω) → L1(Ω),

L1 : B∞,∞
s1

(∂Ω) → L∞(Ω),

are well-defined and bounded. In turn, thanks to Theorem
???
3.5.3 [Stein’s IP] , and

standard complex interpolation results for the Besov scale (cf.
BL
[BL]; here s0 6= s1 is

needed), we may conclude that

δk+γ− 1
p
−s|∇kTf | : Bp,p

s (∂Ω) → Lp(Ω) (4.2.35) eq3.17

is also well defined and bounded granted that s ∈ (0, 1) and p ∈ [1,∞].

Case 2. (n− 1)/n < p ≤ 1. In this situation we use the atomic characterization
(
eq2.10
6.1.10) of Besov spaces. First, we observe that it suffices to show

∫

Ω

(
δk+γ− 1

p
−s(x)|∇kTa|

)p

dx ≤ C, (4.2.36) eqmp49
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for every Bp,p
s (∂Ω)-atom a.

Given supp a ⊆ Sr, we first treat the case x ∈ B2r ⊂ Ω, where B2r denotes
an n-dimensional ball whose center coincides with that of Sr. In this scenario, we
introduce a rescaling ã = r#a with the value of # to be clarified later. Then

∫

B2r

(
δk+γ− 1

p
−s(x)|∇kTa|

)p

dx (4.2.37) eqmp50

can be viewed as

r−#p

∫

B2r

δkp+γp−1−sp(x)|∇kT ã|p dx. (4.2.38) eqmp51

Now we can exploit Holder’s inequality and majorize the integral above by

r−#p

(∫

B2r

δk+γ−s− 1
p
+ z

p (x)|∇kT ã| dx
)p (∫

B2r

δ
−z
1−p (x) dx

)1−p

:= r−#p Ip
1 I

1−p
2 .

(4.2.39) eqmp52

Under an assumption z < 1− p one can see that I2 is convergent and dominated by

C r
−z
1−p

+n+2.
Concerning I1, we can enlarge the domain of integration to write

I1 =

∫

Ω

δk+γ−s− 1
p
+ z

p (x)|∇kT ã| dx. (4.2.40) eqmp53

According to estimate (
eq3.6
7.1.40) the expression (

eqmp53
4.2.40) is controlled by

C‖ã‖B1,1

−1+s+1−z
p

(∂Ω), (4.2.41) eqmp55

whenever −1 + s + 1−z
p
∈ (0, 1). In view of all restrictions imposed on z, we dis-

cover that the argument described above makes sense for every z that belongs to the
nondegenerate interval (1− p(2− s), 1− p).

Going further, we intend to bound (
eqmp55
4.2.41) by finite constant and therefore select

# so that ã = r#p a is B1,1

−1+s+ 1−z
p

(∂Ω)-atom. An appropriate choice would be # =

n−z
p
− n. Then it follows that

∫

B2r

(
δk+γ− 1

p
−s(x)|∇kTa|

)p

dx

≤ r−#p · C · r(1−p)( −z
1−p

+n) ≤ C. (4.2.42) eqmp56

Now let us turn our attention to the contribution away from the support of the
atom. For notational simplicity we will further assume that supp a is centered at 0.

To start,

|∇kTa(x)| ≤ C

∫

Sr(0)

|a(y)|
|x− y|n+k+γ−1

dσ(y). (4.2.43) eqmp57
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According to (
eqmp46
4.2.21), for every x ∈ Ω \B2r the last expression is majorized by

rs+(n−1)(1− 1
p
)

|x|n+k+γ−1
. (4.2.44) eqmp58

At this point, we pull-back everything to Euclidean model to obtain

∫

Ω\B2r

δ(k+γ−s)p−1|∇kTa(x)|p dx

≤ C r(s+(n−1)
(
1− 1

p

)
)p

∫

|x′|2+t2≥4r2

t(k+γ−s)p−1

(|x′|+ t)(n+k+γ−1)p
dx′dt. (4.2.45) eqmp59

This, in turn, can be written (after rescaling) as

∫

|x′|2+t2≥1

t(k+γ−s)p−1

(|x′|+ t)(n+k+γ−1)p
dx′dt. (4.2.46) eqmp60

Now the desired conclusion follows from convergence of the integral (
eqmp60
4.2.46), which

we treat below.
Let us first handle the case |x′| ≤ t, |x′|2 + t2 ≥ 1. It corresponds to I1 := I||x′|≤t

with domain of integration restricted by the condition t ≥ 1/2. Making the change
of variables x′ = ty (t ∈ [1

