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Chapter 3

Calderén-Zygmund theory

3.1 Singular integral operators of Cauchy type

The starting point is the following result addressing the boundedness of the Cauchy
operator on Lipschitz graphs. Denote by £(LP — LP) the Banach space of bounded,
linear operators on L”.

Theorem 3.1.1. Let A: R — R be a Lipschitz function with ||A|| ey < M. Then
for each 1 < p < oo there exist a constant C with the following significance. For each
e > 0, the operator

._ fy) -
Cact @)= [ A (3.L1)

satisfies

[Caellc(rr—rry < C(1 4 M). (3.1.2)
eripeof For the first part we present a proof given by M. Mel( 'é]go'Y'%nd J. Verdera
;Vlev 3.1.1)

e]. For starters, we note that the Cauchy integral operator .I) can be written
as

B f(y) .
C.f(x) = / T (3.0.3)

where z(z) = x + iA(z) is the natural parametrization of the graph of the Lipschitz

function A : R — R. Consider some interval I C R with characteristic function y;.
Note that

1 1
/|C&(XI)|2 :/ =" ———— dxdydt, (3.1.4)
1 Te

— () 2(0) — 2(0)
where
T. .= {(z,y,t) € I’ : |y —z| > &, |t — 2| > &}

The key ingredient in the proof by Melnikov-Verdera is symmetrizing the above in-
tegral, both with respect to the kernel as well as the domain. This, in turn, brings
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16 Ch.3. Calderén-Zygmund theory

the so-called Menger curvature into play, the main novelty in the approach under
discussion. Turning to the actual details, consider the symmetric domain

Sci={(z,yt) €I’ ly—al| > e |t —af > e |t —yl > e}

. e3.1.4 . . . .
Then the integral (% [.4) over the domain 7} is equivalent to the one over S. in the
sense that

/\CE(XI)P :/ ! ;dxdydwow\). (3.1.5)
I

s. 2(y) — () 2(t) — 2(x)

This is not hard to see if we split the remaining set 7. \ S. into

Uy i={(z,y,t) € ly—z| >¢, |t — 2| >2e |t —y| < e}, (3.1.6) |e3.1.6
Uso={(v,y,t) €P: ly—a| >¢,2e>t—a|>¢, |t —y| <e}. (3.1.7) [e3.1.7

Majorizing the absolute value of the integrand by 2 on U and by # on Ug;
allows us to bound

1 1

/Ug,j 2(y) — 2(2) 2(1) — 2(x) dudydt < C|I] (3.1.8)

for j = 1,2 and for some numerical constant C'. To symmetrize the kernel, we average
over all possible permutations of the variables zy := z, x5 := y, 3 :=t, so that

1 1
6/05)(|2=/ dzydzadrs + O(|1)).
I| bar) SEZU:Z(%(?))_Z(%(l))z(%(za))—Z(%(l)> e .
5.9

The main geometric observation to be made here is that the symmetrized integrand
becomes

1 1
Z ( = (21, 20, 23), (3.1.10) |e3.1.10
2(2,

(2)) - Z(%(D) Z(l’cr(s)) - Z(l’o(l))

where ¢(z1, 29, 23) is the Menger curvature associated with the points z; := z(z),
29 := z(xq), and z3 := z(x3). The latter can be defined as

_ 4S(Z17 22, 23)
|22 - Z1||Z3 - Z1||2’2 - Z3|’

with S(z1, 29, 23) e%n(i)t'%g the area of triangle with vertices at z1, zo and z3.
The equality (3.1.10) can be justified using a simple argument to the effect that

(3..12)

where «;; is the angle opposite to the side z;z; in the triangle under consideration,
and the elementary formula

c(z1, 29, 23) (3.1.11) [e3.1.11

2sin au
(21, 22, 23) = ﬁ:
i)
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(i) () s

ab b(b—a)

applied to the complex numbers a := 25 — 2z; and b := 23 — z;. Now we may invoke
the formula

25(z1, 29, 23) = |Im (29 — 21)(23 — 21)”
= |(w2 —21)(ys — y1) — (2 — y1) (w3 — 71)

RNCRET!

(with z; :== x; +1y;, j = 1,2, 3), in order to conclude that

A)—Ax) _ A®)—A(z)

Yy—x t—x

t—vy

(3.1.15)

The next claim we would like to make here is that for every locally absolutely
continuous function a such that o’ € L?(R) there holds

c(2(x), 2(y), 2(1)) < 2

a(y)—a(@) _ ald)—a(z)

2
/RS < y—r tre > d:rdydt = CHCL/H%Q(R) (3116)

l—vy

for some numerical constant C'. This can be seen as follows.
Making a change of variables h = y — egng 5= L —x, we may invoke Plancherel’s
inequality in z to rewrite the integral in (3.1.16) as

eith 1 k1) 2

| [d/()? dednd. (3.1.17)

R3

Next, we set u = &h, v = £k and E(u) == 67:—”’1, so that the last expression becomes
E(u+t)— E@)|

T /]R 2 ) dudt. (3.1.18)

e3.1.18
There remains to show that the integral in (bTTFS]Tis finite. To this end, upon noticing
that £ = 27X (0,1) (Where ‘hat’ denotes the Fourier transform) Plancherel’s formula
allows us to bound the double integral above by the numerical constant:
CHECK NORMALIZATION CONSTANTS FOR THE FOURIER TRANS-
FORM !!!
I

oit _ 2 piét

“+o00
dedt = 2m / dedt

1
J
1
)
[t|]<1 J0

_ 12
ekt — 12

t
t

dedt
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1

That the last two integrals above are finite follows by estimating |(e®! —1)/t|* by |£/|?
and 4/t% respectively.
e3.1.16 L.
Now we may use (%3 [ 161) to prove that, for every finite interval I C R,

2

et — 1
dedt < oo (3.1.19)

t

/1‘ A (2(2), 2(y), 2(1)) didydt < C|A |2 |1] (3.1.20)
On the interval I = [z, x;] consider P; :ca) = é(mo) + A’ (z — x¢), where 4 ,i :oﬁ ;A
eo.1l. eo. 1.
is the average of A’. Then, invoking (3.1.15), the left hand-side in (3.1. can be
bounded by
a(y)—a@) _ a(t)—a(z) |*
4 / oo =2 dedydt (3.1.21)
R3 t—y

for the choice a := (A — P;)x;. This, in turn, can be controlled by
Al[(A" = A1l ) < 16C|A|Loe g 1], (3.1.22)
3.1.16
where (}263. L. 1615 has been invoked. As a result, we arrive at the estimate

/IICS(XI)I2 <C|| (3.1.23)

for every interval I C R.
: . e3.1.23 . .
Having disposed of (&3 I .25% ), we can then relatively painlessly show that

C.: L®R) — BMO(R) and C.: H(R) — L'(R), (3.1.24)

are bounded operators with nor eonunded independently of € > 0. The argument
is then finished via interpolation [FeSt]:

C.: I’(R) — [P(R), 1<p< oo (3.1.25)

First, consider some real function b € L>(R) supported in the interval /. Then

2 [1c.bF ~ ke [ coTa

(
(3.1.26)
=/ (2(x), 2(y), 2(1))b(y)b(t) dzdydt + O(|[bl|7 ) 1)

To prove this, observe that

e3.1.22
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200 (). 5 s _ 1 1 1 1
1 1
+2Re(z(y> 0 M) (3.1.27) [e3.1.27
1 1
20— o))

_ o _ e3.1.27
Next, consider separately the terms in right hand-side of (k} [ 2/ ). For the first one
we may estimate

1 1
/e 2(y) — 2(v) mb(t)b(y) dxdydt

_ b(y) by ) .
a /g(:c) 2(y) — 2(2) 2(t) — 2(z) dedydt + O(bllz- 1) (3.1.28)

- / Co(@)? dz + OBl ey 1),

where T.(z) = {(z,y,t) CI?: ly—z| > ¢, |t | 5,¢}. A similar estimate is valid
i

for the second term in the right h e%d—lsi of
The integral of the third term of (3.1.27) can be controlled by observing that

1 1
/5 2(y) — 2(t) mb(t)b(y) dxdydt
S de __ b(t)bly) dydt
- / 0 z—@) s+ OBl )
by dy )
/t61/|y t|>e Z(y) — ,z( ) b( )dt + O(HbHLOO(R)‘ID
—~ / Cexr(t) C-b(t) b(t) dt + O([|b]| Zoe ey | T1)- (3.1.29)

.1.26
and then 'ﬁa%(l{l%ghe rez%l p%ra of all sides. This finishes the proof of (% I 26:i.
Then (B.1.26) and (3.1.23) lead to the inequality

1/2
J1e0 < Clblelr ([ 10.0F) " + Clbliagln.  @:130)

which, in turn, implies

1601 < Pl (3.131)
I

for every essentially bounded function b supported in the interval I.
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The next order of business is to use the last estimate to prove that the Cauchy
operator maps L*°(R) boundedly into BMO(R). First, we need to define the operator
C. on an arbitrary function f € L>°(R) (not necessarily compactly supported).

Consider the set of all intervals on the real line with rational endpoints, Z. Then
for every pair of points x1, 25 € R\ Q choose I € T such that x1,z5 € I. Let us put

Ji = fxer, o= f— fi, and
F(ry,m9) = (C.fi)(z1) — (Cofi)(x2)
+/< ! — ! )fg(t) dt. (3.1.32) |eql.48,49,50
r z(z) —2(t)  2(x2) — 2(2) —

Note that the definition of F(z1,xs) does not depend on I. Also, for a.e. x1, 2z € R,

F(r,r,) — F(z,29) = —(C.fi)(z1) + (Cefi)(z2)

1 1
+ (= ) 0 6189 [eatsi

is a constant with respect to x.

This justifies defining the action of the operator C. on some arbitrary function
f € L*(R) as the equivalence class (modulo constants) of x — F(zy,x), for a.e.
X € R.

Now we only ne ed fo,prove that the Cauchy operator defined in this way is bounded
on BMO(R). By (E?mﬂ

[ iCitdr < [ (€l do < Y fumiel (3.134)
I 21

On the other hand, with zy denoting the center of the interval I, for every x € [

1 1
‘/R\y(z(as) —0)  2(w0) — )
2(x0) — ()
. ‘/M = e~ O

< O\ fllzewy- (3.1.35) |eql.53,54,55]

) (1) dt(

Based on this and the definition of F', we can therefore conclude that

J1F@o2) = Cutilwn)l de < €Yo 1, (3.1.36)
I

e3.1.24
for every interval I € Z. This proves the first statement in (8.1

.1.24
It is not much harder to show that the second assertion in (B.1.24) holds true.
Consider a - atom in H!(R). The goal is to show that

|Ceallpgey < € (3.1.37)
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for some constant C' independent of the particular atom. Denoting the support of

the atom a by I := [xg — r, 29 + 7], we split the discussion into two cases. First, if
€ (21),
Ca)] < [ Aoyl dy
2(y) — 2(2)|]2(x0) — 2(x)]

IA

r
C’—/a dy < C———, 3.1.38) |eql.58,59
oo el O (3.1.38) [eq1.58,59]

hence,

+o0 r

C.a(x d:t:2/ ——dx < C. 3.1.39) |eql.60
/W| (@) (3.1.39) [oq1.60]

zo+2r |ZE - l'0|2

. eql.47
Second, if x € 21, then by (B.1

|Cea(z)| de < Cla||pem|I] < C < 0. (3.1.40) -eq1.61
/21 (R)

3.1.24
s, fipishes the proof of (E.I.ZZI:i and, as it was mentioned before, the conclusion

follows by interpolation.

Corollary 3.1.2. Let B : R — R be a Lipschitz function with 0 < 7' < B'(z) <
B < oo for some constant 3 > 1. Then for each ¢ > 0 and each n € [—1,1] the
operator

5 _ f(y) .
S W e o R

satisfies

ICamellcrr—rn < CBY (3.1.42)

To prove this, a simple technical result is going to be of importance. Recall that
M stands for the usual Hardy-Littlewood maximal operator.

Lemma 3.1.3. Assume that

C’1|‘r - y| < p([E,y) < C12|x - y|a z,y € R", (3143)

and

C

|.I' _0y|n’ T,y € Rna (3144)

for some constants Cy, Cy, Cy. Then

k2, y)] <
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Aw) = / ke, y)fy)dy — / ke, ) f(y)dy

T—y|>e p(x—y)>e
yeR” yeR”
< Co(Cy" + CHMS () (3.1.45)

uniformly for x € R".

Proof. A direct size estimate gives

A(x)

IN

C C
o WYt [y o S

ye]ﬁ("x’y)q |£E _ y|n yER™ IJK - y!n

= I+1I, (3.1.46)

where the last equality defines I, 1. We have:

r< [ Wl s M) (3147
and
1< % / F(y)|dy < CoCoM (). (3.1.48)
z—y|<e
The desired conclusion follows. o a

3.1.2
To prove Corollary £3.I.2, first, make a change of variables s = B(x), t = B(y).
Then we may write

; 1)) BT 0)B'(B~ 1)
(Coaef) (B~ (s)) —/B_l(s)_B_l(t)|>aS_t+m(B_1(s)_B_l(t)) dt.  (3.1.49)

In particular,

(Cone )BT (s)] < [Cop-1,2((f/B) 0 B™H)(s)| + CBMF(B7H(s)),  (3.1.50)

eql.6
uniformly foegs £ R. The desired conclusion can now be deduced from (&3 I .5(%) with
the help of (E3 1.2). O

Theorem 3.1.4. Suppose F(z) is an analytic function in the open strip {z € C :
Imz| < 2}. Let A: R — R be a Lipschitz function with ||A’||p~ < M. Then there
exists a universal constant C' such that for each € > 0, the operator

1 Az) — Aly)

x_yF( o >f(y)dy, reR,  (3.1.51) [eql.64]

Karef(o) = |

|lz—y|>e
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satisfies

K arellerorry < CQ+ MY sup{|F(2)]; z € C, [Imz| < 2}. (3.1.52)

Proof. Let v == {C=uxi: |u| <2M}, v2 = {{ = £2M + v : |v| < 1}, and set
v =71 U~i Uyl U2, Since F is analytic for z € C with |Im 2| < 2, it follows that

F(¢) 1 F(C)
2wz/<—s Qm/7 1 € — d4+2m-/ —, . (3.1.53)

Yiuy? ¢

Accordingly,

1 1
Karef) = 5 [ F@ | )y

2m1 r—y|>e T — yC — Py
1 1 ()
[ FEQ / ) gy
271 ’YiU’Yi lz—y|>e xr — yg _ %j(y)

= I +1 +1I.+1I, (3.1.54)

where

f)
T ) e e L

with Ai( ) :== F[A(z) — (Re()z], and

1 fw)
11 F ¢ / , dy d¢ 3.1.56) |eql.69
=i [, 7O o WO E =i+ (5@~ BE0) (3:1:50)
with B*(z) := —[A(z) F 2Mz].
At this point, the proof is concluded by invoking Theorem lB L. I O

The main result as far as the one-dimensional theory of Calderén-Zygmund oper-
ators is as follows.

Theorem 3.1.5. Suppose F € CY(R), N > 6 and assume that A : R — R is a
Lipschitz function with ||A'||peemn) S M, Then for each 1 < p < oo there exists a
constant C, such that the operator (Eé’ 1.51) satisfies

1K arellerrn < Co(l+ MY sup {|F®(2)]; |2| < M +1,0< k <6}, (3.1.57)

uniformly in € > 0.
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Proof. There is no loss of generality in assuming that F' is supported in the interval
[—M — 1, M + 1]. With ‘hat’ denoting the Fourier transform we have

F(s) = /R eSS F () de (3.1.58)

so that

Kapef(z) = /RF(O </ xiy zéA() A(ylf( )dy)d{ (3.1.59)

lz—y[>e

3.1.1
Note that the inner integral is the Cauchy operator (&63. [.T) corres eoqdégg to the
choice F(z) = exp(iz) and with A replaced by £¢A. Consequently, by (3.1.52),
[Karelear-n < C [ (14 (MIENIIF(E)| de
R

C(1+ M%) (3.1.60)

sup {|F®)(x)[; || < M +1,0 <k <6},

IN

as desired. O

3.2 Higher dimensional singular integrals

We now discuss a higher-dimensional version of the previous theorem.

Theorem 3.2.1. Suppose F € CN(R™), |[N| > 5+ m, F is odd, and assume that
A R" — R™ is a Lipschitz function with ||V A| pemnrm)y < M. Then for each
1 < p < oo there exists a constant C' such that the operator

Kapef(x) = /

|lx—y|>e

1 Ar) — A
|x_y|nF< &) (y))f(y)dy, reR",  (3.2.1)

|z — |

satisfies

1K 4 rell e < Co(l+ MY sup {|{DF(2)| : |2] < M +1, [a| <5+m}, (3.2.2)

uniformly in € > 0.

