CONSTRUCTING INFINITE TIGHT FRAMES
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ABSTRACT. For finite and infinite dimensional Hilbert spaces H we classify
the sequences of positive real numbers {a, }52; so that there is a tight frame
{on}oe, for H satisfying: ||¢n| = an, for all n = 1,2,3,---. In the finite
dimensional case we will identify the frames which are closest to being tight
(in the sense of minimizing potential enerty) for any sequence {a,}52 ;.

1. INTRODUCTION

If H is a Hilbert space, a sequence {p, }*L, (M is finite or infinite) is a frame
for H if there are constants A, B > 0 so that for all ¢ € H,

M
Allel* <Y e, on)l® < Bliel”

n=1
If A= B =\ {p.}M, is a \-tight frame. If X = 1, it is a Parseval frame; if
lonll = llom|| for all 1 < n,m < M it is a equal-norm frame; and if ||@,|| =1

for all n it is a unit-norm frame. The importance of A-tight frames is that they
allow simple reconstruction of the elements of H. It is known that {¢,} | is
a frame for H if and only if

M

So =" (0, 0n)en,

n=1
is an invertible operator on H called the frame operator. To reconstruct an
element ¢ € H we write
M

p=55"p=> (S0, 0n)pn

n=1

So reconstruction requires inverting the frame operator which is often difficult
or impossible in practice. It follows that for all ¢ € H we have

M
(Ap, @) = Allol> <> [, en)* = (S, ¢) < Bll¢l* = (Bp, ¢).
n=1
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Hence, AI < S < BI and so our frame is A-tight if and only if S = AI. So if
{pn}M | is a A-tight frame then for all ¢ € Hy,

1 M
=3 D@ enon.
n=1

Frames were introduced in 1952 by Duffin and Schaeffer [12] while they
were working on some deep problems nonharmonic Fourier series. Since then,
frames have been used extensively in signal /image processing where they are
called Gabor frames or Weyl-Heisenberg frames [3, 14, 18, 21]. Recently, many
new applications of tight frames have arisen in internet coding [8, 15, 16, 17|,
wireless communication [20, 22, 23], quantum detection theory [13], and much
more. Each new application requires a new class of tight frames. Until recently,
it was thought that the class of tight frames was quite sparse and that they
probably did not exist for many applications. However, after the introduction
of frame potentials by Benedetto and Fickus [2], there was an explosion of
new results concerning the construction of tight frames for finite dimensional
Hilbert spaces [6, 7, 9, 10]. For a survey of all of these important developments
see [5]. The importance of [2] is that it gives a geometric interpretation for
equal-norm finite tight frames. Building on the work of Benedetto and Fickus,
Casazza, Fickus, Kovacevi¢, Leon and Tremain [6] gave a physical interpreta-
tion for finite tight frames along the lines of Columb’s law in Physics. This
allows us to anticipate results in frame theory by using results from classical
Mechanics. In particular, in [6] the authors have identified the finite frames
which are the closest to being tight and having the norms of the frame vectors
prescribed in advance.

In this paper we will extend these results to infinite frames for both finite
and infinite dimensional Hilbert spaces. Throughout the paper we will use
H to denote a finite or infinite dimensional Hilbert space and Hy for an N-
dimensional Hilbert space (real or complex). For a background on frame theory
we refer the reader to [3, 4, 11, 18]

2. FRAME POTENTIALS

Recently, Benedetto and Fickus [2] introduced the notion of frame potentials
(see also [6]).

Definition 2.1. If {p,} .| (M finite or infinite) is a frame for Hy, the Frame
Potential of {¢,}), is given by:

M

FP({eadl) = D [enom)l

n,m=1
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The frame potential is measuring how close a frame is to being orthogonal.
In particular, it is shown in [6] that if F is the family of frames with lower frame
bound A then the A-tight frames are the minimizers of the frame potential over
F. This theorem gives us a way to identify tight frames. i.e. They are the
minimizers of the frame potential on certain families of frames. Our goal is to
identify those families of frames which have minimizers of the frame potential
and for which these minimizers must be tight. We will need some standard
facts about frames (see [6]).

For any frame {¢, }*., for Hy with frame bounds A, B, and frame operator
S we have

M
Allgal® < Z [{0n, m)|* < Bllgal

Hence,

M M
A lenll® < FP{gn}aly) < B [lenll™
n=1 n=1
It is known that

M
Trace S = Z llonl*.

n=1
In particular:
ATrace S < FP({p,}*,) < BTrace S.