2
,∞), y ∈ Rn−1), we compute

I1 =

∫ ∞

1/2

t−sp+(n−1)(1−p)−1 dt ·
∫

Rn−1

1

(|y|+ 1)(n+k+γ−1)p
dy. (4.2.47) eqmp61

Both integrals in the expression above are convergent under the current assumptions
on p and s.

As for the case t ≤ |x|, |x′|2 + t2 ≥ 1, that forces |x| ≥ 1/2. Denoting t := ρ|x|,
we obtain

I2 := I|t<|x| =

∫ ∞

0

ρ(k+γ−s)p−1

(ρ+ 1)(n+k+γ−1)p
dρ ·

∫

|x′|>1/2

|x′|−sp−1−np+p dx′, (4.2.48) eqmp62

which is finite as well. This, finally, completes the proof of
eqmp47
4.2.22.

2

c??? Corollary 4.2.4. Assume that Ω is a Lipschitz domain in Rn. Then for every n−1
n
<

p <∞, (n− 1)(1
p
− 1)+ < s < 1

D : Bp,p
s (∂Ω) → Bp,p

s+ 1
p

(Ω) ∩ F p,2

s+ 1
p

(Ω). (4.2.49) eqmp48

Proof To establish (
eqmp48
4.2.81), we first invoke the estimate from Theorem

tJeKecriterion
4.1.3 to

the effect that

‖u‖Bp,p
s (∂Ω) ≤ C ‖δk(s)− 1

p
−s|∇k(s)Df |‖Lp(Ω), (4.2.50) eqmp69
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where k(s) denotes the smallest nonnegative integer greater than or equal to 1/p+ s
(see also [Further Results in Section on Function Spaces], where the case p < 1 was
discussed). In view of Theorem

tmp3.1
4.2.3, the inequality (

eqmp69
4.2.50) yields

D : Bp,p
s (∂Ω) → Bp,p

s+ 1
p

(Ω). (4.2.51) eqmp70

Turning to Triebel-Lizorkin spaces, the classical embedding theorems ascertain

Bp,p

s+ 1
p

(Ω) ↪→ F p,2

s+ 1
p

(Ω), for p ≤ 2. (4.2.52) eqmp71

Combined with the discussion in
MiTa
[MT3] for 1 < p < ∞, this readily implies (

eqmp48
4.2.81)

and finishes the argument.
2

tmp3.2 Theorem 4.2.5. Let Ω be a Lipschitz domain in Rn. Consider the integral operator

Rf(x) =

∫

∂Ω

k(x, y)f(y)dσ(y), x ∈ Ω, (4.2.53) eqmp72

satisfying the conditions

|∇k
x∇j

yk(x, y)| ≤ C|x− y|−(n−2+k+j+γ), j = 0, 1, (4.2.54) eqmp73

where k = 1, 2, .., N, for some positive integer N and γ ≥ 0. Then

‖δk+γ−1− 1
p
+s|∇kRf |‖Lp(Ω) ≤ C‖f‖Bp,p

−s (∂Ω), k = 1, 2...N, (4.2.55) eqmp74

granted that n−1
n
< p ≤ ∞, (n− 1)(1

p
− 1)+ < 1− s < 1.

Proof. Again, we proceed in a sequence of steps.

Case 1. 1 ≤ p ≤ ∞. We shall focus on the case p = 1 first, that is, the estimate

‖δ(·)s−2+k+γ|∇kRf | ‖L1(Ω) ≤ C(Ω, κ, s)‖f‖B1,1
−s (∂Ω), ∀ k = 0, 1, ..., N.(4.2.56) mp20

By duality, it suffices to verify

∥∥∥
∫

Ω

δ(x)s−2+k+γ ∇k
xk(x, ·)g(x) dx

∥∥∥
B∞,∞

s (∂Ω)
≤ C(Ω, κ, s)‖g‖L∞(Ω), (4.2.57) mp21

uniformly for g ∈ L∞comp(Ω). To this end, for a fixed, arbitrary g ∈ L∞comp(Ω) of
norm ≤ 1, we shall focus on establishing