Proof. In the case n =1,

1 Al@) = Aly)y 1 Al) — Aly)
\x—y\F( L=y >—x_yF< P ) (3.2.3) [eql.76]

since F' is odd, so th follows from an argument similar to the one used in
the proof of Theorem , i.e. writing
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Kapef(x) = / Gl / iye"@v’“zi?(y” 1(y) dy)dé (3.2.4)

m z—y|>e L

and invoking Theorem %ll_%“

For n > 1 we can reduce the problem to the 1-dimensional case by th e”}%}}ﬂd of
rotation. First, assume that f € C§°(R™). Then the integral operator in (TBQZTT
can be considered as

Karef(o) = [ Ha)iwdy

_ %/n(ks(x,ﬁz)f(mz) k(r,e —2)f(e—2))dz (3.2.5)

with kernel

1 A(z) — Ay

)
o) = P (S Yo (326)

Next, in polar coordinates

Kapef(r) = 1 K, f(z)dw, where K, f(z) = / k(z, z + rw) f(z + rw)|r[ L dr.

2 Jgn-
o ) (3.2.7)

Then the goal is to prove

1Ko flle@ny < Cllf || 2o@n), (3.2.8)

for some constant C' independent of w.
Every x € R™ can be uniquely represented as x = tw + y, where y belongs to the
orthogonal complement of the line {tw; t € R} (w is fixed). Then

Kof(twty) = / Bt + . (t 4+ 1)+ ) f((E+ o+ g) e dr

= E(tw + vy, sw +y) f(sw +1y)|s —t|" ' ds 3.2.9) |eql.82
K )f(sw+y)ls — 1 (3.2.9) [eqt.82]

. . . , . eql.74
can be considered as a 1-dimensional Calderén-Zygmund operator in (EZ.E.H and,
therefore, is bounded on LP(R) by the argument presented above. Hence,

1K ey <€ [ [ 15t )P dtdy = U (32.10)

since dtdy is equivalent to the Lebesgue mea; yre, in R™ for each fixed w € S"!. The
last bound concludes the proof of Theorem B.2.1 since C5°(R™) is dense in LP(R™),
for 1 < p < o0. O
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Handling boundary singular integral operators on Lipschitz boundaries and LP-
based function spaces requires the use of the rather sophisticated machinery known
as Calderon-Zygmund theory. Below we record the variants which are best suited for
the applications we have in mind.

Theorem 3.2.2. Let A : R® — R™ be a Lipschitz function with Lipschitz contant
M, and assume that F : R™ — R, F € CY(R™), F is odd function. For x,y € R"

with © # y we set K(r,y) = |x_1y‘nF <A(T’2:;‘(y)>, and for e > 0, f € Lipeomp(R"),
we define the truncated operator
7.f) -~ | K )y (3:2.11)
T—yY|>€

Then, for each 1 < p < oo, the following assertions hold:

1. The mazimal operator T, f(z) := sup {|T.f(x)| : € > 0} is bounded on LP(R™).
Moreover,

Tl 2(zr—rry < Cp+ Cp(1+ MY sup {|[D*F(2)] : |2] < M +1, |a| <5 +m}.
(3.2.12)

2. If1 < p < oo and f € LP(R™) then the limit lim._oT.f(x) exists for almost
every x € R™ and the operator
Tf(z):= }:ILI(l) T.f(z) (3.2.13)
is bounded on LP(R™).
3. The operator %% bounded from L*(R™) into BMO(R").
4. The operator A%%%ﬁs bounded from L'(R™) into weak-L'(R™).

£2.5 '
Let us start the proof of Theorem }3.2.2 with the following results.

Lemma 3.2.3. Let A:R" — R™ and B : R" — R™ be functions satisfying

|A(z) — A(y)| < M|z —vy|, and (3.2.14)
Mo —y| < |B(z) = B(y)| < M|z —y|, Ya,yeR", (3215

for some positive constant M. Also let F : R™ x R — R be a C*, odd function. Fiz
x € R™ and for each € > 0 consider

UlE) ={yeR": 1> |z —y|>c¢}, (3.2.16)
Vi) ={yeR": |[VB(z) - (z —y)| > ¢, |z —y| <1}, (3.2.17)

eq2.1-3

maxlp

operatorT
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Wie):={yeR": |B(x) — B(y)| >¢, |zt —y| < 1}. (3.2.18)
Then
1 Alx) — A 1 Alx) — A
lim F( (x) (y)> dy = lim F( (x) (y)> dy
N0 Sy |7 =yl |z —y| elo Sy lz =yl [z — |
1 A(z) — A(y)
= lim F dy, 3.2.19) |3limits
8 o e ) (8.2.19) [shntts

provided VA(x) and VB(x) exist, and any one of the above three limits exists and is
finite.

Proof. Without loss of generality we can take x = 0, A(0) = 0, B(0) = 0. By
Lemma b [.T there exist nonnegative functions 14(t) and ng(t) defined for ¢ > 0, so
that na(t) | 0, np(t) | 0 ast | 0 and

|A(y) = VA(0) - y| < [yl na(lyl), (3.2.20)
|B(y) — VB(0) - y| < |yl nz(ly])- (3.2.21)

If we let D(e) :={y € R": e > |y[ >e/M} then V(e/M)\U(e) C D(e). Emplpyin
the properties of F' and (bgTZU), the difference of the first two limits in (3.2.
becomes

lim
€l0

1 A
/ L (y)>dy‘
V(e/M)\U(e) \Z/| !y|

1 Aly) A(-y)
BTN W{F( PEAELST ﬂdy'
1 1rrA(y) A(—y)
05| o Bl ) P ﬂdy‘

lgl<M

< [sup (VP i [ naullyl " dy
=10 /(e
< Climna(e) =0,
31limit
which proves the first equality in (&S.ZI.mIlQ is.

In order to prove the second one, observe that for y € V(e)\W(e) we have
MYyl < |B(y)| < &, so that |y| < eM. In turn, this forces

IVB(0) - y| < |VB(0) -y — B(y)| + |B(y)| < eM np(eM) + ¢, (3.2.22)
so that, for y € V(e)\W(e),
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e <|VB(0) -yl <eMng(eM) +e¢. (3.2.23)

Hence, the measure of V(g)\W (e) is of the order ¢"n(eM) (cf. Exercise 777). Since
the integrand restricted to V(g)\W(e) is of the order e we conclude, by letting
e | 0, that the integral over the V' (¢)\W (e) vanishes.

Resoning in a similar way it follows that

e —eMunp(eM) <|VB(0) -y <e, (3.2.24)

uniformly for y € W (e)\V (). Thus, for the same reasons as before, the integral over
W(e)\V (e) also vanishes as e | 0, which completes the proof of the lemma. O

Lemma 3.2.4. For every function f € L'(R"™) and every positive number X there is
a decomposition f = g+ Y po, by into a "good” function g € L*(R™) () L*(R") and
series of “bad” terms by, with the following properties:

lg(x)| < 2"\ a.e. in R, (3.2.25)

supp b C Qr and / bp(z)dx =0 (3.2.26)

n

for some family of disjoint cubes {Qy}3, such that

D 1@k < AT f o (3.2.27)
k=1

Moreover,

lgllzany + > 1kl rgzny < 3I1FIlorcen), (3.2.28)

k=1

and

9]l 2@y < 2”>\1/2||f||2/12(Rn)- (3.2.29)
2.1-
Lemma 3.2.5. Let T be the operator defined in (%.2. 11 7 Then there is a constant
C such that
n C
e € R T5(@)] > M} < S| fllusgen (3.2.30)

for every function f € L*(R™) () L*(R™) and every positive number A, i.e., T is "weak
L'7 bounded.

77
We start with the Calderén-Zygmund decomposition of function f (Lemma %")
Denoting by @Q); the cube with the same center as ()5 and twice bigger side-length,
and by Q* the union ;- , Q;, we have
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Q<> 1@ <20 1@k < 2°A7Y fll e (3.2.31)
a3 k=1 k=1
by (3-2.27).
Let us set £ := {x € R*\ Q* : |T.f(x) > A}. Then our goal is to prove that
|E| < CX Y| fllLr@ny,s becguse {z € R" : [I.f(z) > A} € EJQ" and || is bounded
by 2"A7Y| |l gny (see (3.2.31)).
Observe that E C E;|J F2 where we define Ey := {z € FE : |T.g(x)] > \/2}
and By = {z € E : |T.(> 2, bx)(x)] > A/2}. The measure of E; can be con-

trolled usin ebyshev’s inequality and the L? boundedness of operator 7. proved
in Theorem B3.2.2. Specifically,
2\° 2\’
B < (3) ol < (3) Molagn < 4N Wl (3232)

Next, consider the set F,. Since f € L'Y(R")() L*(R"), the series Y o by con-
verges in L*(R™) and T-(D>"p2, be)(x) = > po; Tiby(z) for every x € R"™. Then

[ bl (32.33)

R’IL\Q* 1

< Z/ |K (x,y) — K (x,y)||br(y)| dydz, (3.2.34) [w5.1
k=1 YR"\Q} Y Qk

where y, denotes the center of cube () and the last inequality invokes vanishing
moment condition impgsed on b;,’s (3.2.26). It is not hard to see that for the kernel
K (x,y) introduced in (3:5.3) the following holds:

/ K (2,y') — K(z,y)] dz < C (3.2.35)
{z€R™; |lz—y'|>2|y—y'|}

5.1
for some constant C'. ”lé%?n changing the order of integration in (}ZW3.2.34) along with
estimate (83.2.35) and (3.2.28) allows us to bound the integral above by the multiple

Of [|.f 1| (- 12.3
This completes the proof of Lemma B.275.
O

STATE THE LEMMA BELOW FOR MORE GENERAL KERNELS!!

Lemma 3.2.6. [Cotlar’s inequality] Let A : R™ — R™ be a Lipschitz function and
F : R™ — R be a smooth and odd function. For x,y € R"™ with v # y we set

K(z,y) : L_F (A(x)fA(y)), and for e > 0, f € Lipeomp(R™), define the truncated

o fe—yl” lz—yl
operator

7.f0) = | K )y (3.2.36)
T—Y|>€
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Then, the following estimate holds

T.-f(x) < CMf(z) + 2M(T,) f(x), Ve > e, (3.2.37) ’tstarepsilon

where C' is a constant depending on the dimension only, €9 > 0 is fired, M denotes
the usual Hardy-Littlewood mazximal operator, and

T*,sf(x) = sup |T€/f(l’)|

e'>e

. . . tstarepsilon
Proof. Without loss of generality, it suffices to prove (}3.2.37} for x = 0. Then our
goal is to show that

IT.F(0)] < CMF(0) + 2M(T,) f(0), Ve > e (3.2.38)

. . eq2.3-3. . tstarepsilon, .
It is clear that the estimate (%.5.385 implies (ES.Z.B? ] by suitably taking the supremum.
The first step is to show that Vx € R™ and Ve > 0,

T.f(2') — Tof ()] < CM(0), (3.2.39)

provided |z — 2’| < e/2. This can be done as follows:

i@ -Ti@| < |[ ) K )sw)
+’/Ix,y>EK(x’7y)f(y)dy—/xy>8K(I’,y)f(y)dy)
= [+1I. (3.2.40)

The term I c 1‘bie bounded by a multiple of M f(0) using the argument similar
to that in Lemma 3.1.3. The estimate for I follows from the restrictions imposed on
the kernel K (z,y) and the inequality

6/ ly| 7" f(y)ldy < CMF(0), Ve >0, (3.2.41)
ly|>e

the proof of which is straightforward and we leave it to motivated reader (see Exercise

19).
2.3-3

Let us turn our attention to the proof of (}Ie3.b.38). Set f1 == fxB(,e) and fy :=

f— gl Q‘%‘EECh entails 7. f(0) = T, f2(0) for every € > gy. Then for each z € B(0,¢/2),

by (3:2.39), we have

Ty fol) — oy 2(0)] < CMF(0), (3.2.42)

and therefore,

T2y £2(0)] < [Toy f(2)] + [Too fir(2)] + CMF(0),  for ace. z € B(0,2/2). (3.2.43)
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We finish the proof by analyzing the weak L' norms of the above functions. Set

N(f) i=sup (\ulfz € B [£(2)] > AD), (32.44)

A>0

where B = B(0,¢/2), and p stands for the measure supported on the ball B of
constant density |B|7!. Observe that f(z) = a on B implies N(f) = « for any
constant o and N(f1 + fo + f3) < 2N(f1) +4N(f2) +4N(f5) for every functions fi,

J2 and fs.
Then the estimate

IT.£(0)] = | Ty f2(0)] < 2N(T.y f) + AN (To, f1) + ACMF(0) (3.2.45)
follows from (e. 2.'1 _.3

Going further, the right hand-side above can be bounded using Chebyshev’s in-
equality, which yields N7z, f) < CM(T5, f)(0), and the "weak L' boundedness of
the operator 7' (Lemma h.35), which eventually gives N (7., f1) < 2"CMf(0).

O

Lemma 3.2.7. Let {T.}. be a family of operators with the following properties.

1. There ezists a dense subspace V in LP(R™) such that for any f € V the limit
lim. .o T.f(x) exists for almost every x € R™.

2. The mazximal operator T, f(x) := sup {|T.f(z)| : € > 0} is bounded on LP(R").

Then, the limit lim._oT.f(x) exists for any f € LP(R™) at almost any x € R™
and the operator

Tf(x):= hH(l) T.f(z)
is bounded on LP(R™).

Proof. The boundedness of the operator T' is immediate once we prove its existence.
In turn, the pointwise convergence in LP(R"™) will follow if we show that

{z e R": lir?j(?p T.f(z) # liIgl_)i(:)ﬂf T.f(x)} =0. (3.2.46)

Fix 0 > 0 and consider

S={reR": [limsupT.f(z) — lirsn_}glf T.f(x)| > 60}. (3.2.47)

e—0

Fix > 0 and select h € V such that ||f — k|| Lr@n) < 0.
Then S C S;|J Sy where

Sy ={zeR": |limsupT.f(x)— llE)Ig)Tgh($)| > 0/2}, (3.2.48)

e—0

Sy ={r € R": |liminf 7. f(x) - lim Toh(x)| > 6/2}. (3.2.49)
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Then |S;|, the measure of the set Sy, can be estimated in the following way:

IS < H{z e R : T.(f — h)>9/2}|<( ) / IT.(f — h)[Pdo (3.2.50)
<(3) W=l < (3) 3.25)

which vanishes as § — 0. C;F same consideration works for the set Sy. This concludes

fromderise
the proof of Lemma k% 2.7. |

Proof of Theorem Z‘)’ 7. 2 The ﬁré art of the theorem js a consequence of the Cotlar’s

tsta
inequality as stated in Lemma Maklng use of (%3 737 = we observe that
1.f(x) = im .. (@) (3.252)

and, therefore, by Lebesgue’s Monotone Convergence Theorem,

ITfllzrgey = g T f e

< Clm(IMS oy + IMTepof e ) < Cllfllzpen(3.2:53)

t2.5
This completes the proof of (1) in Theorem %‘2‘2
In order to show the pointwise convergence stated in (2), Theorem %‘2‘2, we will
return to particular operators discussed in previous chapters and show, one at a time,
that pointwise convergence holds for those operators when applyed to functions in LP
for almost every = € & ‘%his way “building up” the proof of the pointwise convergence
for T, as in Theorem

. . e3.1.
Step 1. Pointwise convergence for the Cauchy operator from (5’.7.7%.

Let V := (14 iA’) Lipcomp(R), which is a dense subclass of LP(R), 1 < p < oo, due to
A being Lipschitz.

Claim 1. For any h € V the limit lim._,C4 h(x) exists for almost every z € R.
Indeed, if h = (1 +iA")f, f € Lipcomp(R), then we can write

B 1+iA(y) s
k@) = [ i Ay VW) @)
. (11 i)
/@) /mzybs Tyt iAG) - A@) Y
1+ 1A' (y)
+/|x o1 Ty (A — Ay W W

— I+ 11411 (3.2.54)
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Using the fact that f is a compactly supported Lipschitz function, it is immediate
that lim._o(/ + [1I) exists. Furthermore, when computing the integral in I7, the
part depending on € can be writen as

1 4 A=A

In Aln)— A(x 5 (3.2.55)

1+

whose limit as ¢ — 0 exists for almost every x € R, since A is Lipschitz. This
concludes the proof of the Claim 1.

. . . . fromdensetoL t2.5
Finally, a combination of Claim 1, Lemma %.2.7, and part (1) of Theorem &3.2.2
gives that for f € LP(R) the limit lim. o Ca . f(z) exists for almost every x € R.

Poi ) c eql.3 c
l §§822. ointwise convergence for the Cauchy operator (3.1.41) from Corol-
ary

Using Step 1 it follows that, for f € LP(R), the limit lim, .oCp,.f(x) exists for
almost every = € R.

eql.64 t1.2
Step 3. Pointwise convergence for the operator (3.1.51) from Theorem |3. 7.4.

Claim 2. If f € LP(R), the limit lim. o K4 g f(x) exists for almost ev TY 2.6

In order to prove Claim 2 fix f € LP(R) and recall I, I1; as defined in ( The
goal is to first show that lim._,o I, exists for almost every x € R. To thls end7 for
x, ¢ € R set

Cx o f(y) Zota
FS* = F(C)L yng_yH[A?(x)_Aay)] dy. (3.2.56)

Then imploying Step 2 it follows that for each ¢ € 7} the limit

lim F2" (3.2.57)

e—0

exists for almost every x € R. Next we want to prove that sup,.,|F:*| € L*(v1) for
almost every z € R. To see the latter we write

J

2

dr < //Sup FS*))? da d¢ 3.2.58) |integralFze
s [Fe)? ( )

/ sup | S| d¢
.