Also,

M
lnll* < Z ns om)|* < Blleall?,

implies that
lpall? < B, for all n.
For a tight frame, S = AT so Trace S = NA and

P({gn}ntr) = NA%.
So for a Parseval frame (and hence for an orthonormal basis)

FP({¢n}nly) = N,

and this is the minimal value of the frame potential for any frame for Hy with
lower frame bound 1 (see [6]).
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M

Relating this to frame potentials, since S? is the frame operator for {S'/2¢, }M |

we have:

Trace S? = Z:HSl/chnH2 Z(Sl/chn,Sl/zapn>

n=1

M M M
— Z<Sgpmg0n = Z Z SOnaQPm Spma¢N>

n=1 m=1

= ZZ| (pn,(pm = FP({Son}anl)'

n=1 m=1

Finally, it follows from the frame inequality if {¢,}}, is a frame for Hy
with frame bounds A, B > 0 and P is an orthogonal projection on Hy, then
{Po,}M | is a frame for PHy with frame bounds A, B. In particular, if
{pn}M | is a A-tight frame for Hy then { Py, }M, is a A\-tight frame for P(H).

There are two main results from [6] we will need in our work. The first
is a result which measures how equally distributed a sequence of nonnegative
decreasing sequence of numbers are.

Proposition 2.2. Given any sequence {an}3_, of real numbers with a; >
as > az > - -+, and any natural number N, there is a unique index 1 < d < N,
such that the inequality

(N —n)a, > Zam

m=n+1

holds for all 1 < n < d, while the opposite inequality

(N —nan_Zam

m=n+1
holds for d <n < N.

Proposition 2.2 is proved in [6] for finite sequences but the proof works
without change for infinite sequences as well. We also need the main results
from [6]. First a piece of notation. For a > 0 we let S(a) denote the sphere of
radius a centered at the origin in H. For any positive sequence {a,, }M_, we let
S(ay,ag, - -+, ay) denote the Cartesian product of the corresponding sequence
of spheres: S(ay,ag,---,an) = S(ar) x S(ag) x -+ x S(an).

Theorem 2.3. Given a sequence a; > as > ++- > apy > 0 and any N < M,
let d denote the smallest index n for which

M
Zm:n—l—l agn,

2
Oy < N —n
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holds (cf. Proposition 2.2). Then, any local minimizer of the frame potential
FP:S(aj,as,---,ay) — R is of the form

{fm _{fm 1U{fm}m d»

where { f,n Y2, is an orthogonal set for whose orthogonal complement { f, }M
forms a tight frame.

m=d

3. FINITE DIMENSIONAL HILBERT SPACES

Here we will show that Theorem 2.3 also holds for infinite sets of vectors
on finite dimensional spaces. One way to do this would be to systematically
show that all of the main results concerning frame potentials holds for infinite
frames for finite dimensional spaces. However, this would be exceptionally
cumbersome. So instead, we will derive this case from Theorem 2.3. We first
need a lemma.

Lemma 3.1. Let {pn}M | be a frame for Hy with frame bounds A, B and let
{¢n n=1’ L S M satisfy:

L
> lvn —enl® <ce,
n=1

and

M
> lleall® <o

n=L+1

Then {¢n}E_, is a frame for Hy with frame bounds (VA — /e — /3)? and
(VB +/e).

Proof. For all ¢ € Hy we have:

L

= Z {2, n) + (2, Y — ©n)|?

L
2401 D0 K, v — on)?
n=1

A
¢
<
§

L

< VBl + [ lle12 > b — onll?
n=1

< lel(VB+Ve).
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Similarly,

L L
> \ZI(%%P— > 1, tn — oul?
n=1 n=1

> \Z|9090n Z‘ngpn \/EHQOH
> DKo e =4 D e en)l? = Velloll

\E

> (VA= Vellell =l

1 n=L+1

> (VA= Ve=Vo)el.

Now we are ready for the main results of this section.

Theorem 3.2. Let a1 > ay > --- > 0 be real numbers with fozl afl <
0o. Suppose there exists a 1 < d < N satisfying Proposition 2.2. Then the
frames {p,}5°, which are the closest to being tight (in the sense of minimizing
potential energy) with ||p.|| = a, are of the form:

{Cnanen}gzl U{entnzan
where {e;}¥, is an orthonormal basis for Hy, |c¢;| = 1, for all 1 <i < d, and

{on}2 4i1 is a tight frame for span {e;}1 . 1.

Proof. Fix ¢ > 0,6 > 0 and let {e,}N be an orthonormal basis for Hy.