∣∣∣
∫

Ω

g(x) δ(x)s−2+k+γ(∇k
xk(x, p)−∇k

xk(x, q)) dx
∣∣∣ ≤ C |p− q|s, (4.2.58) mp22

uniformly for p, q ∈ ∂Ω. Now, fix two arbitrary boundary points p, q ∈ ∂Ω and, for a
large constant C, bound the integral above by
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∫

|x−p|<C|p−q|
|g(x)| δ(x)s−2+k+γ|∇k

xk(x, p)| dx

+

∫

|x−p|<C|p−q|
|g(x)| δ(x)s−2+k+γ|∇k

xk(x, q)| dx

+

∫

|x−p|>C|p−q|
|g(x)| δ(x)s−2+k+γ|∇k

xk(x, p)−∇k
xk(x, q)| dx

=: I + II + III. (4.2.59) mp23

To deal with I, in the light of (
eqmp73
4.4.1), by localizing and pulling back to Rn

+, it suffices
to consider

∫

|x′−p′|+|t+ϕ(x′)−ϕ(p′)|<C|p′−q′|

ts−2+k+γ

(|x′ − p′|+ |t+ ϕ(x′)− ϕ(p′)|)n−2+k+γ
dt dx′, (4.2.60) mp24

where ϕ : Rn−1 → R is a Lipschitz function and x = (x′, t + ϕ(x′)), p = (p′, ϕ(p′)),
q = (q′, ϕ(q′)). Accordingly, we seek a bound of order |p′ − q′|s. To this effect, we
note that the integral (

mp24
4.2.60) is majorized by

C

∫

|x′−p′|+t<C|p′−q′|

ts−2+k+γ

(|x′ − p′|+ t)n−2+k+γ
dt dx′

≤ C
(∫ ∞

0

ts−2+k+γ

(1 + t)n−2+k+γ
dt

)(∫

|x′|<C|p′−q′|

1

|x′|n−1−s
dx′

)

≤ Cn,s|p′ − q′|s, (4.2.61) mp25

and the last bound has the right order. Similar arguments also apply to II in (
mp23
4.2.59)

since |x− q| < |x−p|+ |p− q| < C |p− q|. Thus, we are left with estimating III. For
this, an application of the mean-value theorem together with (

eqmp73
4.4.1) and a change of

variables allow us to write

III ≤ C

∫

|x′−p′|+|t+ϕ(x′)−ϕ(p′)|>C|p′−q′|

ts−2+k+γ|p′ − q′|
(|x′ − p′|+ |t+ ϕ(x′)− ϕ(p′)|)n+k+γ−1

dx′dt

≤ C

∫

|x′−p′|+t>C|p′−q′|

ts−2+k+γ|p′ − q′|
(|x′ − p′|+ t)n+k+γ−1

dx′dt. (4.2.62) mp26

Making x′ 7→ x′′ := (x′ − p′)/|p′ − q′| and t 7→ t′ := t/|p′ − q′| in the last integral
above readily leads to a bound of order |p′ − q′|s, i.e., the proper size. This finishes
the proof of (

mp20
4.2.56).

The next order of business is to demonstrate the inequality (
eqmp74
4.2.55) assuming that

p = ∞. Here the idea is prove that
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‖∇k
xk(x, ·)‖B1,1

s (∂Ω) ≤ C(Ω, s) δ(x)−s−k−γ+1, ∀ i = 0, 1, ..., N − 1, (4.2.63) mp28

uniformly in x ∈ Ω. Clearly, this suffices in order to conclude (
eqmp74
4.2.55) with p = ∞.

The remainder of the proof, modeled upon
FMM
[FMM], consists of a verification of (

mp28
4.2.63).

The problem localizes and, hence, it suffices to prove the estimate

∫

∂Ω

∫

∂Ω

|∇k
xk(x, p)−∇k

xk(x, q)|
|p− q|n−1+s

dσ(p) dσ(q) ≤ C δ(x)−s−k−γ+1, (4.2.64) mp29

uniformly for x ∈ Ω, in the case when Ω is the domain above the graph of a Lipschitz
function ϕ : Rn−1 → R.