# e>0 e>0
< CDflle2w)-
integralFzeta
The. first inequality in (mndard, while for the second one we have used
(3_2_[92) Now combining the above we have all the ingredients in place for ap-
plying Lebesque s Dominated Convergence Theorem to conclude that lim. oI, =
lim._o(— f F&*d() exists for almost every € R. Similarly, one shows that

lim, o 1_, hma_,o 11, exist for almost every x € R, and thus Claim 2 is proved.

eql.70 t1.3
Step 4. Pointwise convergence for the operator (3.1.57) from Theorem [3.1.5.
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The fact that for f € LP(R), the limit lim. o K4 g f(x) exists for almost every zER,
follows by a reasoning similgrﬁ&the one in Step 3. This time the identity (&3 I 55)
replaces gh? pressions in (3.1 and the decay properties of the Fourier transform
F(£) in (B.T:58) are used when applying Lebesque’s Dominated Convergence Theorem.

eq2.1- t2.5
Step 5. Pointwise convergence for our operator (13.2.11 7 from Theorem [3.2.2.

The case n = 1 has been proved in Step 4. If we now assume that n > 1, we first look
at the action of T, on smooth, ¢ 1D: cotly supported functions. If we fix f € C§°(R")
and consider K, . as defined in (3.2.7), then Step 4 gives th t 1}' o Koo f(x) exists
for almost every x € R™. Hence, for our operator K g, in E(13325;§—>We can make use
of Lebesque’s Dominated convergence Theorem to concl ed? at lim._o K4 pef(x)
exists for alm&st eyery @I%n here we recall the estimate (13 v é: The latter, together
with Lemma 8.2 7 and (3.2. u) finally yields the pointwise convergence stated in (2)
of Theorem B:22, since C§°(R™) is dense in LP(R™).

The fact fag 7' maps L' into weak-L!, is implicit in what we have proved so far

(see Lemma %‘2‘5)

Turning to part (3) of Theorem 522_52, observe that the concept of T'f for an
arbitrary function f € L>°(R™) (not necessarily compactly supported) is not quite
clarified for the operator at hand. Following the same pattern as in the case of the
Cauchy operator, for every pair of points x1, 9 € R™ we choose a cube () € R" such
that z1,zs € @ and denote by 2Q) the cube centered at the same point as ) with the
sidelength twice longer. Next, consider the functions f, := fx20, f2:= f — fi, and

F(l’1,$2> = (Tfl)(Il) - (Tfl)(l'Q) + /H(K(ﬂfl,y) (ZL‘Q, ))fg( ) (3259) ’eq1.48,49,50

Note that the definition of F' given above does not depend on the choice of cube Q.
Moreover, for every xy,x2 € R", the function F(z,x;) — F(z,x5) is constant with
respect to x. This observation allows to define the action of the operator 7" on the
function f € L>°(R™) as the equivalence class (modulo constants) of x — F(z1,x),
for a.e. 1 € R".

It remains to show that 7" is bounded from L*(R") into BMO(R™). Owing to
L?-boundedness of the operator T', we can write

1 1 , 1/2 (i , >1/2
‘Q,/Q!Tfl(x)\dfc < (,Q‘/\Tfl( ) das) (@ /2Q|f1<x>r da
< COllfllzoe @y (3.2.60)

Going further, for every z € @)

[ G0) ~ Koot dy
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|z — 7q

<Olfllimery [ I dy < Ol fllimen

R\2Q ly —

for arbitrary cube @) € R" centered at point zg. Therefore,

ﬁ/Q /RH(K(x,y) — K(xq,y)) f2(y) dy‘ dz < C|| f|| oo (em.

T12 T14
Finally, combining (bTZ.60) and (%72.62), we establish the estimate

1
i /Q |F(w,2q) — Thi(zq)| dz < C|| fl| o

for every @) € R™ and hence, the boundedness of operator 7" in BMO(R").
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(3:2.61)

(3.2.62)

(3.2.63)

It is also possible to define T'f for f € L*°(R™) in an alternative way. It can
be viewed as a distribution known modulo an additive constant, i.e. a continuous
linear functional defined on the space of functions g € H'(R™). The continuity would
amount to T'f € BMO(R™). Assume that g is an H' — atom supported in B, (z).
We decompose f = fi + f2, where fi = fXB,.(z0) a0d fo = fXrr\ By, (z0) and then

define

(Tf,9) :=(Tf1,9) /n/n (x,y) — K(z0,v))f2(y)g(x) dydz.

(32.64)

Note that subtracting K (z¢,y) from the kernel above makes the integral well-defined

without spoiling the nature of the operator, since fRn g(x)dzr = 0. Next,

(T fi, 9| < T fillczeey |9l 2 eny,

(3.2.65)

which, owing to the boundedness of the operator 7' on L?*(R") and the size condition

imposed on the atom, is controlled by

C||f1||L2(Rn)T‘_n/2 S O
On the other hand,

/n /n(K(l”y) K{(x0,y)) f2(y)g(x) dydz

<Cllmey [ [ K@) = Kl dylo@) do

By (zo) yERM
|z—y|>2|z—x0|

(3.2.66)

(3.2.67)

It is ) hard to show that the inside integral above and therefﬁ){g, the w ?_}e expres-

sion (3.2.67), is bounded by a finite constant. Combined with (3:2.65) — (-

observation concludes the proof.

THERE ARE TWO ARGUMENTS HERE. WHICH ONE TO LEAVE?

.66), this
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The following part was in the same file after enddocument:

Verify that the defi iti91]5 iven above does not depend on the choice of ball B and
. . e b . .

that the integral in (3.1 .SSji converges. Also, check that the definition reduces to the

usual one in the case of compactly supported L*°-function f and the case when T is

given by an integrable kernel.

3.3 Applications of Calderén-Zygmund Theory

The nontangential behavior of integral operators is modeled in abstract in the next
theorem.

Theorem 3.3.1. Let A: R" — R™, B: R" — R be two Lipschitz functions and let
F:R™" xR — R be aCl, odd function which satisfies the decay conditions

|F(a,b)] < C(1+ b)), (3.3.1)

|\ViF(a,b)] <,C (3.3.2)

|VirF(a,b)| < C(1+ b))~ ! (3.3.3)
uniformly for a in compact subsets of R™ and arbitrary b € R. For z,y € R" with
x#y andt >0 we set

1

Alx)— A B(x)— B t
|z —y|" |z —y| |z —y|
Also, for each t > 0 introduce
T'f(z):= | K'(z,9)f(y)dy, =R (3.3.5)
Rn
and, for some fixed, positive X,
Tof(x) :=sup {|T"f(2)| : |x — 2| < M}, r e R (3.3.6)

Then, for each 1 < p < 00, the following assertions are valid:

1. The nontangential mazximal operator T, is bounded on LP(R™). Furthermore,

| Tl ez -1y < C(1 + M*) [1 +sup{|D*F(2)|; || < M +1, |a| <5 —|—n}}
(3.3.7)

2. For each f € LP(R™), the limit
Tf(z):= lim T'f(2) (3.3.8)

|lz—z|<At
z—x,t—0

ezists at almost every x € R"™ and the operator T is bounded on LP(R™).

eq2.23
eq2.24
eq2.25

eq2.26

e3.3.5

e3.3.6

e3.3.7
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AN WE RELEASE THE ASSUMPTION THAT THE LIMIT IN
(P_)3.3.8 EXISTS 777

Proof. For x,y € R with x # y consider the kernel

1 A(z) — Aly) B(x) — B(:t/))
K(z,y) = F( , ) 3.3.9) |eq2.28
P T (3:59) [e02.28
and let T, T, be the operators canonically associated with this integral kernel as in
Theorem A.

The crux of the matter is establishing the a.e. pointwise estimate

Tof <CT.f+CMf (3.3.10)

uniformly for f € LP(R™). Then the statement of the theorem follows from Theorem
A and (by now) standard arguments.

To this end, fix z,z € R", ¢t > 0 such that |z — z| < At, and let @ > 0 be a large
constant, to be specified later. Then

Ko - [ Kay)iwiy (3311)

|lz—y|>at

Rn

<[ KGOy [ K Gy - Kl = I

(3.3.12)

Clearly, it suffices to show that |I|, |[I| < CMf. To see this, first observe that

|K'(z,y)| < Ct™™ uniformly for any 2,y € R", z #y (3.3.13)

(in fact, this also justifies the well definiteness of T%). Indeed, using the fact that
Ct < |B(z) — B(y) 4+ t| + |z — y| (easily seen by analyzing the cases |z — y| > m

and |z —y| < , we may infer that

M=)
A o

(PR e () (3:3.14)

2.3 2.23
With this af hand, the estimate (E.E} ISED is a direct consequence of (E.E}I ). Returning
to I, from (3.3.13), we deduce that |I| < CMf.

Thus, we are left with analyzing I7. First of all, we need to prove that

|K'(z,y) — K(z,y)| < Ctlz —y| ™™ for |z —y| > at. (3.3.15)
Let Gy(z,t) := K'(z,y). Then
K4 (2,9) — K (,9)| = |Gy (1) — Gy, 0)] (3:3.16)

can be bounded using Mean Value Theorem by

Ct(|V1Gy(w, $)| + [V 121Gy (w, 5)]), (3.3.17)
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where w = (1 — )z + 0z, s = (1 — )t for some 0 < # < 1. Next,

1

|V1Gy(w,s)\ ~ |w_y|n+1

F<AWO—A@)B@0—B@%H?'

w—y| lw —y|

| A(w) — Aly) B(w)— By)+s\| 1
|w—y|nw( w_gl ' [w_yl >‘|w—y|

Vi <A<w> — A(y) B(w) - B(y) + ) ‘

lw —y|" w—y| lw — y|

1 |[B(w)— B(y) +5|
(|w—y|+ w—yP? )

Keeping 1612ngind the restrictions on size of derivatives of function F' stated in the
Theorem 3.3.1, we conclude that the above expression is bounded by m
Similarly it can be shown that

1

However, |w — y| > C'min{|z — y|, |y — 2|} and

A
—z| > -yl — |z — > 11— — — . 3.1 2.40
=z lo sl ~le ol 2 (1-3 ) 1ol (3:3.19) [292.90]

Therefore, if we choose a > A, then |w — y| > C|z — y| and

K (2,9) = K (2,9)] < Ctla =y (3:3.20)

Now let us split the domain of integration of I/ into dyadic annuli of the form
Dat < |x—y| <2 at, j=0,1,.... Then

/I— |>at K (2,y) = K (2, 9)|1f(y)ldy

IN

- t
0 BN e L TR

j=0

<C i 279 M f(z).
j=0

This immediately gives the desired inequality, i.e. |II| < CMFf.
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Finally, what we have proved so far, much as in the

The idea is that pointwise convergence for a dense class along with the bound-
edness of the maximal operator associated with the type of convergence in question
always entails a.e. convergence for the entire LP class.

The proof of last part of the statement of the theorem utilizes the same basic
principle as in case of the Theorem F"?_ More specifically, the iﬂga,?,jg to identify
a dense subspace V in LP(R") such that for any f € V the limit (4.3.10) exists for
almost every x € R"™. Then, much as before, the boundedness of the maximal operator
associated with the type of convergence under discussion ensures that this limit exists
for any f € LP(R™) at almost every = € R".

In our situation, we may take V := C}(R™) and observe that

lim T'f(z) =lim lim |I+1I+1III|, (3.3.22)

|z—z| <\t e—0 |z—z|<At
z—x,t—0 z—x,t—0
where
I = / K'(z,9)f(y) dy,
|lz—y|>1
= K E) - @)y (3.3.29
1>|z—y|>e
111 = f(x)/ K'(z,y)dy.
1>|z—y|>e
Consequently,
lim lim [= / K(x,y)f(y)dy
TR e
i lm 1= [ Kl - fa)dy
e—=0 |Jz—z|<At 1>|I*y‘
z—x,t—0
whereas

lim lim [7/] =lim K(z,y) dy. (3.3.24)

e—=0 |z—z|<At e—0 _
o 150 1>|z—y|>e

Now, this last limit is known to exists at a.e. x € R", cf. Exercise 777.
Once the pointwise definition of the operator 7 has been established, its bound-
edness on LP(R™) is implied by that of T.. O

Remark. Applying the above theorems to concrete situations (e.g. the case of layer
potential operators on Lipschitz domains) requires a number of small adjustments
which we will only sil }}{y assume. Instead, for details, we direct the reader to the
excellent treatment injFFjR].

Next we state a technical result whose proof is given in the Appendices.
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Proposition 3.3.2. Let A : R" — R™"! B:R" — R™ be two functions such that

[A(x) = A(y)| < Mz —y|, MYz —y| <[B(z) - B(y)| < M|z —y|, (3.3.25)

for some positive constant M, and all z,y € R™. Also, let F: R™ xR — R be a C!,
odd function which satisfies the decay conditions

|F(a,b)| < C(1+ b)) (3.3.26)
ViF(a,b)] + Vi F(a,b)] < CL+ o), (3:3.27)

uniformly for a in compact subsets of R™ and arbitrary b € R.

Fix x € R, ¢ > 0 and introduce G(¢) = {y € R" : |B(z) — B(y)| < ¢} and
H(e) ={y € R": |VB(z)-(x —y)| < e}. Also, fir a constant vector w € S™ C R™"!
with wpy,v1 > 0. Then

im lim L F(A(x)_A(y)Hw)d
=10 10 S |2 —y| lz -yl
1 Al - (1 —
— im F<V (z) - (x y)+w>dy
r—c0 J ey |T—y|" |z -yl
1 VAz) (x —y) +w
F( (z) - (v —y) )d%
|z —y

(3.3.28) |eq6-3

= lim
=0 Jy|<r |l’ - y|n

provided VA(z), VB(x) exist, and lim. o [ L F<A($)_A(y)> dy ezists and

e<|z—y[<1 |z—y[" lz—yl
s finite.

eq?7?
Note that since F'is odd, the last two integrands in (&I% [0) may be replaced by

1 F(VA(x)~(x—y)+w>_ 1 F(VA(I)~(x—y)—w>
|z =yl [z =yl |z =yl |z =y

which leads to alEes%ll{,’tely convergent integrals. In particular, the (last two, hence all
three) limits in (3.3:28) exist. This can also be used to show that, as functions of =,

these expressions are bounded.
MAKE AN EXERCISE OUT OF THIS !!!!

77
Proof. We shall prove only the first equality in (?7 ? J, the justification of the second
one is virtually the same. Without loss of generality we can take z = 0, A(0) =0
and B(0) = 0. Observe that

1 /A t 1 —A t
lim lim F( (y) + 2 dy ~limlim F( W) + 2) dy
el0 10 Jge ylm || =10 110 Jp e [yl [yl

1 A 1 A
:hm[/ RSy gy - [ (M)dy}:o,
0 [wenve [y Y| VEnwe) [y Y|
(3.3.29)
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11-3
where V' (¢) and W (¢) reasin Lemma &3.2.3. Consequently, the domain of integration
in the first integral in (L3 3 28) may be replaced with H(¢). Thus, we have to compute

- )+ tw 1 —A(y) + tw
lim lim / )d + lim lim F< >dy, 3.3.30) [eq7-3
i [ et (7 X M (3330

|y

where I = I(t) := {y € R" : |[VB({ ) y| <t} and I = II(e,t) :={y e R": t <

|IVB(0) - y| < e}. Invoking Lemma and our hypotheses, we obtain that
1 A
lim lim —F<M> dy
elo 10 Jrpen |y |y
— lim lim 1 [F(—A(y)> . F(—Wl(o) ' y)}dy
el0 10 Jrpen lyl |y |y
1 A A(0) -
= lim lim [F(M> — F(v ) y)] dy
=10 110 Jyp [yl |yl Y|
— lim lim b [F(—A<y>> — F(—VA(O) ' y)} dy = 0.
c10 110 Sy [yl | i
Therefore,
lim lim L F(_A(y) ”‘") dy,
el0 t0 Jrr(e) ly|" |y
- 1 —A(y) +tw —A(y)
lim lim [F( ) — F( ﬂ dy 3.3.31) |eq7b-3
el0 10 Jrpen ly Y] Y| ( )
~ limlim L [p(F0 ) p(=h)) g,
el0 40 Jrreey Y ] |yl

where we have set A;(y) := t~'A(ty). An application of the Mean Value Theorem
shows that the last integrand above is bounded by |y|™""! times a constant inde-
pendent of y and t, while it is not hard to see that if y € I1(3,1) then [y > M
Furthermore, (3.2:20) implies that A;(y) — VA(0) -y as t — 0. By Lebesgue’s Dom-
inated Convergence Theorem and the fact that F (VAH(/?)'Z’) is odd in y € R", we get
that

lim lim ~
el0 tl0 Jrr(et) Y|

1 F(—A(y)thw) dy = lim 1 F(—VA(O)~y+w> dy.

Y| r=00 Jrreay Y™ ly|
5 (%33

7-3 bis
Finally, we treat the first integral in (}193.E3.23()) In this case, thanks to (%3 E3 2?)
the fact that wy,1 > 0, we get that
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() - (G

Y| Y|
. ) (3.3.33)
< Cnal(t) dy,

wi<e "1 4 ]5@) + b

where £ : R" — R is a bounded function, || < C'M. The right hand side of (%%.33)
is bounded by Cna(t), thus its limit, as ¢ e—>7Q is zero. This allows us to replace the
original integrand in the first integral in (3:3:30) by ﬁF(W). Dilating in ¢
further yields

_ 1 —A(y) + tw / 1 —VAQ0) - y+w
lim F dy = F dy. 3.3.34) |eq8-3
B S )W ) 63

. ITet s .
This and (3.3-32) then conclude the proof of the proposition since, clearly, H(r) =
I(Huli(r1). O

For k: R™\ {0} — R and 2 Lipschitz domain in R™ define the potential

Kf(x) = /d HQ-0f(Qdr(Q),  weR\ 09 (3.3.35)

For § > 1 and @ € 0L the non-tangential cones ['1(Q)) are defined as
Fe(Q) =TL(Q) := {r € Qu : [x — Q| < Bdist(x,09)}, (3.3.36)
where, recall that Q, = Q and Q_ =R"\ Q.