Now, for a fix, sufficiently large C > 0, split the inner integral according to whether
|x−p| < C|p− q| or |x−p| > C|p− q|. Thus, it suffices to treat

∫
∂Ω
|I| dσ,

∫
∂Ω
|II| dσ

and
∫

∂Ω
|III| dσ, where

I :=

∫

|x−p|<C|p−q|

|∇k
xk(x, p)|

|p− q|n−1+s
dσ(p), (4.2.65) mp30

II :=

∫

|x−p|<C|p−q|

|∇k
xk(x, q)|

|p− q|n−1+s
dσ(p), (4.2.66) mp31

III :=

∫

|x−p|>C|p−q|

|∇k
xk(x, p)−∇k

xk(x, q)|
|p− q|n−1+s

dσ(p). (4.2.67) mp32

To this end, note first that a change of variables based on the representations x =
(x′, ϕ(x′) + t), p = (p′, ϕ(p′)) and q = (q′, ϕ(q′)) gives

|I| ≤ C

∫
|x′−p′|+|t+ϕ(x′)−ϕ(p′)|

<C|p′−q′|

|p′ − q′|−n+1−s

(|t+ ϕ(x′)− ϕ(p′)|+ |x′ − p′|)n−2+k+γ
dp′

≤ C

∫

|x′−p′|+t<C|p′−q′|

dp′

|p′ − q′|n−1+s(t+ |x′ − p′|)n−2+k+γ
. (4.2.68) mp33

Substituting x′ − p′ = th in the last integral above and then integrating against∫
Rn−1 dq

′ yields

∫

∂Ω

|I| dσ ≤ C
1

tk+γ−1

∫

Rn−1

(∫

|h|+1≤C|x′−th−q′|/t

dh

(|h|+ 1)n−2+k+γ|x′ − th− q′|n−1+s

)
dq′.

(4.2.69) mp34

Substituting again, this time first x′− q′ = tw and then w−h = rω, r > 0, ω ∈ Sn−2,
we may further bound the last integral in (

mp34
4.2.69) by



78 CHAPTER 4. SINGULAR INTEGRALS ON SOBOLEV-BESOV SPACES

C
1

ts+k+γ−1

∫

Rn−1

∫

|h|+1≤C|w−h|

dh dw

(|h|+ 1)n−2+k+γ|w − h|n−1+s

=
C

ts+k+γ−1

∫
1

(|h|+ 1)n−2+k+γ

(∫ ∞

|h|+1

dr

rs+1

)
dh = Cn,s,k,γ t

−s−k−γ+1,(4.2.70) mp35

which is a bound of the right order for
∫

∂Ω
|I| dσ. The same arguments work to bound∫

∂Ω
|II| dσ, by observing that |x − p| < C|p − q| ⇒ |x − q| < C ′|p − q| and using

Fubini’s theorem.
As for

∫
∂Ω
|III| dσ, we note first that since |x − z| ≥ C|x − p| uniformly for

z ∈ [p, q],

∫

∂Ω

|III| dσ ≤ C

∫

∂Ω

∫

|x−p|>C|p−q|

1

|p− q|n−2+s|x− p|n+k+γ−1
dσ(p) dσ(q). (4.2.71) mp36

As before, pulling back everything to Rn−1, it is enough to bound

∫

Rn−1

∫

|x′−p′|+t>C|p′−q′|

1

|p′ − q′|n−2+s(|x′ − p′|+ t)n+k+γ−1
dp′ dq′. (4.2.72) mp37

Substituting x′ − p′ = th and then x′ − q′ = tw gives

1

tk+γ

∫

Rn−1

(∫

|h|+1>C|p′−q′|/t

1

(|h|+ 1)n+k+γ−1|q′ − x′ + ht|n−2+s
dh

)
dq′

=
1

ts+k+γ−1

∫

Rn−1

1

(|h|+ 1)n+k+γ−1

(∫

|h|+1>C|w−h|

dw

|w − h|n−2+s

)
dh

= Cn,s,k,γt
−s−k−γ+1, (4.2.73) mp38

as desired. This finishes the proof of (
mp28
4.2.63).

Using the estimates for p = 1 and p = ∞ which we handled above and Theo-
rem

t2.5
3.2.2, we conclude that

δk+γ− 1
p
+s−1|∇kRf | : Bp,p

−s (∂Ω) → Lp(Ω), (4.2.74) eq3.32

whenever 1 ≤ p ≤ ∞, 0 < s < 1.

Case 2. (n− 1)/n < p ≤ 1. Similarly to Theorem
tmp3.1
4.2.3, our goal is to establish

a bound

∫

Ω

(
δk+γ− 1

p
−1+s(x)|∇kRa|

)p

dx ≤ C, (4.2.75) eqmp76
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where a is a Bp,p
−s (∂Ω)-atom and constant C does not depend on a. Then the proof

can be finished following the same lines.
In the neighborhood of support of the atom, arguing as before, we obtain

∫

B2r

(
δk+γ− 1

p
−1+s(x)|∇kRa|

)p

dx

≤ C r−#p

(∫

B2r

δk+γ−1+s− 1
p
+ z

p (x)|∇kRã| dx
)p (∫

B2r

δ
−z
1−p (x) dx

)1−p

≤ C ‖ã‖B1,1

−1−s+1−z
p

(∂Ω) ≤ C, (4.2.76) eqmp77

where we employed the rescaling ã = r#a and Holder’s inequality.. For this program
to work, we assign # = n(1

p
− 1)− z

p
and allow 1− p(s+ 1) < z < 1− p.

Going further, away from supp a ⊆ Sr (which we assume to be centered at 0) one
sees that ∀x ∈ Ω \B2r

|∇kRa(x)| =
∣∣∣
∫

Sr(0)

[∇k
xk(x, y)−∇k

xk(x, 0)]a(y) dσ(y)
∣∣∣, (4.2.77) eqmp78

owing to the vanishing moment condition imposed on Bp,p
−s (∂Ω)-atom a. The expres-

sion in the brackets can be written as

∫ 1

0

d

dθ
∇k

xk(x, (1− θ)y) dθ, (4.2.78) eqmp79

which is controlled by

|y| max
θ∈(0,1)

|∇k
x∇yk(x, (1− θ)y)|. (4.2.79) eqmp80

In the current scenario |x−(1−θ)y| ≈ |x|, |y| ≤ r, and therefore, (
eqmp78
4.2.77) is majorized

by

C
r1−s+(n−1)(1− 1

p
)

|x|n+k+γ−1
. (4.2.80) eqmp81

With this set-up, the proof requires only minor alterations compared to that of The-
orem

tmp3.1
4.2.3. We omit the details.

2

Much as in the case of harmonic double layer, Theorem
tmp3.2
4.2.5 allows us to conclude:

c??? Corollary 4.2.6. Assume that Ω is a Lipschitz domain in Rn. Then for every n−1
n
<

p <∞, (n− 1)(1
p
− 1)+ < 1− s < 1

S : Bp,p
−s (∂Ω) → Bp,p

1−s+ 1
p

(Ω) ∩ F p,2

1−s+ 1
p

(Ω). (4.2.81) eqmp48

.......................................................................
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Theorem 4.2.7. (
CCFJR
[CCFJR]) Let F ∈ C∞(Rm \ {0}) be an even function, and

gi ∈ L̇pi(Rn), 1 < pi ≤ ∞, i = 1, . . . , N . Consider ϕj : Rn → R, j = 1, . . . ,m
functions with bounded derivatives, and k(x, y) homogeneous kernel of degree −n,
with

∫
|y|=1

|k(x, y)|sdσ(y) < ∞. Then, if f ∈ Lq(Rn), 1 < q < ∞, the operator

defined by

T (f, g)(x) = sup
ε>0

∣∣∣∣∣∣∣∣∣

∫

|x−y|>ε

y∈Rn

N∏
i=1

gi(x)− gi(y)

|x− y| F

(
ϕ(x)− ϕ(y)

|x− y|
)
k(x, x− y) f(y) dy

∣∣∣∣∣∣∣∣∣
,

for x ∈ Rn, is finite a.e. and belongs to Lγ(Rn), 1/q +
∑N

i=1 1/pi = 1/γ provided
that:
(a) k(x,−y) = (−1)N+1k(x, y),
(b)

0 <
1

q
+

N∑
i=1

1

pi

≤ s− 1

s
+
N

n
, q ≥ s

s− 1
, pi > 1.