Proposition 3.3.3. There exists N = N(n) positive integer such that if the kernel
ke CN(R"\ {0}) is odd and homogeneous of degree —(n — 1), i.e.

k() = —k(—2), k(tz)=t""k(z), (3.3.37)

for all x € R™\ {0}, t > 0, the following are true. Whenever 1 < p < oo, the limit

Kf(P) := lim k(Q — P)f(Q)do(Q) (3.3.38)

el0 Jao\B(Pe)

exists at a.e. P € 08 for every f € LP(0R2). Also,

1K fll o) < C(p, O)[[K|snllow || 1] o0 (3.3.39)

Furthermore, assuming that (3 is large enough,

INCCH) ogomy < Cp B, 0D Kl e | Flsiomy, (3.3.40)
and, for each f € LP(0RQ),
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T n/2
%lexiénri(m Kf(z)=+ (2 21, k(v(P))f(P)+ K[f(P) (3.3.41)

for a.e. P € 092, where v(P) is the outward unit normal to ) at P.

. ir eSi.
For smoother domains we refer the reader to %Vﬁr] and [SeSi.

Proof. For starters, we will show that

Plirr% Kf(x) =lim k(Q — P)f(Q)do(Q)
x—Pxelx(P) el0 Joa\B(P)
3342
+ f(P) lim k(y — (P Fv(P))dy

"= JTI(P)NB(P,r)

for a.e. P € 09, where [[(P) denotes the tangent plane to 9€2. The tangent plane
[I(P) to 002 at P is well defined for almost every P € 0 (see Theorem 4.1).
Using a partition of unity, matters are reduced to the case when €2 is a domain
above a compactly supported Lipschitz function ¢. Furthermore, since do(y') =

V1+[Ve(y)Pdy and f € LP(9Q) if and only if f(y') = f(y', (¥)/1+ [Ve(y)* €

LP(R™1), it suffices to analyze the operator

Kf(z) = /Rn_l k' — 2 0(y) — z) f()dy, 2 € R\,

for f € LP(R"™1), 2 = (2, z0), y = (v, (/) € 9. In particular, if z = (2/, ¢(2')) €
02 is such that z € Ty (x), then we can define the unit vector w := é:i'. The points

x + tw, t > 0 approach z within Iy (z) as ¢ — 0. With these identifications in mind,
the kernel of our operator can be writen as

1 A(2") — A(Y) + tw

o — y,|n1k( p— ) (3.3.43)
12-3

where A(y') := (v, ¢(y')). In order to apply Proposition &3.3.2 we need to remove

the singularity of k at the origin. For this purpose let 6 be a smooth even function

function defined on R™™!, such that # = 0 near the origin and 6(z’) = 1 for |2/] > 1.

Then, if we set the function F':= —0k, we have

1 F(A(a:’) —A(Y) +tw

oy )W =TI, (3

We will first analyze the limit lim; o, 7 f(2',t). Without loss of generality we can
assume that z’ = 0, A(0) = 0. For fixed R > 0 we take f € Cj(R"!) with
suppf C Bg(0). Then for £ > 0 small we can write

Kf(x—i—tw):/

Rn—1 ’x/ _ y/|n71
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1 —AlY) + tw
F( V|

+ £(0) lim lim ! F<_A<y’)+t”> dy/

t=0+e=0+ Jopyi<r V" il

+ f(0) lim lim 1 F<—A(y’) + tw

=0+ =0+ f o |y/|" Y]

)W) = 1) dy

lim Tf(2',t) = lim lim
10t f( ) ) 504 e—0+ c<ly'|<R |y/|n—1

)dy’ — [+ I+ 111,

(3.3.45)

It is not difficult to see that one can take lim;_,y in I and I/ which leads to the
“removal” of tw under the integral. Further combining the resulting integrals we
obtain that

1
[+11= lim P (
=0t Jiypse Y]

—A(y)
il

)f(y’) dy = lim o k(' e(y)fy) dy"
’ (3.3.46)

. 2-3
To treat 11 we recall Proposition 13.3.2 and conclude that

11 = £(0) lim K, Ve(0) ) —w)dy'. (3.3.47)

"o Iy 2+ [(Vep(0),y/) 2 <72

. . . . termIII .
Next we claim that if w is replaced in (}3.3.47: ) by its normal component the value of
11T does not change. In order to prove this claim, let w = wyor + Wian, Where wyor
and wi,, are the normal and tangential, respectively, components of w. Then we can
write

lim [k((y’, V(0) - y') —w) —k((y', Ve(0) - y) — wnor)i| dy’

"INy 2+ Ve(0),y) 2 <r?

1
d
~ Jim | B 7600 ) = e = )| o
" SNy PV (0),y) 2 <r2 JO

1

d
— | / /_k — ooy — Owran)] dO dS
20 EIVROT Jgerto, qen. o) Jo d@[ @ “ )] @)

1
= — ~Wian - Vo (k(Q — Waor — Owian)) dS(Q) db.
vV 1+|V<P(O)‘ 0 H(O)

(3.3.48) ’ replaceomega

Above, dS(Q) denotes the measure on [ [(0), and we have that dS(Q) = /1 + |V(0)]2 dy'.
We point out that we have used the fact that z € I';(0), and thus the direction w

itself stays in a fixed cone, in order to be able to pass to 1tal[1% C}Iin%lig as r — oo. To
continue, observe that the integrand in the last term in (&3.15218(5 1S a constant multiple
of the tangential derivative of k. As such, its integral over [](0) is zero. To see this,
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let ¥ : [[(0) — R be a smooth, compactly supported function, identically 1 near 0.
Then, if Vink(Q) denotes a tangential derivative of k, integration by parts gives

Q
Veank(Q) dS | U (L) Vonk(Q) dS
|, Tk @as(@ = pim [ () V(@) dS(@
. 1 Q :
= Jim —— H(O)(vtan¢)(§)k(Q)dS(Q) (3.3.49) [vangderivk
1
lim = _dS(Q) =0
Rgrolo R /QGH(O) Q<R Q-1 @

For the inequality in (E%%%Lv% have used (%92%337)

This proves the claim that in the expression of I1] one can replace w tlg?m}
normal component. Furthermore, it is immediate that the right hand side of (E3 3 ZI:F
stays the san%( ¢ rlrg ;Iis replaced by cw, ¢ > 0 constant. Summing up, we can conclude

that in fact holds with w replaced by —v(0) = (— \/1250)(0)2, \/1+é (0)2), with
o ¢

v(0) being the outward unit normal to 2. More precisely, one has that

IIT = £(0) lim k( L TH0 gp(0) -y — )dy
"0 Sy 124+[(Vp(0),7) |2 <2 \/1+V 1+w()

TITIII  [TandIT termIITb | (3.3.50)
Now a combination of (3.3:45), (3:3.46), and (%TsﬁojjTylelds

. _ . ! ! ! /

Jim K f(tw) = lim |y/|>€k(y (W) (Y dy

+ £(0) 1i k(’+ Ve P N )d’.
A )TLHOIO 1y [24+1(V(0),")[2<r? Y W Vel)-y veor) Y

(3.3.51)

2-3
This proves (E.EB.Z[Q) for I'; (0). The proof for z € I'_(0) is similar and we omit it.
To summarize, so far we have shown that, if f € LP(I'), 1 < p < oo, then at
almost every point x € I' we have nontangential limits

(Kf)=(2) = ax(@)f(@) +lim [ k(e —y)f(y) do(y), (3.3.52)

e—0

ly—z|>e

where

ax(x) = lim / k(z —y £ n(x)) dy. (3.3.53)

R—o00
II.NBgr(z)

Here Bg(z) stands for the ball in R™ with center at x and radius R. Given this,
our formula (1.22) is equivalent to the statement that
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lim / k(z —y+n(2)) dy = £e,k(n(2)), (3.3.54)

R—00
IINBgr(z)
C.3

where ¢, is a constant we will identify below. Verifying (%73.54) can be tackled directly,
as an exercise in Fourier analyéﬁ, but € will take a slightly different route.

Namely, it is clear from (B.3.52)-(8.3.53) that a(z) = —a_(z), and that the
jump of K f across I is equal a.e. to 2a () f(x). Also, let us observe from (C.2) that
the jump coefﬁc'gp& o, (x) depends exclusively on k& and the tangent hyperplane II,.
Thus, to prove (3.3.54) we need merely show that, in the case I' = II, a hyperplane
in R", with unit normal n, the jump of ICf across II is equal a.e. to QCnﬁ;(n)f. Also,
there is no loss of generality in checking this when IT = {(z/,0) : 2’ € R"" '}, z =0,
and n = (0,...,0,—1). Furthermore, it suffices to consider a single f € S(II), such
that f(0) # 0. Then, for x € R™ \ II,

Kf(2) = PA(D)(f ©8)(a), (3.3.55)
where we write P_y(D)u = k * u for u € E'(R™), so P_1(€) = (2m)"/2k(€). Now
() (&) = 2m) 2P (9 £(E), (3.3.56)

and if f € Cg°(R™1), this differs from (27)~Y2P_1(0,&,) f(€') by an element of S'(R™)
that is integrable outside a sufficiently large ball. Thus Kf — F' is continuous on R",
where F(€) = (2m)"Y2P_1(0,£,) f(€)), ie.,

F(z) = i P_i(n) sgn(z,) f(z'). (3.3.57)
The nature of the jump of this function across I1 is clear; it is equal to iP_1(n). Hence
a:(0) = F5iP-y(n). (3.3.58)

C.3 1.22
This establishes (bff{.54), with ¢, = (2m)"/2/2i, and it also proves (e 7).

FINISH THE PROOF OF NT-ESTIMATES!!!

3.4 Variable coefficient singular integrals

3.5 Pseudodifferential operators

We recall that a pseudodifferential operator P(x, D) with (total) symbol p(z,&) is
given by

P(x,Dyu = (2r)"/2 / P, )(€)e € de
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= (2m)™" //p(.il?, €)'y (y) dy dE. (3.5.1) |el.6
There are several symbol classes of importance. One class, denoted 577, is defined by

p(z,€) € STy <= |DEDgp(w,€)| < Cup(l+ |¢7)m1eD/2] (3.5.2) [el.7

uniformly for x in compact subsets of R". Here, we are concerned with a smaller class
of symbols. We say p(x,&) € S if

with p; smooth in = and £ and homogeneous of degree j in & (for || > 1). The
meaning of (1.8) is that, for each k£ > 1, the difference between the left side and the
sum of the first & terms on the right belong to STy ™. The term p,(z,€) in (1.8) is
called the principal symbol of P(z, D). 777

The expression in the left-hand side of (4.3.10) is an oscillatory integral, defined
in the following sense. If L,, := (1 + |z —y[*)"'(I — A¢) then L, = L,, and

Ly, <€i(w_y)"5> = ¢*=¥8_ Then we set

[ vt e = [[13ple.0)] < (35.4)

where the integral in the right-hand side converges absolutely if N is large enough.

According to a celebrated theorem of L. Schwartz, any linear, continuous operator
T from the space of test functions D(R") into D’'(IR™), the space of disstributions is
uniquely defined by a distribution & € D'(R™ x R™), in the sense that

(Tu,v) = (k,u ®v), Vu,v € D(R"). (3.5.5)

For a classical pseudodifferential operator P(z, D) € OPS we set

kp(xz,y) =€ D'(R" x R") (3.5.6)

for its Schwartz kernel, and let Symb, € S7}' stand for its principal symbol. For later
reference, let us point out here that, as is well-known,

kp(xz,y) = (2m)™ /p(x,f)ei(xy)f d¢ = (2m) [ Fepl (2, y — ). (3.5.7) |kernel-symt

This entails kp € C°(R™ x R"™ \ diag) and

kp(z,y)| < Cla —y[~F™, x££y (3.5.8)
DERIVATIVES??
In it useful to note here that

Pj(z,D) € OPSY, j=1,2= Pi(z, D)Py(z, D) € OPS}™, (3.5.9)



48 Ch.3. Calderon-Zygmund theory

SymbP1P2 (33,5) = SymbP1 (aj,f)Symbp2 (.iE,f). (3-5-10)

eq??7?
The class of formal adjoints of (b s [0) are pseudodifferential operators of the form

Q(D, z)v( (2m)~ / q(&, y)e' VS (y) dy dE. (3.5.11)
It can then be shown that Q(D,x) € OPS if ¢ € ST, The Schwartz kernel of

e

(h% 0) is then given by

kg, y) = /Q(&y)e“””‘y)'5 dxi = [Foq)(y — z,). (3.5.12)

277 277
The composition between P(x, D) as in (E.E}l()) and Q(D, ) as in (E.E}l()) is given

P(z, D)Q(D, x)v( (27)~ // (z,6)q(&, x)e' @9 C0(y) dy dE. (3.5.13)

Fix an arbitrary Lipschitz domain 2 C R™ and denote by v(z) the outward unit
conormal (well defined) at almost every x € 0Q2. Also, do is the surface measure on
0.

For two fixed nonnegative integers N, M, consider the (trivial) vector bundles

£ = [C=(QV, F = [C®(Q)M. (3.5.14)

In the sequel, we let
> = ZU]'U]‘ (3515)
J

denote the pointwise inner product in such bundles. This pairing is bilinear since it
does not involve complex conjugation.

We shall agree that L'(R", &) — D'(R", ), the embedding of integrable sections
into the space of distributions with coefficients in £ is made in such a way that any
integrable section f is identified with the functional

COR"E) ¢ | (f(x),d(x))dr. (3.5.16)

R

Next, if P is a pseudodifferential operator of order —1 with principal symbol

Symb (P) : R"\ {0} — Hom (&, F) (3.5.17)

we introduce layer potential operators by formally writing, for f : 002 — &,

Kpf(z): = pv. /8 Ghe(e.9), ) dor(y) (3.5.18)

eq???

eq???

777
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~ lim / Uep(a ), F) doly), 7 €02 (3.5.19)

e—0
yedN, |z—y|>e

Also, we set

Kefe)i= [ (kole.). fa)dote), o« eR"\ 00, (3.5.20)

The main result of this section is as follows.

Theorem 3.5.1. Let £, F be as above and let P(z,D) € OPS,'(£,F) be such that
Symbp(x,€) is odd in & € R™. Then, for each f € LP(0N, &), with 1 < p < oo,
Kpf(x) exists pointwise at almost every boundary point x € 0 and

Kp: LP(02,E) — LP(08, F) (3.5.21)

is a bounded operator. Also, there exists C' > 0 so that

IN(Kpf)llzroa) < Cllfllr@oe), Vf e LP(0Q,¢E), (3.5.22)

and KCpf has a nontangential boundary trace at almost every boundary point. More
specifically,

Kpf . +o Symbp(-,v)f + Kpf a.e. on 0. (3.5.23)
+
Furthermore,
Kp: L*(09,E) — HY**(Q, F) (3.5.24)

18 a bounded operator.

We debut with a “variable coefficient” version of Proposition Ezg?)

Let T be a Lipschitz graph in R™, of the form x, = ¢(z1,...,2,_1) for some
Lipschitz function ¢ : R"! — R. Here, LP(T") is defined using surface measure (i.e.,
(n — 1)-dimensional Hausdorff measure) on I'.

Lemma 3.5.2. There exists M = M(n) such that the following holds. Let b(z,z) be
odd in z and homogeneous of degree —(n—1) in z, and assume Db(x, 2) is continuous
and bounded on R"™ x S"1 for |a| < M. Then b(z,z—1y) is the kernel of an operator

Bf(z) :=p.v. /b(x,a: —y)f(y)do(y), ze€T, (3.5.25)

T

bounded on LP(I"), for 1 < p < oc.
Furthermore, if

Bf(e) = [Wa.o - 9)f@)doty), o€\, (3.5.26)

r
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then
INBHI < Cll fll ey, (3.5.27)
and, for any f € LP(I'), 1 < p < o0,
B| f(x) = £5F:[b(z, 2)|(v(2)) f(z) + Bf (), (3.5.28)

depending on whether the (non-tangential) approach is from above or below T'.