If k(x, y) = k(y), we may take s = 1 and condition (b) is replaced by
(b’)

0 <
1

q
+

N∑
i=1

1

pi

≤ 1 +
N

n
, q > 1, pi > 1.

We also have the natural estimates

‖T (f, g)‖Lγ(Rn) ≤ c ‖F‖C∞(Rm\{0})
N∏

i=1

‖gi‖L̇
pi
1 (Rn) ‖f‖Lq(Rn).

Corollary 4.2.8. (
Din
[Din]) There exists N = N(m) such that the following holds.

Let F ∈ CN(Rm \ {0}) be an even function, A : Rn −→ Rm a Lipschitz function,
g ∈ L∞(Rn), and f ∈ Lp

1(Rn), 1 < p <∞. For x ∈ Rn define

T (f, g)(x) =

∫

|x−y|>ε

y∈Rn

f(x)− f(y)

|x− y| F

(
A(x)− A(y)

|x− y|
)

1

|x− y|n g(y) dy.

Then

‖T (f, g)‖Lp(Rn) ≤ c ‖F‖CN (Rm\{0}) ‖g‖L∞(Rn) ‖f‖L∞1 (Rn).

Corollary 4.2.9. Let F ∈ C∞(Rm \ {0}) be an odd function, and A : Rn → Rm be
Lipschitz. If, for x ∈ Rn, we define

Tf(x) = lim
ε→0

∫

|x−y|>ε

y∈Rn

F

(
A(x)− A(y)

|x− y|
)

1

|x− y|n f(y) dy,
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and further assume that T (1) = constant, then

T : L̇p
1(Rn) −→ L̇p

1(Rn)

is bounded for 1 < p <∞.

Corollary 4.2.10. Let F ∈ C∞(Rm \ {0}) be an odd function, and A : Rn → Rm be
Lipschitz. If, for x ∈ Rn, we define

Tf(x) = lim
ε→0

∫

|x−y|>ε

y∈Rn

F

(
A(x)− A(y)

|x− y|
)

1

|x− y|n f(y) dy,

and further assume that T (1) = constant, then

T : L̇p
α(Rn) −→ L̇p

α(Rn)

is bounded for 1 < p <∞ and −1 ≤ α ≤ 1.

4.3 Further results

It should be noted that the criterion of membership of harmonic function to Besov
spaces continues to hold for the values of integrability exponent p below 1 (cf.

MaMi3
[MaMi]).

More specifically, for every n−1
n

< p ≤ ∞, (n − 1)(1/p − 1)+ < α < 1, a harmonic
function u belongs to Bp,p

k+α(Ω) if and only if δ1−α|∇k+1u| + |∇ku| + |u| belongs to

Lp(Ω). The similar statement holds for Triebel-Lizorkin spaces F p,2
k+α(Ω), which coin-

cide with the class of Sobolev functions as long as 1 < p <∞.

............................................................................
In order to formulate one of Meyer and Coifman’s result (see

MeCo
[MeCo]) we need to

introduce the class of continuous linear operators Lγ. For 0 < γ ≤ 1, the operator
T : D(Rn) → D′(Rn) belongs to the class Lγ, if the kernel K(x, y) of T satisfies

|K(x, y)| ≤ c |x− y|n, (4.3.1) Me1

and

|K(x′, y)−K(x, y)| ≤ c |x′ − x|γ |x− y|−n−γ for |x′ − x| ≤ |x− y|
2

. (4.3.2) Me2

When γ > 1, let γ = m+ r, where m ∈ N and 0 < r ≤ 1. We write T ∈ Lγ if

|∂α
xK(x, y)| ≤ c |x− y|−n−|α| for |α| ≤ m, (4.3.3) Me3

and

|∂α
xK(x′, y)−∂α

xK(x, y)| ≤ c |x′−x|r |x− y|−n−γ for |α| = m and |x′−x| ≤ |x− y|
2

.