Proof. We shall employ the classical method of spherical harmonic decomposition,
due to Calderén and Zygmund. The idea is to write

= bi(x)e;(2/]2]) |27, (3.5.29) [el.2

7j>1

where {p; : j > 1} is an orthonormal basis of L?(S"™!) consisting of eigenfunctions
of the Laplace operator on the sphere S"~!. Furthermore, we can assume that ¢; is
odd whenever b; # 0. With N as in Theorem 1.1 and M sufficiently larger than NN,
the regularity hypothesis implies

151z llepjllow < C572 (3.5.30)

Note that, if k;(x) = ¢;(z/|z|)|z|~™~Y with ¢, odd, then the operator

Kif(@)i= [ bo-n)iwdoty), e, (3.5.31)

T
is estimable by Theorem 1.1, and, for f € LP(T),

r) =Y bi(x)K;f(x), xel. (3.5.32) [e1.4

Hence,

IBllewn < C.T) Y bsllz<llesllon

i>1
< C(p,T) ‘Srl% | DZb(, 2) || Loo (rr 571, (3.5.33)
al<
which justifies (777). Similarly, if
K@) = [ be-fwdo). s eRT, (3.5.34)
T
then
Bf(x) =Y bj(x)K;f(z), xeRV\T. (3.5.35)

jz1
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Thus,
NBA@) < Sl N (@), zeT, (3.5.36)
j=1

el.3
so that, using estimates of the form (3.5.30),

INBf ) ewoy < Cpll fll oo, (3.5.37)

uniformly in f, fop,each 1 < p < co.
Finally, from (E_SS),

Bf| (@) = Dbk

Jj=1

(@)

o
= Z {i (2 ) bi(x)k;(v(x))f(x) + bj(x)K; f(x)

2 21
j=1

(27)"/?

57 b(z, 2)](v(2)) f(2) + Bf(x), (3.5.38)

= =+

where the sign depends on which side of I' the (non-tangential) approach takes place.
This finishes the proof of the lemma. a

After these preliminaries, it is straightforward to carry out the

Yalald
Proof of Theorem %’_5 3. The problem localizes, so there is no loss of generality in
assuming that 02 is a Lipschitz hypersurface I' in R". Also, the pseudodifferential
operator P(z, D) can be canonically identified (locally) with a matrix of classical
pseudodifferential operaggrs (Pji(z, D)); of order —1. Since lower order terms in the
asymptotic expansion (3.5.3) yield only weakly singular integrals, it can be further
assumed that each Pj.(z, D) is associated with an odgl, homogeneous total symbol.

working componentwise, Lemma 3.5.3 yields the desired result,

n thlsk%%;%gym‘%zl
given (3.5.7). O

Corollary 3.5.3. Let Q(x,D) € OPSC_Z(WH)(E,]:) be a pseudodifferential operator
whose principal symbol Symbg(x,§) has an opposite parity, in § € R", to that of the

nonnegative integer m. Also, assume that P : € — G, P+ F — G are differential
operators of order m. Set

Tfe) = poe | (Prkgle.y). f)doty) = € 00 (3.5.39)

THa) = [ (Pho(e) f)doly). v eRN\00  (35.40) [15]

and
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Tiw) = po | (Blole.s) S doty), = €00 (3.5.41)

Ti) = [99<Pyk@<x,y>,f<y>>da<y>, rERN\OQ  (3542) [1.5]

Then the above principal value integrals exist a.e. on 0S), the operators

T: L0 E) — L0 G), T : LP(OQ, F) — LP(9,G), (3.5.43)

are bounded, and

IN(T Plle@ey < Clifllneng),  INTllmon) < Cllf e (3.5.44)

Furthermore, for each LP function f, 1 <p < oo,

']‘f‘ag — +L Symbp(-,v)Symby (-, v) f + Tf a.e. on Y, (3.5.45)
+
and
j—f‘ag ::I:% Syme(~,U)Symbﬁ(',V)f+Tf a.e. on Of). (3546>
+

3.6 Further results

6.1

Remark. Call a linear, bounded operator 7' : S(R™) — S’(R") of Calderdn-Zygmund
type if it extends to a bounded operator in L*(R™) and if its Schwartz kenrel k(x,y)
satisfies

k(2. y)l + [ =yl Vik(z,y)| + v = yl|[Virk(z, y)| < . nyeRY

|z — y|

It follows that any Calderén-Zygmund operator 7" is bounded on LP(R") for 1 < p <
oo, maps L*(R") into BMO(R") and L'(R") into weak-L'(R"). Furthermore,

T"1=0=T:HP(R") — HP’(R"), n/(n+1)<p<1,

and

TN"=0=T:C*R") — C*R"), 0<a<l.

...... boundedness on H? and C* to be finished later ..............
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6.2

Cotlar
Cotlar’s Lemma bTZ._G_allows to control the LP norm of maximal operator T,f by
the LP norm of Hardy-Littlewood maximal function M and, as a result, to establish
boun%@%@gss of T, f on L spaces for 1 < p < co. M is also bounded on BMO(R")
(see eVS]).

The question to be asked here is what happens in weighted LP spaces. The main
result in this theory is the so-called ”good \” inequalities. For Calderén-type operator
T and A, weight w there exist 6 > 0, C' > 0, 7o > 0 such that for every f € C§*(R"),
every A > 0 and every v € (0,7o)

w{r € R": T, f(x) > 2\ and Mf(z) < YA} < CYw{z € R": T.f(z) > \}. (3.6.1)

777
This result, established by Burkholder in the context of martingales h‘, provides the
following estimate. For T" and w as above and 0 < p < oo there exists C' > 0 such
that for every locally integrable function f

/n(T*f(x))pw(x) de < C [ Mf(x)Pw(z)dx. (3.6.2)

R?’L
Next, and most importantly, if 1 < p < oo and w € A,, then every Calderén-
Zygmund operator 1" can be extended to a continuous linear operator from LP(R", w dx)
to itself.

6.3

In the case of Calderén-type singular integral operators of the special form

Ty =p. [ B(A A2 ), (36,3

|z =y
(where A € I;(BMO) and €, E(t) are smooth functions of opposite pa%;;:jes, the

following L” and weighted LP estimates are available for every 1 < p < oo [7]:
DOES OMEGA HAVE TO BE SMOOTH?

17 o < Cn,p, AN+ IV Ao [l fllps o some > 0. (3.6.4)

Q) is assumed to be homogeneous of degree zero and essentially L)OzP_ ded, w € A, and
a bound on p.v. is understood in the sence that the estimate (3:6.4) holds for every
truncation of the operator T with the constant independent of truncation.

By the same techniques one can treat singular integral operators with the structure

Az) — A(y)
|z -yl

) |$(fy_‘ny+)1f<y) dy,  (3.6.5)

for Lipschitz function A, B and with E, €2 of same parity. Then for every 1 < p < oo

7f(x) = PV. | (B) - Bl)E(

n
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1T fllpw < C(n,p, Ap) (1 + IV Allsni0)* [ Qoo [V Bl [ 1] (3.6.6)

It is of particular significance for our discussion that the results mentioned above
provide the proof for boundedness of the boundary double layer potential operator
K on the BMO; domains. Specifically,

1K fllLeaa) < C(n,ps Ap)l| flle o0, (3.6.7)

with 0 parametrized by (z, A(z)) and C(n,p, A,) — 0 as | VA|pmo — 0.
Another important application is the compactness of the operator K f = lim._,o K. f,
where

Kofo)=e [ EEEI ) doty) (3.65)

|z—y|>e
yeofd

on LP(9Q), 1 < p < oo for bounded VMO, domain with boundary 0.
For details, the reader is referred to [HJ.

6.4

INCLUDE HERE THE SQUARE-FUNCTION ESTIMATE OF LEWIS
AND HOFMANN, WITH THE COMMENT THAT IT RELIES ON THE
T(1) THEOREM OF CHRIST. THIS SHOULD BE USEFUL FOR S-B
MAPPING PROP’S OF SIO IN THE NEXT CHAPTER

Let A = {(z,y) : © € R"}. Then K : (R" x R")\A — C is called standard if
3C < o0, § > 0 such that for all x,y € R, x # y, and 2,3’ € R™ it holds

K(z,y)| <
Kew) < o
and
Clz —2'|°
/ /
|K(x7y)_K(x7y)|§‘x_y‘n+5
Clz —2')°
K - K N <
K(.) ~ K2 < 5

provided |z — #'| < 3|z —yl.

Definition 3.6.1. An operator T : D — D’ is said to be associated to a kernel
K € L] . (R" x R"\A), provided for any f, g € D with supp f Nsuppg =

loc

(Tf.g) = / / K (,9)f (4)g(x) da dy
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We will use the notation T' ~ K if the operator T is associated to K.
For a function ¢ we set ™ (y) := ¢ (£3%).

Definition 3.6.2. An operator T is said to be weakly bounded if there exist positive
constants C, N such that Vo € R", V¢t € R, , and
6,10 € By = {p € C= 1 suppp € {z € R : [z < 1}, [10°¢lasc < 1}
there holds
‘(T(px,t, wx,tﬂ S Ctn

Theorem 3.6.3. If T : S — S’ is a linear and continuous operator associated to a
standard kernel, then

T(1) € BMO
T:L* — L? is bounded < { T*(1) € BMO
T 1s weakly bounded

Theorem 3.6.4. If T : S — S’ is a linear, continuous, operator, associated to a
standard and antisymmetric kernel, then

T:L* — L? is bounded < T(1) € BMO.

Theorem 3.6.5. LetT : S — S’ be a linear and continuous operator, associated to a
standard kernel. Then T : L* — L? is bounded if and only if there exists A > 0 such
that ¥ ¢ € C*, supp ¢ C B(0,1) with |0°¢| < 1, V0 < |a| < N there hold

IT(6*™)ll2 < ARS, | T*(6*P)]|,2 < ARE. (3.6.9)

Theorem 3.6.6. Let T : S — S’ be a linear, continuous operator associated to a
standard kernel. Then T : L? — L? is bounded if and only if there exists C > 0 such
that || T(Xs) ||l sy, |1T(XB)| L1y < Cg, for all balls B C R™.

Theorem 3.6.7. Let T' : D — D be a linear, continuous operator associated to a
standard kernel and having the property that there exists € > 0 such that

1 %X
— e (T e <
L+ |5

1

v |1+e€

(Ty™, ") < o
L[5

(3.6.10)

~& | =
| =

Then
T:L* — L? is bounded < T(1) € BMO, T*(1) € BMO.

Theorem 3.6.8 (David, Journé, Semmers). Suppose T : S — S’ is a linear,
continuous operator, associated to a standard kernel. Then,

T :L* — L? is bounded < 3b & L™ such that T(b) € BMO,
T*(b) € BMO, M,T M, is weakly bounded,

where M, is the multiplication by b operator.
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6.5. Spaces of homogeneous type and singular integral opera-
tors on such spaces

Definition 3.6.9. A topological space X is called space of homogeneous type if it is
endowed with a Borel measure p and a quasi-metric (or quasi-distance) d : X x X —
Rt ={t € R: ¢t > 0} satisfying

(a) d(z,y) = d(y, z),

(b) d(x,y) > 0 if and only if = # y, and

(c) there exists a constant ¢ such that d(z,y) < c[d(z, z) + d(z,y)]

for all z,y,z € X.

In this setting the spheres B,(z) = {y € X : d(x,y) < r} centered at x and
of radius 7 form a basis of open neighbarhoods of the point z and u(B:(z)) > 0
whenever r > 0. Coifman and Weiss (in 1]) showed the existence of an absolute
constant C' such that

W(B,(2)) < C pu(Byya(c).
An example of space of homogeneous type would be X = R" with u the Lebesgue

measure and d(z,y) = > |v; — y;|*, where a; > 0. A list of other examples can
be found in [CW2].

G
The following theorem of Coifman and de Guzmén (see %CG]) is particularly
important for us.

Theorem 3.6.10. Let X be a space of homogeneous type endowed with the Borel
measure (i and the quasi-metric d. Consider k(z,y) : X x X — R a measurable
function satisfying the integral Hormander condition: there exist constants ¢; > 1,
co > 0 such that, for every xg,x € X,

/ |k(zo,y) — k(z, y)|du(y) < ca. (3.6.11)

d(zo0,y)>c1 d(zo,x)

Assume that the operator

Tf(z) = /X Kz, ) f(4)du(y)

is continuous from L*(X) to L*(X). Then for every 1 < p < 2 there exists a constant
¢ = ¢(p) depending on p, such that for every f € L*(X) N LP(X)

|Tfllerx) < el fllzrxy if1<p <2,
and

pl{r e X : |Tf(x)| >t} <c

Hfu# for everyt >0, if p=1.

1
If k* satisfies condition 2%76.11), then by duality, T is also bounded on LP(X) for
2 <p<oo.

W1
A detailed proof is exposed in :(IW1].
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3.7 Exercises

1. Let A: R” — R be a Lipschitz function. There exists N = N(n) such that, if
ke CN(R™\ 0) is even (i.e., k(—x) = k(x)) and homogeneous of degree —n, then
k(x—y)(A(x)—A(y)) is the kernel of an operator K bounded on LP(T"), for 1 < p < o0,
of norm

1K 2zey < C0, IV OllLo) IV Al oo [ Bl g1 [l (3.7.1)

2. Let A : R" — R be a Lipschitz function. There exists M = M(n) such that
the following holds. Let b(z,z) be even in z and homogeneous of degree —n in
z, and assume D%b(z,z) is continuous and bounded on R" x S™1 for |a] < M.
Then b(z,z — y)(A(x) — A(y)) is the kernel of an operator B, bounded on LP(T"), for
1 <p<oo.

3. If p(x, &) € S;? has principal symbol that is even in &, then the Schwartz kernels
of 0;p(z, D), p(x,D)0;, 1 < j < n, are all kernels of operators bounded on LP(0f2)
for 1 < p < o0.

277 -
4. If b is as in Lemma %75.3, then b(y, z — y) is the kernel of an operator B, bounded
on LP(T"), for 1 < p < 0.

Hint: One argues similarly as in .... using this time Bf(z) = 3 K;(b;f)(x).
Jj21

5. Consider p(z,£) € S, which has a principal part odd in &, and let b(x,z — y)
be the Schwartz kernel of p(z, D) € OPS;'. Let g be a fixed C! Riemannian metric
on R™ and let r(z,y) denote the geodesic distance (in the metric g) between two
points x, y. Further, let 2 be a bounded Lipschitz domain in R™ and denote by do
the area element of Jf) induced from the Euclidean structure of R™. Then, for each
1 < p < o0, the principal-value singular integral operators

Bf(z) =lm [ b,z —y)f(y)do(y), v €00,

ST {yerta—y|>e}
Bif(x) =lm [ ble.x—y)f(y)do(y), x € 00, (3.7.2) [B.1]

=70 fyerin(a,y)>e}

coincide pointwise a.e. for any f € LP(012).

6. Prove a similar result_for integral operators associated with the kernel b(y, z —y),
where b is as in Lemma %‘53

7. Consider

Bf(w)i= [ Mo = 9)fw)doly). x € R\T. (3.7.3)

r

777
where b is as in Lemma }3_53 Using the same superposition arguments as in the proof
of ...., show that
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INBAHI < Cllfllzery. (3.7.4)

and

(Bf)=(z) = Fyig1 (n(x), x) f () + Bf (), (3.7.5)

for any f € LP(T'y), 1 < p < 0.

8. As pointed out in ...., the operators treated in Theorem Ezg?) are bounded on
LP(T',wdo) for every A, weight w, when p € (1,00). Extend the arguments used in
the proofs of .... to show that for any p € (1,00) and any A, weight w on I', the
operators treated in .... are all bounded on LP(T'y,w do).

9. Extend Theorem Ezg?) to the case when the codimension of I' is > 1. Concretely,
prove that if I' be an m-dimensional Lipschitz graph in R” and p(z,&) € S ("=m) has
principal symbol that is odd in &, then the Schwartz kernel of p(x, D) is the kernel of
an operator bounded on LP(I'y), for any p € (1,00) and any compact I'y C T.

t2.5
10. Let 7% denote the operator defined in 2 of Theorem %‘2‘2 Prove that the
mapping [0,1] 3 ¢t — T € L(LP(R")) is Lipschitz continuous.
777
Hint: Show that the operator %[T”‘] falls under the scope of Theorem %‘53

11. A more powerfultgegsion of the above statement is as follows. Let A, F', and
K be as in Theorem b‘Z‘Z Then, the mapping A — T is continuous from the set
of Lipschitz functions (from R™ into R™) into the set of bounded linear operators on
LP(R™).

Hint: Prove that ||[T4 — TP| s o gn)) < C||VA — VB|| = (®n). To show this, write
1 Hofmann

T4 —T5 = [ 4[T0-D4%B] 4t and invoke Theorem 77

777
12. Supply a detailed proof of Corollary b‘53

13. Let Q be a m x n matrix with real entries so that Qx = 0 & x = 0. Prove that
there exists a constant C' > 0 so that the (Euclidean) measure of the set

{x e R"; r < |Qz| < R}
is < C(R"—1"), for each 0 <7 < R < 00.

Hint: Write |Qz| = |(Q'Q)"/2x| then make a change of variables.

14. Let B : R* — R™ M > 0, be such that |z — y| < M|B(z) — B(y)| for each
z,y € R™. Show that if B is differentiable at z* € R" then |VB(z*) - v| > M| for
each v € R™.

Hint: Consider the directional derivative of B at z* along v/|v].

15. (Jean-Lin Journe)
Suppose that K : {(z,y) € R* xR": 2 # y} — C is a continuous function for which
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there exists a positive constant ¢ such that for all z,y € R™, = # y,

Bloy) < |z —y["

and

- |ZE _ y|n+1 )

Let Q be a cube in R”, and f € L}, (R"). Show the following estimates.

(a) For z € Q,
/ K (2.9)) |f@)] dy < ¢ f*(2).

2Q\Q
(b) For x,z¢ € Q,

/|K<x,y> K (0,9)| £ (9)| dy < ¢ f*(z0).

(2Q)°

(c) For yo € Q,

//my K (2, 50)| £ ()] dy de < ¢ Q] £* (o).

(2Q)°

Here

Fra)=swp o [ 1w

7‘>0er
Q(z,r)

and Q(x,r) is the cube in R", centered at x and with radius r.

16. Let A : R™ — R™ be a Lipschitz function and let F' : R™ — R be a smooth, odd
function. Prove that the limit

- 1 Alz) — Aly)
1 F d . fardle
81_1% 1>|z—y|>e |ZE - y|n ( Y (3 ’ 6)

|z —y|

exists for a.e. x € R™.

Hint: For a fixed f € C'(R™) which decays sufficiently fast at infinity and such
that f(z) > 0 at every point € R", write

/Ka:y y)dy + / K(x.y)lf () — f(x)] dy

|lz—y|>1 1>|z—y|>e

() / K (.y) dy

1>|z—y|>e
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t.?7?7
and invoke Theorem 77.

17. (After boundedness of Cauchy operator on LP)

Let A be a Lipschitz function on the real line. Set K, (z,y) := %, and
let T,, be the principal value operator defined by K,. Prove that T, is bounded on
L*(R™) with a norm controlled by C™ | A’|| oo gn).

Hint: Do this by induction. Show that T},(1) = T;,_1(A’) and then proceed, using
the corresponding computations in Theorem 7?? [Boundedness of Cauchy operator].

18. (After boundedness of Cauchy operator on LP)

A rectifiable, connected curve I' C C is called chord-arc, if for some constant
C > 0 and any two points a,b € I', the length of the piece of I connecting a to b is
less than C' times |a — b|. In terms of the arclength parametrization z(t) of I', the
chord-arc condition is |t — s| < Clz(t) — z(s)| for every t,s € R. Define a Cauchy
integral operator on I" as Cr f () = p.v. [, %, where ds stands for the arc-length

measure on I'. Show that Cr is a bounded operator on L*(T, ds).

19. Consider F € C*(R™\ {0}) odd, A : R® — R™ a Lipschitz function, and, for
r € R", define

Ti@) =t [ F (%) K.z — ) f () dy,
lz—y|>e

where k(z,y) is homogeneous of degree —n. If T'(1) = constant, then
T:LP(R") — LP(R")
is bounded for 1 < p < oc.

Hint. Use the method of spherical harmonics to separate x and x — y.

20. Prove that for every function f € L?(R"), each v > 0 and all € > 0,

5”/|> 7" f(y)ldy < CMf(0), (3.7.7)

where the constant C' = C(n,~y) depends only on v > 0 and the dimension.

Hint: To establish this inequality, split the range of integration into the dyadic
shells D, = {y € R" : 2%¢ < |y| < 28Fe}, k € N. Next, observe that each Dy, is
a subset of the ball B, = {y € R" : |y| < 2k} and apply the definition of the
maximal function to the ball Bj.



Chapter 4

Singular Integrals on
Sobolev-Besov spaces

4.1 Sobolev and Besov spaces in Lipschitz domains

Let us start by recalling the Littlewood-Paley definition of Triebel-Lizorkin (FP4) and
Besov (B2) spaces. Let ® be the collection of all systems {¢;}22, C S, the Schwartz
class, such that

(i) there exist positive constants A, B, C' such that

supp ¢o C {x; [z < A},
. . 4.1.1) |eg2.1
{ supp ¢; C {x; B2~ < || < C27F'} if j=1,2,3..,, ( )

(ii) for every multi-index « there exists a positive number ¢, such that

sup sup 2/110%; (2)| < ca, (4.1.2)

zeR" jeN
(iii)
Z(bj(x) =1 for every z € R". (4.1.3)
=0

Let s € R and 0 < ¢ < oo and fix some family {¢;}32, € ®. Also, let F denote
the Fourier transform in R".
(i) If 0 < p < oo then the Triebel-Lizorkin scale is defined by

) = {1 €8s o = (S 1297 0,7 p)

j=0

<o)
Lp(R™)

(4.1.4)

(ii) If 0 < p < oo then the Besov scale is

61
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:(XNWf G FNMpgeny) < 00}
(4.1.5)

As is we I-known, a different choice of the system {¢;}32, € ® yields the same spaces
(M—(H albeit equipped with equivalent norms.

For the range of indices n/(n +1) < p,q < oo and n(l/p —1); < s < 1, an
intrinsic definition for membership to B??(R") is obtained by requiring that

BL(RY) = {f € 8"

1/
160 = PO\
y = [ fllzr@ny + Py dt < +00. (4.1.6)

It has been long known that many classical smoothness spaces are encompassed
by the above two scales. For example,

C*(R™) = B®>®(R"), 0<s¢Z,

LP(R") = F*(R"),  1<p< oo,

LX(R™) = FP*(R™), 1< p< oo, k=1,2..,
HE(R™) = FP*(R"), 0<p<1,

HP(R") = FP?R"), 0<p<1.

We let do denote the canonical surface measure on 0€2 so that v, the outward unit
normal to €, is well-defined do-a.e.

The scales of Besov and Triebel-Lizorkin spaces can be naturally transported
from R"! to the boundary of a (bounded) Lipschitz domain  via pull-back and
a partition of unity. We denote them by BP4(02) and by FP4(0S2), respectively.
More specifically, if (n —1)/n < p,g < o0, (n — 1)(1/p —1); < s < 1, when Q is
the region from R™ lying above the graph of a Lipschitz function ¢ : R*! — R, we
define BP?(052) as the space of functions f for which the assignment = — f(z, ¢(z))
belongs to BP¢(R™1). This definition then readily extends to the case of (bounded)
Lipschitz domains in R™ via a standard partition of unity argument. The case when
p = q = oo corresponds to the usual (non-homogeneous) Holder spaces C*(052).
Similar considerations apply to FP9(0€).

Denote by L{(0€2) the Sobolev space of functions in LP(92) whose tangential
gradients are in LP(0€2), 1 < p < oo. Sobolev and Besov spaces with positive,
fractional smoothness can then be defined via complex and real interpolation methods,
respectively, i.e.

LE(0Q) = [LP(ON), LY (0], 0 <O <1, 1 <p < o0, (4.1.7) ’eqLcompleXIP‘
By(0Q) = (LP(0Q), L5(09Q)),,, with0<8<1,1<p,q<oo. (4.18)

Next, for a Lipschitz domain  C R™, we let B??(Q2), 1 < p,q < 0o, s > 0, consist
of restrictions to 2 of functions from BP4(R™). Recall that the trace operator




4.1. SOBOLEV AND BESOV SPACES IN LIPSCHITZ DOMAINS 63

Tr : BY?(Q) — B, (99) (4.1.9)

is well defined, bounded and onto if 1 < p < oo and 117 < s <1+ This also has a
bounded right inverse whose operator norm is controlled exclusively in terms of p, s
and the Lipschitz character of €.

Regarding Besov spaces with a negative amount of smoothness, if 2 is the domain
in R™ above the graph of a Lipschitz function ¢ : R*~! — R, we agree that

f € BY(09) <= f(z,¢(x))V/1+ [Vo(x)]* € BYI(R" ),

whenever (n — 1)/n < p,qg < o0, (n —1)(1/p — 1) < 1—s < 1. As before, this
definition is then extended to the case of (bounded) Lipschitz domains in R" via a
simple partition of unity argument. In particular, for —1 < s <0 and 1 < p,q < oo,

Brio9) = (BLT(09),  Yp+ /¥ =1, g+1/qd =1, (4.1.10)

where the duality pairing between f € BP; qé@Q % =3 BY SQJQQQ ig,{#, natural
extension of) [,, fgdo. We also refer to @L b‘K 3], for
a more detailed exposition of these and other related matters such as embedding
theorems.

In the sequel, we shall also use atomic characterization of the Besov spaces
3L(082).  These are a straightforward adaptation of the Euclidean results from
h":l?] given the definitions we adopt in this paper. Specifically, let us assume that

—1)/n < p < oo and that (n — 1)(— —1); < s < 1. A function a is called an atom
for Brr(09Q) if

(1) 35, — surface ball : supp(a) C S,,
(2) llallz=oey < 7 7,

_no1_
(3) | Vianall ooy < 7°7 7 L

Here and elsewhere, V., = V—10, will denote the tangential gradient on 0f2. Also, a
surface ball S,.(x) is any set of the form B,.(x) N0, with x € 9Q and 0 < r < diam Q.
Parenthetically, let us note that (1) & (3) = (2). Then

. 1/p
1oy ~ it (3 lwsl?) 5 1 =3 mias, a5 are BE7(09) atoms, {u;}; € ).
J J
(4.1.11)

Similarly, there are atomic decompositions for B®?(92). Concretely, let us assume
that (n —1)/n < p < oo and (n — 1)(% —1); <1—s <1, and call a an atom for
BPP(09) if

(1) 35, — surface ball : supp(a) C S,,
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—1

(2) llallze@o) <r™° " 7,

(3) /mada:O

FrJa
Then the Euclidean results from [FJ2] lifted to 02 give

. 1/p
1 mrzom = it (D 1isl?) s f =3 mias, a; ave BUE(OR) atoms, {u;}; € '},
J J

(4.1.12)

As far as the Hardy spaces HY,(092), "T_l < p < 1, are concerned, call ¢ an atom
for HE,(0Q), if

(¢) 35S, — surface ball : supp(a) C S,,

g a1
(@) llalle@ey <= 7,
) / ado = 0.
o0
Then

H?,(09) == {Z Ajaj; a;is an HY(0Q) atom, {\;}; € fp}. (4.1.13)
J

CW
See, e.g., ®W2] for the more general setting of homogeneous spaces.
We now proceed to record some important interpolation results. By [-,:]s and
(+,-)o,q we will denote the complex and real methods of interpolation, respectively.

MeMi
t2.3| Theorem 4.1.1. (c¢f. [MeMi2]) Let ap, a1 € R, 0 < po, p1, o, 1 < 00, po+qo < 00,

pl—l—ql<c>o,0<(9<1,04:(1—(9)0404—9041,Z%zlp—’oa—i—pi1 and%zlq;og—i—qil. Then

[Fag ©(R™), FEV (R™)]g = FRI(R™). (4.1.14) [eq2.19

Tr83
t2.4| Theorem 4.1.2. (c¢f. [Trl]) Let ap, 00 € R, g # a1, 0 < p < 00, 0 < qo, q1 < 00,
0<0<1l,a=(1-0)ay+ 0. Then

(Fo(R"), FRM(R™))g,e = BE(R™). (4.1.15) [eq2.20

An important remark is that appropriate versions of the last two theorems above
continue to hold in the case when the underlying Euclidean space is replaced by the
boundary of a Lipschitz domain —this is more or less immediate from the various
definitions adopted in this paper. In the sequence, we shall tacitly use thig without
any special mention. The interested reader is further referred to)F[Za], %"ﬁr_ﬂ, for a
more detailed discussion in this regard.
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JeK
tJeKecriterion| Theorem 4.1.3. (cf. ZLe7Ke4/) Suppose u is a function defined in the Lipschitz domain

Q. For 0 < a <1, a nonnegative integer k, and 1 < p < oo, consider the following
statements:

(a) u belongs to B, (Q);

(b) 81 VE | + |V*ul + |u| belongs to LP(S2).
Then
(i) (b) = (a), for any u € L, () such that Viu € L (), 1 <j<k+1;

loc loc

(ii) (b) < (a), if u is harmonic in €.

The result similar to (i7) in the theorem above hglds for Sobolev scale Ly () under
the hypotheses 0 < a <1 and 1 < p < oo (cf. %ﬂ]) However, the proof is rather
elaborate and since we have no use for results of this kind in the present monograph,

we shall not pursue the subject further.
[tJeKecriterion

Proof of Theorem [7.1.3 'l?eﬁté%ﬁ%observe that the matters can be reduced to the
case k = 0 (see Proposition K.T.4 for details).

Next, assume that u is locally integrable function on €2 as well as its derivatives
of order less than or equal to k Sk a%lfppose, u belongs to the space BPP(Q)). By
virtue of interpolation formula (4.T. e norm of u in BPP?(Q) can be regarded as
the infimum of

0o 1/p oo 1/p
([T syaetae) ([T Ot d) . @
0 0

over all functions f : [0,00) — LP(Q) + L7(€2) such that f(0) = u. Since the interior
estimates are straightforward, we shall restrict our attention to a small neighborhood
of the boundary, where € can be locally represented as a domain above the graph of
Lipschitz function ¢(x). More precisely, consider a ball B(z/,r) centered at boundary
point 2’ such that

BNQ={(z",y) € B(z,r); y > ()}  where  ¢(0) =0. (4.1.17)

Going further, we introduce functions n € C§°(B(2',r)) and 8 € C{°(—r,r) such

that n(x>|B(m’,r/2) = 9(y>’(—r/2,r/2 e:IP]V'orIlnAlSO’ set g(t) = U(x)u(l’;y + t)e(t) Then
g(0) = nu and the expression in (h [.16) can be controlled modulo finite constant by

e’} 1/}7 [e%e} 1/10
([T awiaea) ([T [ mesonvate +e)pantar)
0 0 BN

The first summand above is majorized by

00 1/1’
(/ /B Q|u<x',y>|pdx'dytp—w—1dt) < Cllul ooy, (1.1.18) [eq777]
0 n
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1/p

As for the second one, it does not exceed
1/p
<C (/ 6(z) " Vu(z)[P dx) :
BNQ

Cé(x)
/ V()P / -or=1 Gy
BNQ 0
(4.1.19)

Now it remains to establish the implication (a) = (b) for arbitrary harmonic
function u in Q. According to the Mean Value property of harmonic functions and
Holder’s inequality,

1/p

_ P 1/10
< O5(x)°! (/ Mdz) . 4.1.20) [eq777
(@) Blas(z)/2) 1T — 2|"ToP ( )

With this in mind, one can use an intrinsic characterization of Besov spaces to com-
plete the argument.

O

X
Proposition 4.1.4. (cf. ?267??64/) Assume that Q) is a Lipschitz domain in R™. Then
(a) for oo > 0 and 1 < p < oo, u € L¥ ,(Q) if and only if u € LP(Q) and
Vu e LP(£2),
(b) for « > 0 and 1 < p < oo, u € BEY,(Q) if and only if u € LP(Q) and
Vu e BPP(Q) for a >0 and 1 < p < 0.

4.2 Mapping properties of SIO, 1

To start, denote by C#S?l the class of classical symbols ¢(§, ) of order m which are
C* in z, for some p € [0, 00|, while still smooth in £ € R™\ 0. Also, given any two
numbers a, b we set a V b := max{a,b}.

Proposition 4.2.1. Assume that K(x—y,y) is the Schwartz kernel for some q(§, z) €
C“S;lz, 1w > 1, whose principal symbol is even in £. Consider the corresponding
integral operator

Rf) = [ K-y f@doty),  zen (1.2.1)
o0
Then for 1 <p < oo, 0 <s <1, the operator

R: [P (09) — B2 () (4.2.2)
i1s well defined and bounded.
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Proof. By performing a decomposition in spherical harmonics (cf. %TB] for details
in similar circumstances), there is no loss of generality in assuming that pu = co.
Note that if we treat o ]Ly the cases when s = 0 and s = 1, the rest follows by
complex interpolation (cf. [BL]). In fact, we shall only consider the situation when
s = 0 (see Exercise 777). It suffices to show the following. If ¢(¢, z) € C’“S(;IQ, > 1,
has a principal symbol that is even in £, then the Schwartz kernels of 0,¢(D,z),

q(D,x)0; € @PCOSal are all kernels of operators mapping L?(0€2) boundedly into
Bf/ZVQ(Q) for each 1 < p < 0.
Take for instance the case of the Schwartz kernel k(z — y,y) of V,q(D,z) €

OPC°S 11 for some ¢(¢,7) € CHS 2 o » # = 1, whose principal symbol is even in § and
denote by IC the corresponding 1ntegra1 operator, i.e.,

K1) = [ Ko -pn)f) o). wen (423)
B
2 2
Fix f € LP(092) and set u := Kf in . Analogously to %KKZL], %663}, we use the

fact that ||ull BY () is controlled by a finite sum of expressions of the type
p

o dt 1/
(/ oo // V(! ola’) + )P dads) ")
0
/tq q/p // (!, o) + s)|P da'ds )Q/@) — T+ 11 (4.2.4)
/

Here ¢ : R"! — R is a Lipschitz function used to describe 99 locally and S, C 9
is a surface ball of fixed radius r > 0.