(4.3.4) Me4
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Now let T ∈ Lγ, γ > 0. Suppose that the kernel K(x, y) of T satisfies the following
estimates for |x− y| ≥ 1.

|∂α
xK(x, y)| ≤ cN |x− y|−N for |α| ≤ γ and N ≥ 1, (4.3.5) Me5

|∂α
xK(x′, y)− ∂α

xK(x, y)| ≤ cN |x′− y|r |x− y|−N for |α| = m and |x′−x| ≤ |x− y|
2

.

(4.3.6) Me6

If T is weakly continuous on L2(Rn) and if T (xα) ∈ Cγ(Rn) for |α| ≤ m, then T can
be extended as a continuous linear operator on Cs and Lp

s, where 1 < p < ∞ and
0 < s < γ.

Calderón-Zygmund Theory for Operator-Valued kernels.
Assume that A and B are two Banach spaces. Recall that by Lp(A) = Lp(Rn;A)

we denote the space of all strongly measurable functions f such that

‖f‖Lp(Rn;A) =

∫

Rn

‖f(x)‖p
A dσ(x) <∞, (4.3.7) eq???

for 1 ≤ p <∞ with usual modifications for the case p = ∞. Similarly, we can define
BMO(Rn;A).
In turn, the space H1(Rn;A) can be viewed as lp-span of A-valued atoms, which
satisfy the following set of conditions:

∃Sr ∈ Rn − a ball with supp (a) ⊆ Sr, ‖a‖A ≤ r−n,

∫

Sr

a(x) dx = 0. (4.3.8) eq???

With this set-up, consider the kernel k(x, y) with values in L(A,B) such that
for every x ∈ Rn, the function ‖k(x, ·)‖L(A,B) is locally integrable away from x and
therefore, the operator

Tf(x) :=

∫

Rn

k(x, y)f(y) dy (4.3.9) eqVV_def_oper

is well-defined for every compactly supported f ∈ L1
A(Rn) and for a.e. x /∈ supp (f).

We say that k satisfies Hörmander’s condition if for every y, z ∈ Rn

∫
|x−z|>2|y−z|

x∈Rn

‖k(x, y)− k(x, z)‖L(A,B) dx <∞. (4.3.10) eq???

Suppose an operator T , which is associated with the kernel k as in formula (
eqVV_def_oper
4.3.9), is

bounded from Lp(Rn;A) to Lp(Rn;B) for some fixed 1 ≤ p0 ≤ ∞.
If k satisfies Hörmander’s condition, then T can be extended to an operator defined

in Lp(Rn;A), with 1 ≤ p ≤ p0, and satisfying

(i) ‖Tf‖Lp(Rn;B) ≤ C‖f‖Lp(Rn;A), 1 < p ≤ p0,

(ii) ‖Tf‖L1(Rn;B) ≤ C‖f‖H1(Rn;A).
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Going further, if the dual kernel k′(x, y) = k(y, x) satisfies Hörmander’s condition,
then T can be extended to an operator defined in Lp(Rn;A), with p0 ≤ p < ∞, and
satisfying

(i) ‖Tf‖Lp(Rn;B) ≤ C‖f‖Lp(Rn;A), p0 ≤ p <∞,

(ii) ‖Tf‖BMO(Rn;B) ≤ C‖f‖L∞(Rn;A).

For the proofs and more detailed versions of aforementioned results we refer to
RRT
[RRT]. We would also like to single out in connection with the Calderón-Zygmund
theory in the vector-valued setting the work by A. Benedek, A.P. Calderón, R. Panzone
BCP
[BCP], as well as the related discussion in

StHA
[St3].

4.4 Exercises

1. Prove that it is sufficient to establish the mapping properties of operator R defined
in Proposition

pmp1
4.2.1 for the case s = 0 only.

Hint: Consider s = 1. Show that for every function f ∈ Lp
−1(∂Ω) there is some

finite family of functions {gik}n
i,k=1 belonging to Lp(∂Ω) and g0 ∈ ÃLp(Rn) such that

f = g0 +
∑n

i,k=1 ∂τik
gik, where ∂τik

denotes the corresponding tangential derivative.
Next, invoke integration by parts in the representation formula for operator R to
reduce the matters to situation considered in the case s = 0.

Then the range 0 ≤ s ≤ 1 can be covered by interpolation.