Our aim is to bound I and I1 by | f[|zrag) Jn the case when 1 < p < oo and
q := p V 2. The first observation is that /7 in (4.2.4) can easily be controlled using

[u* o) = | (KF) ooy < Cllfllrow), (4.2.5)

T
where the last estimate is proved in %V[T?)] (recal] that (-)* stands for the nontangential
maximal function of g4). As for I, following 4] we invoke Hardy’s inequality (cf.,
e.g., Appendix A in % ]) in the case 1 < p < 2 plus Minkowski’s inequality in order
to write

1= C(/or</ sVule! (@) + s)p da’)"" )

T

C’(/ (/Or |sVu(z', p(x') + s)|? Ci )p/qd:c’) l/p. (4.2.6) |mp5

T

IA

Note that we can arrive at same majorand for I as above in the case 2 < p < o0
simply by using Fubini’s theorem since, in this case, p = q.
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At this point observe that matters are reduced to proving the LP-boundedness,
1 < p < o0, of the LI((0,7),ds/s)-valued operator T given by the assignment:

LP(S,) 3 [ sVKf(a',p(2") + s) € LP(S,, LY((0,7),ds/s)). (4.2.7)
It is preferable to deal first with the Hilbert space setting, i.e., when ¢ = 2, since
in this case the vector-valued Calderén-Zygmund theory works. Concretely, setting

k(@ y) = s Vik((@' =y (@) — o) +9), (V. 0(y), 2,y €R™, (4.2.8)

the estimates

[ViH k(2 y)| < Cle —y|70779 i >0, (4.2.9)
readily imply that

oo ds\ 1/2 o
([ 19avihia PS) " <l -y, 0givg<i (4210 [mps]
0 S

7
In turn, these express the fact that the kernel of 7" in (EPZS) is standard. The
boundedness of the operator T" when p = 2 follows from

r 1/2
HTf||L2(ST,L2((O,T),dS/S)) < C(// S|vu(x/7 CP(J:/) + S)’Q ds dg;/)
0
Sy

< C(/é(m)\Vu(x)]Zd:L’)l/2

0
< Cffllz200)- (4.2.11)

The cr jfal step in (%921%1) is the last inequality and this has been proved in Theorem
1.1 of T]. This finishes the proof of the LP-boundedness of 7" when ¢ = 2 and
takes care of the 1 < p < 2 part in the statement of the theorem.

Next, consider the case when p > 2. When f has small support, contained in an
open subset of Q) where 91 is given as the graph of p : {z/ e R* ' : |2/| <r} = R
and zg = (2, p(z()) € 08 is an arbitrary boundary point, then

s|Vu(zg, o(x5) + 5)]

< / s|VE((5, p(x0) + 8), (0, oW [F (Y, ()| dy
ly'|<r
< CMf(xo), (4.2.12)
uniformly in s, where denotes the Hardy-Littlewood maximal operator on 0f2.

The last inequality in (4.2.12) is a consequence of fact that the expression
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s|VE((2', p(2") + ), (v, 0(¥/))] (4.2.13)

behaw S like the Poisson kernel for the upper-half space; see, e.g., Theorem 2, pp. 62—
63 in [St]. Thus,

SUD e (0,15 VU, () + 8)| < CM f(0). (4.2.14)
Using this and the fact that M is bounded on LP(09), 1 < p < oo, it follows that
, , P N\L/P
([ (supsconlsVule,o(@) +8)1) ') " < Cllfllison). (4.2.15)
Sy

6
i.e., that 7" in (%92'7) is bounded when ¢ = .

The case when p = ¢ > 2 now follows by interpolating the end-point results
corresponding to ¢ = 2 and ¢ = oo. (Note that here we use the fact that B2 — B
for 1 < ¢; < g2 < 00.) This completes the proof of the proposition. o

We now analyze the action of the double layer potential on the scale of Sobolev
spaces.

Proposition 4.2.2. For 1 <p < oo and 0 < s < 1, the operator

D: LP(0Q) — B2 (Q) (4.2.16)

s+1/p

18 bounded.

15
Proof. For (%22_16) with s = 0, arguments similar to the ones used in the proof of the
previous proposition apply. Matters can again be reduced to the same pattern in the
case s = 1, thanks to the identity

n

001w = 3 [ o0, Bl = I do,

k=1

=3 /agwj 1)y, — e)D,,)10,, E(x — v)|(y) do,

- Z /asz Oy E(x — y)[(v;0k — vi0;) f1(y) doy,. (4.2.17)

valid for each 1 < 7 < n and x € . The important aspect of the above identity is
that it allows to write

VDf =T (Vinf) (4.2.18)

where Vi, stands for the tangential gradient on Q€), and 7 is a singular integral
operator of the type 0;S. Now the claim about (4.2.16) is obtained by interpolation.
O
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4.2.1 Mapping properties of layer potentials, II

Theorem 4.2.3. Let ) be a Lipschitz domain in R"™. Consider the integral operator

Tf(x)= /m k(z,y)f(y)do(y), x €, (4.2.19)

satisfying the following conditions:

(1) T1 = const, (4.2.20)
(2) |VEE(z,y)| < Clz —y|~TFH=D k=1,2,.. N, (4.2.21)

for some positive integer N and v > 0. Then

16" VT £ || oy < Ol f]

granted that =1 < p < oo, (n — 1)(% -1 <s< 1.

- (4.2.22)

45 46
It should be noted that the class of operators satisfying (he.bm.)Z()) —(E%H'EZT) contains
the double layer potential as well as the Cauchy operator.

Proof.  We proceed by analyzing several cas s n?tggting with:

Case 1. 1 < p < oco. The estimate (4.2 will be proved in three steps.
The idea is to obtain the result for p = 1, then for p = oo and, Egély, use Stein’s
interpolation theorem for analytic families of operators (Theorem B:2.2) to cover the
range in between.

Consider first the case p = 1. We shall prove that under the current assumptions
on the operator

185 ET f] 1) < CUIS

BL(50); (4.2.23)

First recall the intrinsic characterization of the Besov space B} (99)

£ BML(90) = Iz o0 + /m /asz %do(x)da(y). (4.2.24)

The estimate we seek has local character. Thus, using a partition of unity, we may
assume that the support of f is included in a coordinate patch where 0f2 is represented
by the graph of the Lipschitz function ¢ : R*~! — R. Assuming that this is the case,
we make a change of variables and set f(z) := f(z, ¢(x)), extended by zero outside

: 3 1,1 (mon—1
of the support. eInm%?srtlcular, fe B AR,

Thanks t ) we have that V*T annihilates constants. In concert with the
assumption (4.2 on the kernel, this implies that

/ 55413 (2) | VAT £ ()| da (4.2.25)
Q

can be controlled by a multiple of
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fhtr—1- / / — /W) dzdy. 4.2.26) [eq3.8
| = (4.2:26) [saB)

In turn, this can be majorized by

- - 00 thtr—1-s
C/Rn_l /Rn_l |f(z) — f(y)|</O (= _|_t)n+k+'yldt> dzdy. (4.2.27)

Making the change of variables r = w%y‘, r € (0,00), dt = |z — y|dr, we can further
bound the innermost integral above ty

00 t’f‘f'W 1-—s T 00 7,.k—l—y 1—s "
dt = sTi—n dr < Clz — y|=5t1—n
/0 (|z —y| + t)rthEtr=1 e =yl /0 (1 4 r)nthta—1 r < Cle—y|
(4.2.28) [3.10
for some finite constant C' = C'(k,~, s,n). Thus,

[ @l < o [ D S0g,
Q Rr—1 JRn-1 |$—y|n+s_
< Clfllgrignry < Clflpripe — (4.229)

as desired; this completes the proof of (%)

Next we turn our attention to the case p = oo. The goal is to show that
SF=s|VFT f] € L°(Q) for f € B>*°(0N), with appropriate control of the norms.
To this end, let 2* denote the point on J€2 such that |z — z*| = §(z). Then we may
write

VATS@) = [ VERG ) () — ) do(y) (42:30)

o9
Since f € BX>>®(0Q2) = C*(02) we have |f(y) )| < 4 Bl — %
y € 0. With this in mind and recalling the assumptlons on the kernel,

we split the last integral into two parts, I, o, corresponding to y € Sigo-(z*) and
y € 00\ Sigor(z*), respectively, where r := |z — z*|. We have

|y _ x*|s
Bl < Clllon | do(y)
(09) S1o0n (%) I_y|n—1+k+'y
< C||f||B§o,oo(am/ iz — | do(y)
S1o0r(z*)
= CWHBE"’“(@Q)/ ( )TS"Hkde(Z/)SCTsk7\|fHB:O’°°(am()4-2-31) eq3.13
S1o00r(z*

On the other hand,
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Bl < Oz | b =21 o)
89\51007-(.’5*) |‘CE - y| K
< COllfllpz=on) / o — y’sfn+1fk*'Y do(y)
OO\ S100r(z*)

< CJf]

B?’“(E)Q)/ P dp <O fll s on) (42.32)
1

00r

These inequalities complete the argument for the case p = oo.
Now the estimate

SR TVATf € LP(Q) for  f € BPP(OY), (4.2.33)
k=1,2,...N, s€(0,1), pe][l, o0,

777
will follow from Theorem 3.5.3 [Stein’s IP]. The details are as follows. Consider the

family of operators

L.f := gktr=treml=2)sotza] gk g| (4.2.34)

so that

Rez =0 = |Lof| = 6"~ 1| V*T £,
Rez =1 = |L f| = 6"~ |VFTf|.

Our results for p =1 and p = oo lead to the conclusion that the operators

Lo : BYY(09) — LY(Q),
Ly : BJ(0Q)) — L™ (Q),

777
are well-defined and bounded. In turn, thanks to Theorem B.53 [Stein’s IP] , and
standard complex interpolation results for the Besov scale (cf. [BL]; here sg # s; is
needed), we may conclude that

5k+v—%—8|vaf| : BPP(0Q) — LP(Q) (4.2.35)

is also well defined and bounded granted that s € (0,1) and p € [1, o0].

oo Cpse 2. (n—1)/n <p < 1. In this situation we use the atomic characterization
(% -10) of Besov spaces. First, we observe that it suffices to show

/ <6k+v—%—8(x)’VkTa’>p dx S C’, (4.2.36)
Q
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for every BPP(0f2)-atom a.

Given supp a C S,, we first treat the case x € By, C {2, where Bj, denotes
an n-dimensional ball whose center coincides with that of S,. In this scenario, we
introduce a rescaling @ = r*a with the value of # to be clarified later. Then

/ (6475 (@)|V*Tal)" da (4.2.37)
BZ?"

can be viewed as

PP / SFPEPTLISR () VR TGP di. (4.2.38)
B2'r

Now we can exploit Holder’s inequality and majorize the integral above by

1,2 P —Z l_p
e ([ et ([ sFwd) e
B2'r BZT
(4.2.39)

Under an assumption z < 1 — p one can see that I, is convergent and dominated by
Cris e,

Concerning /7, we can enlarge the domain of integration to write

I = / ST (1) | VTG d. (4.2.40)
Q
3.6 5
According to estimate (67. [40) the expression (e.m. is controlled by

Clallgs_,_ oan (4.2.41)

whenever —1 + s + % € (0,1). In view of all restrictions imposed on z, we dis-
cover that the argument described above makes sense for every z that belongs to the
nondegenerate interval (1 —p(2—s),1 g!ss

Going further, we intend to bound (4.2.4T) by finite constant and therefore select

# so that a = r*Pa is Bi’i+s+1;z(89)—atom. An appropriate choice would be # =
p

”;Z —n. Then it follows that

/ (5“77%75@) |VkTa|>p dx
Bar

< # .o 0n () < o (4.2.42)

Now let us turn our attention to the contribution away from the support of the
atom. For notational simplicity we will further assume that supp a is centered at 0.
To start,

la(y)|

0 |z — y |kl

|VETa(z)| < C’/S do(y). (4.2.43)



74 CHAPTER 4. SINGULAR INTEGRALS ON SOBOLEV-BESOV SPACES

46
According to (E%nfpl'l'), for every x € Q0 \ Bs, the last expression is majorized by

rs—i—(n—l)(l—%)

TaprET (4.2.44)

At this point, we pull-back everything to Euclidean model to obtain

/ SHEHY=r=1 | 7* T (2)|P da
Q\B2’I‘

(k+y—s)p—1
(s+(n—1) (1=1)) t
< Cr ( p) P / (o] + rir dz'dt. (4.2.45) | eqmp59

|$’|2+t2247’2

This, in turn, can be written (after rescaling) as

t(k+’775)p71 ,
/Iar’|2+t2>1 ('] + t)(nFhtr=Dp et (4.2.46)

eqmp60,
Now the desired conclusion follows from convergence of the integral (hﬂz‘%a), which
we treat below.
Let us first handle the case |2/| <, [2/|* +¢* > 1. Tt corresponds to [y := I|jy/<
with domain of integration restricted by the condition ¢ > 1/2. Making the change
of variables z’' = ty (¢ € [3,00), y € R*™!), we compute

oo 1
_ —spt(n=1)(1-p)—1 Jz .
I = /1/2 t dt /nl TG dy. (4.2.47) | eqmp61

R

Both integrals in the expression above are convergent under the current assumptions
on p and s.

As for the case t < |z|, |2/|> + t* > 1, that forces |x| > 1/2. Denoting ¢ := pl|z|,
we obtain

00 (k+~y—s)p—1
R _ P . /| —sp—1—np+p /
Iy = Iy _/O (o DT dp /xf|>1/2 |2/ da’, (4.2.48) [eqmp62

47
which is finite as well. This, finally, completes the proof of E%@ZZ’.
O

Corollary 4.2.4. Assume that €2 is a Lipschitz domain in R™. Then for every "T_l <
p < 00, (n—l)(%—1)+<s<1

D : BPP(09) — Bff%(Q) N FS”f%(Q). (4.2.49)
[tJeKecriterion

. eqmp48 . .
Proof To establish (hb)SI ), we first invoke the estimate from Theorem A.T.3 to
the effect that

s)—L—s S
[l grrony < C 116"~ 2 I VEOD || 1o, (4.2.50)
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where k(s) denotes the smallest nonnegative integer greater than or equal to 1/p+ s
(see also [Further Results in Se tion on Function Sp ces|. where the case p < 1 was
discussed). In view of Theorem #.2.3, the inequality (4.2.50) yields

D : BYP(99) — BT, (Q). (4.2.51)

P

Turning to Triebel-Lizorkin spaces, the classical embedding theorems ascertain

B, () — FP? (), for p<2. (4.2.52)

P P
iT 4
Combined with the discussion in %%[‘%3] for 1 < p < oo, this readily implies (Ebm)Sl )
and finishes the argument.
O

Theorem 4.2.5. Let Q be a Lipschitz domain in R"™. Consider the integral operator

Rf(x) :/m k(r,y)f(y)doly), @€ Q. (4.2.53)

satisfying the conditions

VaVik(z,y)| < Clo —y| 20— 0,1, (4.2.54)

where k =1,2,.., N, for some positive integer N and v > 0. Then
11y
6" 2V R || o) < Cllflgrrgany,  * =1,2...N, (4.2.55)
granted that =1 < p < oo, (n — 1)(% -1 <l-s<1.

Proof.  Again, we proceed in a sequence of steps.