2. Let F ∈ C∞(Rm \ {0}) be an odd function, and A : Rn → Rm be Lipschitz. If, for
x ∈ Rn, we define

Tf(x) = lim
ε→0

∫

|x−y|>ε

y∈Rn

F

(
A(x)− A(y)

|x− y|
)

1

|x− y|n f(y) dy,

and further assume that T (1) = constant, then

T : L̇p
α(Rn) −→ L̇p

α(Rn)

is bounded for 1 < p <∞ and −1 ≤ α ≤ 1.

3. Call a linear, bounded operator T : S(Rn) → S ′(Rn) of Calderón-Zygmund type if
it extends to a bounded operator in L2(Rn) and if its Schwartz kenrel k(x, y) satisfies

|k(x, y)|+ |x− y||∇Ik(x, y)|+ |x− y||∇IIk(x, y)| ≤ C

|x− y|n , x, y ∈ Rn.

Prove that any Calderón-Zygmund operator T is bounded on Lp(Rn) for 1 < p <
∞, maps L1(Rn) into weak-L1(Rn), H1(Rn) into L1(Rn) and L∞(Rn) into BMO(Rn).
Furthermore,

T ∗1 = 0 =⇒ T : Hp(Rn) −→ Hp(Rn), n/(n+ 1) < p ≤ 1,



84 CHAPTER 4. SINGULAR INTEGRALS ON SOBOLEV-BESOV SPACES

and
T1 = 0 =⇒ T : Cα(Rn) −→ Cα(Rn), 0 < α < 1.

4. Assume that Ω is a Lipschitz domain in Rn. Prove that for every n−1
n

< p < ∞,
(n− 1)(1

p
− 1)+ < s < 1,

D : Bp,q
s (∂Ω) → Bp,q

s+ 1
p

(Ω), if 0 < q ≤ ∞

D : Bp,q
s (∂Ω) → F p,q

s+ 1
p

(Ω), if 0 < q ≤ p,

D : Bp,p
s (∂Ω) → F p,q

s+ 1
p

(Ω), if min{p, 2} ≤ q ≤ ∞,

where D stands for the harmonic double layer.

5. Prove that the conclusion of Theorem
tmp3.2
4.2.5 remains valid under weaker assump-

tions on the kernel

|∇k
xk(x, y)| ≤ C|x− y|−(n−2+k+γ), (4.4.1) eqmp73

|∇k
xk(x, y1)−∇k

xk(x, y2)| ≤ C
|y1 − y2|

|x− y1|(n−1+k+γ)
, for |y1 − y2| ≤ c|x− y1|,(4.4.2) eqmp731

where k = 1, 2, .., N, for some positive integer N and γ ≥ 0.



Chapter 5

Differential operators

5.1 General systems

5.2 Laplacian, Helmholtz, Lamé, Stokes, Maxvell

Lamé

5.2.1 The derivation of the Lamé operator on manifolds

One way of understanding the genesis of the Laplace-Beltrami operator (
eq2.3
7.1.37) is to

consider the energy functional

E [u] :=

∫

Ω

‖∇u(x)‖2 dx, u ∈ C∞(Ω), Ω ⊆ Rn. (5.2.1) eq3.1

Then any minimizer u of (
eq3.1
7.1.35) should satisfy

d

dt
E [u+ tv]

∣∣∣
t=0

= 0, ∀ v ∈ C∞o (Ω), (5.2.2) eq3.2

thus, after an integration by parts,

∆u = 0 on Ω. (5.2.3) eq3.3

In other words, (
eq3.3
6.1.3) is the Euler-Lagrange equation associated with the integral

functional (
eq3.1
7.1.35).

Our aim is to adopt a similar point of view in the case of the Lamé system of
elasticity on M . The departure point is to consider the total free (elastic) energy

E [u] := −1

2

∫

Ω

E(x,∇u(x)) dx, u : Ω −→ Rn, (5.2.4) eq3.6

ignoring at the moment the displacement boundary conditions. As before, equilibria
states correspond to minimizers of the above variational integral. The first order of
business is to identify the correct form of the stored energy density E(x,∇u(x)). We
shall restrict attention to the case of linear elasticity. In this scenario, E depends
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