Case 1. 1 < p < oco. We shall focus on the case p = 1 first, that is, the estimate

16(:)** VR | || 1oy < C (9, &, I 511 00): Vk=0,1,.., N4.2.56)

By duality, it suffices to verify

s—2+k+v 7k . < - 9.
H / 5(x) Vik(r Jg(@)del| < CQun ) lgllime, (4257
Q

uniformly for g € Lgomp(€2). To this end, for a fixed, arbitrary g € Lgomp(£2) of
norm < 1, we shall focus on establishing

[ o) dta) 2 (Vek(ap) - Vb do] < Clp -l (4:258)
Q

uniformly for p, g € 9. Now, fix two arbitrary boundary points p, ¢ € 92 and, for a
large constant C', bound the integral above by
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/ 9(2)| 8(2)* | VAk (2, p) | de

|z—p|<C|p—q|

T / 19(2)| 6(2)* 4| VAk (2, )| de
|z—p|<Clp—q|

e[ gy VK G, p) ~ k()] da
|z—p|>Clp—q|

= [+ II+1II. (4.2.59)

eqmp73 .. . .
To deal with I, in the light of (hﬁ 1), by localizing and pulling back to R, it suffices
to consider

t872+k+’)’
dtdz', (4.2.60) |mp24
/|x’—p’+|t+90(a:’)—go(p’)|<C|p’—q’| (|2 = p/| + [t + o(x’) — @(p')|)n =2+

where ¢ : R"™! — R is a Lipschitz function and z = (2/,t + ¢(2')), p = (', ¢(p')),
q=(¢,p(q)). Accord'ng]ﬁ.}y, we seek a bound of order |p’ — ¢/|*. To this effect, we
note that the integral (%260) is majorized by

t5—2+k+'y /
¢ / dt dv
o —pf i<l —g'| (|77 = P| 1) 72

00 ts—2+k+'y 1 )
<o(f A Aw)
0 (1 + t)n—Q—l—k—‘,—’y lz'|<Clp'—¢'| |x/‘n—1—s
< Cuslp’ =4I, (4.2.61)

and the last bound has the right order. Similar arguments also apply to I1 in (E"EZ2§59)
since |[x —q| < |z —p|+|p—q| < C|p—q|. Thus, we are left wi N estimating I11. For
this, an application of the mean-value theorem together with (&[EI [) and a change of
variables allow us to write

t572+k+fy Y

11 <c
(@~ [ o) o) >Clp —g| (127 = P+ [t 4+ o(a) — @(p) )ttt

253—2—i—k—|—7 ’p/ _ q/|

/
= C/|;/P/|+t>0|p’q’ (|x" = p'| + t)rthtr—1 drdt. (4.2.62)

Making o’ +— 2" = (&' —p')/|p' — ¢/| and t — ' := t/|p/ — ¢'| in the last integral
above readily leads to a bound of order |p’ — ¢|*, i.e., the proper size. This finishes
the proof of (%)256)
: . . .. Jequp? .
The next order of business is to demonstrate the inequality (hb%g) assuming that
p = oo. Here the idea is prove that
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HV’;; ( )HB1 ! (o) — C(Q S) 5( ) Siki'YJrlv Vi= 07 17 7N - 17 (4263>

uniformly in z € €. Clearly, this suffices j rder to conclude hb%é) with 5 00-
The remainder of the proof, modeled upon M] consists of a verification of % )2 63)
The problem localizes and, hence, it suffices to prove the estimate

k k
// = Iaz:?p Q\nvli(x’q)l do(p) do(q) < Cd(x) =, (4.2.64)

o0 00

uniformly for x € €2, in the case when (2 is the domain above the graph of a Lipschitz
function ¢ : R"! — R.

Now, for a fix, sufficiently large C' > 0, split the inner integral according to whether
|z —p| < Clp—ql or |z —p| > C|p—q|. Thus, it suffices to treat [, |I|do, [, |II|do
and [, |[I11|do, where

k
I = / Mmcza(p), (4.2.65)
lz—p|<Clp—ql lp—q|
k
11 ;z/ Nk, ol ) (4.2.66)
ja—pl<Clp—ql [P — |
kk, o kk}
111 ;:/ Vak(z,p) nYﬁs(w’q” do(p). (4.2.67)
|x—p|>C|p—q| |p - q,

To this end, note first that a change of variables based on the representations z =
(@', o(z") +1), p= (P, 0(p) and ¢ = (¢, 0(¢)) gives

P —q ,
lEe / e "
|z —p \IETPW( q) @) (’t + SO( ) (p/)‘ n ‘:L" — pll)n*2+k‘+'y

C / dp’
> o/ —p |+t<C|p’ —¢| |p/ _ q/|n—1+s(t + |[L'/ _p/|>n—2+k+,y.

(4.2.68)

Substituting 2’ — p’ = th in the last integral above and then integrating against
Jgn-1 dq’ yields

1 dh
Ildo < C—— / (/ )dq’-
/ 1972557 | Uiincerw-ag T P800 — = g7

(4.2.69)
Substituting again, this time first 2’ — ¢’ = wand then w—h =rw, r>0,w € Sn=2,
we may further bound the last integral in (4.2.69) by

mp31

mp32
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c 1 / / dh dw
t5+k+7_1R | JIn1<clo-n) (|h] + 1)n=2rh+7 | — p|n—tts

¢ 1 > dr —s—k—vy+1
T — / (k] + 1)n—2ht </| " m)dh =Chspnt 7+1(4.2.70)

h

which is a bound of the right order for [, || do. The same arguments work to bound
Jo0 11| do, by observing that |z — p| < Clp —¢q| = |z — ¢q| < C'|p — ¢| and using
Fubini’s theorem.

As for [, |I1I|do, we note first that since |v — z| > C|z — p| uniformly for

z € [p,ql,

1
/|HI|d‘7 < C//|x—p|>0p—q P — "2z — plrtharT do(p)do(q).  (4.2.71)
b9 49

As before, pulling back everything to R®!, it is enough to bound

1
— — dp’ dq'. (4.2.72) |mp37
/ /|| 7= gl = p )

Substituting =’ — p’ = th and then 2’ — ¢’ = tw gives

1 (/ 1
_—_ dh) dq
tk+’YRn71 1sCly—g e ([ + 1) TE=1]g) — ! + ht|n=2+s
_ 1 / 1 ( / dw ) dh
{stk+y—1 (’hl + 1)n+k+’yfl \h[-+1>Clw—h]| |w _ h|n72+s

Rn—1
syt ST (4.2.73)
28
as desired. This finishes the proof of (%92_63)

ts}ng the estimates for p = 1 and p = oo which we handled above and Theo-
rem 3.2.2, we conclude that

SETRTTUVERF| - BPP(0Q) — LP(Q), (4.2.74)
whenever 1 < p < o0, 0<s<1.

tmp3.1
Case 2. (n—1)/n < p < 1. Similarly to Theorem &IIEB, our goal is to establish
a bound

/ (5k+’7—%—1+3(x)‘kaa‘>p dx < C” (4275)
Q
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where a is a B*?(0Q)-atom and constant C' does not depend on a. Then the proof
can be finished following the same lines.
In the neighborhood of support of the atom, arguing as before, we obtain

/ (5’f+7*%*1+5(x)|vk1~za|)pdx
BZr

1 z p —z 1_p
< crn([ soeinwptra) ([ 5ea)
BQ»,- B2r

< CHELHBl,ll 1 09) <, (4.2.76) |eqmp77
Cieplzz

where we employed the rescaling @ = r#a and Holder’s inequality.. For this program
to work, we assign # = n(% —1)—Zandallow 1 —p(s+1) <z<1l-p.

Going further, away from supp a C S, (which we assume to be centered at 0) one
sees that Vo € Q\ Ba,

V¥ Ra(x)| = | /S | [8K(.y) — Vb, 0aly) do )] (4.2.77) [oqup78

owing to the vanishing moment condition imposed on B”?(9Q)-atom a. The expres-
sion in the brackets can be written as

1
d k
| Ttk 1= o) o, (12.78)
which is controlled by
k R
[yl max [VoVyh(z, (1= 0)y)] (4.2.79)

78
In the current scenario |x —(1—0)y| =~ |z|, |y| < r, and therefore, (E.bm. 77) is majorized
by

Tl—s—&—(n—l)(l—%)

(4.2.80) |eqmp8si

|z |rtRr—1

With thig set-up, the proof requires only minor alterations compared to that of The-

tmpa .
orem &[53 We omit the details.
O

. . tmp3.2
Much as in the case of harmonic double layer, Theorem hﬁB allows us to conclude:

Corollary 4.2.6. Assume that Q) is a Lipschitz domain in R™. Then for every "=1 <
p < 00, (n—l)(%—l)+<1—s<1

S: BY(09) — BYY ()N FP (). (4.2.81)
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CFJR
Theorem 4.2.7. ( ;i?i?FJR/) Let F € C®(R™\ {0}) be an even function, and
gi € LP(R"), 1 < p; <o0,i=1,...,N. Consider p; : R* = R, j =1,...,m
functions with bounded derivatives, and k(z,y) homogeneous kernel of degree —n,
with fl | |k(z,y)[*do(y) < oo. Then, if f € LYR"), 1 < q < oo, the operator
defined by

T(5,9)(x) = /“II%|I_’ P (LAY o ) 1) ]
lo—y|>e =1

yeRn?

for x € R", is finite a.e. and belongs to L7(R™), 1/q + S2, 1/p; = 1/~ provided
that:

(a) k(z,—y) = (=) k(z,y),

(b)

N
1 1 s—1 N S
0< - —< = > p> 1
+) =, q P

¢ =p~ s n 5 —
If k(z,y) = k(y), we may take s = 1 and condition (b) is replaced by
(b)
1 N
0< = +Z—<1+—, g>1, pi>1.
¢ =
We also have the natural estimates

N
IT(f, 9l zr@ny < | Fllos@mgopy [ ] 19l iz oy 1l aeny.

i=1

o
Corollary 4.2.8. (Fﬂ%n]) There exists N = N(m) such that the following holds.
Let F € CN(R™\ {0}) be an even function, A : R" — R™ a Lipschitz function,
g € L*(R"™), and f € LY(R™), 1 < p < oo. For x € R" define

f(x) = fly) o [ Alz) — Aly) 1
| S F( P >|x—Mn“”d”

|x—y|>e
yeR?

Then
IT(f, 9)llr@ny < | Fllew @m oy 1191 e @y |f ] se @n)-

Corollary 4.2.9. Let F € C>*(R™\ {0}) be an odd function, and A : R" — R™ be
Lipschitz. If, for x € R™, we define

Az) — Aly)
[z =y

Tf(x)=lm [ F (

e—0

)

|lz—y|>e
yEeR”™
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and further assume that T'(1) = constant, then
T AR — (R
1s bounded for 1 < p < oo.

Corollary 4.2.10. Let F' € C*(R™ \ {0}) be an odd function, and A : R™ — R™ be
Lipschitz. If, for x € R™, we define

f(y)dy,

Alz) - A(?/)) 1

Ti(w) = liny F( ey ) o

e—0

|lz—y|>e
yeR”?

and further assume that T'(1) = constant, then
T : LP(R") — LP(R™)

i1s bounded for 1 <p < oo and -1 < a < 1.

4.3 Further results

It should be noted that the criterion of membership of harmonic function to Besov
spaces continues to hold for the values of integrability exponent p below 1 (cf. [MaMi]).
More specifically, for every 2=+ < p < oo, (n — 1)(1/p — 1); < a < 1, a harmonic
function u belongs to By () if and only if 8% V¥ u| + [V*u| 4 |u| belongs to
LP(€2). The similar statement holds for Triebel-Lizorkin spaces f*ﬁ,f_fw(Q)7 which coin-
cide with the class of Sobolev functions as long as 1 < p < oo.

introduce the class of continuous linear operators £,. For 0 < v < 1, the operator
T : D(R") — D'(R") belongs to the class L., if the kernel K (z,y) of T satisfies

K (2, y)] < clz —y|", (4.3.1)

and

K() ~ K(z)| < cla’ —al'e —y 7 for | — 2] < 20 a3
When v > 1, let y =m +r, where m € Nand 0 <r < 1. We write T € L, if

00K (z,y)| < clz —y|™™ 1 for |a| < m, (4.3.3)
and

07 K (2!, y) — 07 K (z,y)| < cla’ —a|" |z —y[™"7 for |a| = m and |2'— 2| < 2 ; y|

(4.3.4)
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Now let T" € L., v > 0. Suppose that the kernel K (x,y) of T" satisfies the following
estimates for |z —y| > 1.

0°K (2, y)] < eyl —y|™ for |of <vyand N > 1, (4.3.5)
00K (o', y) — 0K (2,9)| < ex |’ —y" o~y for |af = m and o' — 2] < Z=Y]

(£3.6)
If T is weakly continuous on L*(R"™) and if T'(z*) € C7(R") for |a| < m, then T can
be extended as a continuous linear operator on C* and L?, where 1 < p < oo and

0<s<n.

Calderon-Zygmund Theory for Operator-Valued kernels.
Assume that A and B are two Banach spaces. Recall that by LP(A) = LP(R"; A)
we denote the space of all strongly measurable functions f such that

T / 1 @)1} do(z) < oo, (4.3.7)
R7l

for 1 < p < oo with usual modifications for the case p = co. Similarly, we can define
BMO(R™; A).

In turn, the space H'(R"; A) can be viewed as [P-span of A-valued atoms, which
satisfy the following set of conditions:

35, € R" — a ball with supp (a) C S,, ||lalla <7 7™, / a(z)dx = 0. (4.3.8)

Sr

With this set-up, consider the kernel k(z,y) with values in £(A, B) such that
for every x € R", the function ||k(z,-)||za,5) is locally integrable away from z and
therefore, the operator

Tf(x):= /n k(xz,y)f(y)dy (4.3.9) ’quV_def_oper

is well-defined for every compactly supported f € L (R") and for a.e. = ¢ supp (f).
We say that k satisfies Hormander’s condition if for every y, z € R"

Sy Wla) = . 2) e,y de < . (4:3.10)
T€R™

. . . . . eqVV_def_oper
Suppose an operator 1", which is associated with the kernel k£ as in formula (4.3.9), 1S

bounded from LP(R"; A) to LP(R"; B) for some fized 1 < py < 0.
If k satisfies Hormander’s condition, then 7" can be extended to an operator defined
in LP(R™; A), with 1 < p < pg, and satisfying

(Z) ||T.f”Lp(]R";B) S CHf“Lp(R";A)a 1< p S Do,
(@) T fllr@ess) < Cllfllr@nsa)-



4.4. EXERCISES 83

Going further, if the dual kernel k'(x,y) = k(y, x) satisfies Hormander’s condition,
then 7' can be extended to an operator defined in LP(R™; A), with py < p < o0, and
satisfying

(@) NTflleenimy < Clflownsay,  po < p < o0,
(@) T fllBaown;s) < Ol fllLe®na)-

RT For the proofs and more detailed versions of aforementioned results we refer to

HER'RT]. We would also like to single out in connection with the Calderén-Zygmund

lasory in the vector-valued setting the Work%ﬁ%. Benedek, A.P. Calderén, R. Panzone
|, as well as the related discussion in

4.4 Exercises

1. Prove that i gls fufﬁcient to establish the mapping properties of operator R defined
in Proposition 4.2.1 for the case s = 0 only.

Hint: Consider s = 1. Show that for every function f € L” (99) there is some
finite family of functions {gi}},—, belonging to LP(92) and gy € LP(R") such that
f =90+ szzl 0., 9ik, where 0., denotes the corresponding tangential derivative.
Next, invoke integration by parts in the representation formula for operator R to
reduce the matters to situation considered in the case s = 0.

Then the range 0 < s < 1 can be covered by interpolation.

2. Let F' € C°(R™\ {0}) be an odd function, and A : R" — R™ be Lipschitz. If, for
r € R", we define

i [ (AR AR
i =t [ F(FR) g

|z—y|>e
yeR™

and further assume that T'(1) = constant, then
T: L(R") — LE(R")
is bounded for 1 < p < oo and —1 < a < 1.

3. Call a linear, bounded operator 7' : S(R") — S'(R") of Calderdn-Zygmund type if
it extends to a bounded operator in L?(R") and if its Schwartz kenrel k(z,y) satisfies

k(x, )| + |z — y||Vik(z,y)| + |z — y[|Virk(z, y)| < z,y € R".

lz —y|’

Prove that any Calderén-Zygmund operator 7' is bounded on LP(R") for 1 < p <
oo, maps L'(R") into weak-L'(R"), H'(R") into L'(R") and L>*(R") into BMO(R™).
Furthermore,

T*1=0=T: H(R") — H"(R"), n/(n+1)<p<]1,
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and
T"N=0=T:C*R") — C*R"), 0<a<l.

4. Assume that €2 is a Lipschitz domain in R". Prove that for every ”T’l <p < oo,
(n—=1)(; -1 <s<1,

D: BY(0Q) — BYL (), if0<g<oo

p

D: BY(0Q) — F4 (), if0<q<p,

D : BPP(0Q) — F:jrq; (), if min{p,2} < q < o0,

where D stands for the harmonic double layer.

tmp3.2
5. Prove that the conclusion of Theorem ¥.2.5 remains valid under weaker assump-
tions on the kernel

\VEk(z,y)| < Clo —y|~ "2, (4.4.1)
ly1 — o
|V'I;]€<l’,y1) - vsk(% y2)| < C|1’ _ y1|(n,1+k+q{)7 for |y1 - y2| < C|ZL‘ - 3(14742)

where k£ = 1,2,.., N, for some positive integer N and v > 0.



Chapter 5

Differential operators

5.1 General systems

5.2 Laplacian, Helmholtz, Lamé, Stokes, Maxvell

Lamé

5.2.1 The derivation of the Lamé operator on manifolds

One way of understanding the genesis of the Laplace-Beltrami operator (7.1.37) is to
consider the energy functional

Elu ::/ V u(z)||? de, ue CvQ), QCR™ 5.2.1) |eqg3.1
[u] QH31( )l (2) (52.1) [eq3.1]
Then any minimizer u of (e?. [.35) should satisfy

=0 Y > (Q 5.2.2 3.2
=0 Yuelr(o) (5:2.2) [eq3.2]

%S[U + tv]

thus, after an integration by parts,

Au=0 on Q. (5.2.3)

In other W%I‘(%S %913_% is the Fuler-Lagrange equation associated with the integral
functional (}791_35)

Our aim is to adopt a similar point of view in the case of the Lamé system of
elasticity on M. The departure point is to consider the total free (elastic) energy

1

Elu] = _5/913(3:, Va(e)dr, u:Q— R, (5.2.4)

ignoring at the moment the displacement boundary conditions. As before, equilibria
states correspond to minimizers of the above variational integral. The first order of
business is to identify the correct form of the stored energy density E(x, Vu(z)). We
shall restrict attention to the case of linear elasticity. In this scenario, £ depends
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