We have assumed that Y ° a2 > Naj. Hence, there is a natural number
My > 0 so that for all M > M, we have

Z a2 > (N —d)a’.
n=d+1

Now by Theorem 2.3 for every M > M, there is a \y-tight frame {pM}M
for Hy of minimum frame potential with respect to the property [|@M|| =
for all 1 <n < M. We may assume our frame has the form:

{anen}gzzl U {Qpﬁ/j}r]\z/[:d-q-h

n=1
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where {@M1}M | is a Ay-tight frame for H = span {¢;}}2, ; and
M

Zn:d-l—l a12’L
N —d

By a standard compactness arguement, there are natural numbers My < M; <
My < - -+ so that

A =

: M;
lim ¢, = ¢,.
71— 00

First we will show that {¢,}52 ., is a tight frame for Hy_4 There is a
natural number Ly so that for all L > Lg, and all large ¢ we have:

M; 00
Yool P < an <6
n=L

n=L+1

and
L
D e = pnl® <
n=1

By Lemma 3.1, {¢,}5_,., is a frame for Hy_, with frame bounds,

M; 2 M; 2
= an n= an
St v i) SRt e

Letting L — oo yields that {p,} is a frame for Hy_; with frame bounds

2onedi1 O 2ndt1 G
et v i) (B e

Since €,0 > 0 were arbitrary, we have that {¢,}>2, is a A-tight frame for Hy
with tight frame bound
ZZO:dH a%

N —d
Next we check that {¢,}>2, is of minimal frame potential for those frames
{52, for Hy with ||¢,] = a,, for all n = 1,2 ---. We proceed by way of
contradiction. So assume there is a frame {1, }°°, for Hy satisfying the above
but

A:

FP({¢H 20:1) S FP({QOH};L.Ozl) — €.
Choose a natural number M so that

M o o ¢
2 2 2 2
2 lan E a,, + E a,a,, < 1

n= m=M+1 n,m=M+1
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Choose M; > M so that

M M
. M €
P({enknl) = D lenfent)P = Y Hem em)* = -
n,m=1 n,m=1
Now,
< ({SOn}fLO 1) -
= FP({p.}2l1) + 22 Z [{&n: m)| Z [{ns om)|* — €
n=1 m=M+1 nm=M+1
M e o)
S S EBRE)SID SRCED DT
n=1  m=M+1 nm=M+1
. €
< FP(@n}n;1)+Z+Z_E
< FP({ga}nty)-
Since |||l = ll@nll = an, for all 1 < n < M;, we have contradicted the
minimality of the frame potential for {p, }2 . O

Theorem 3.2 yields a classification of infinite tight frames.

Theorem 3.3. Given a; > as > --- > 0 and a Hilbert space Hy, the following
are equivalent:

(1) There is a normalized tight frame {p,}22, for Hy with ||on|| = an, for
alln=1,2,3,-

(2) We hcwe that S < o0 and for all1 < d < N,

n=1 n
1= N-d
Proof. (2) = (1): Choose ag > 0 so that
Nay > Zai.

By Theorem 3.3, the frame {¢, }>°, satisfying ||¢,|| = a, for all n = 0,1,---
and which is the closest to being tlght for Hy.4 is of the form:

{entnzo = {wo} U{entnz,

where {p,}52, is a tight frame for Hy.

(1) = (2): Now we want to show that whenever {p,}>, is a tight frame
for Hy with ||¢,| = a, and a3 > ag > --- > 0, then {a,}>2, satlsﬁes (1).
Fix 1 < d < N and choose d < k smallest so that dim(span {p,}f_)) = d.
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Let P be the orthogonal projection of Hy onto [span {®,}*_,]*. Then both
{Pp,}5°, and {(I — P)p,}22, are A-tight frames for their spans. Hence,

S Peall? _ S I = Pheal®

N —d d

Since (I — P)yp, = @, forall 1 <n <k and Pp, =0forall 1 <n <k we
have,

ZZO:dH ai Zzozlﬁ-l ai
N —d - N —d
> e 1 Ponll?
- N —d
Pl
N —d
= A
XM = Pyl
d
d 2 2
n d
2 E:n:1y¢ H Z _gg ::aj

4. INFINITE DIMENSIONAL HILBERT SPACES

In this section, we will classify the sequence of norms of tight frame vectors
for infinite dimensional Hilbert spaces. For our construction we will need a
result of Casazza and Leon [10].

Theorem 4.1. Let S be a positive, self-adjoint, invertable operator on Hy
with an orthonormal basis of eigenvectors {e;}Y., and respective eigenvalues
M >N > > Ay, Fiz M >N and {a,}. | with ay > ay > -+ > a,,. The
following are equivalent:

(1) There is a frame {,}M, for Hy with ||[Y,|| = an, for 1 < n < M
having frame operator S with eigenvectors {e,}N_, and respective eigenvalues
{Aadnls-

(2) We have

k k
Y al <> N, foralll<k<N.

n=1 n=1

and
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To simplify our construction, we will single out the main point in the next
lemma.

Lemma 4.2. Let {e,}5°, be an orthonormal basis for a Hilbert space H, a,, >
0 such that suplgn@oafl <Aand )X a2 =o00. Fire>0,keN, Ny eN
and assume {@n } 2%, is a Ap-tight frame for Hy, = spani<p<n, en with ||@n|| =

a, and N\, < A+ Zn 1 37- Then there exists natural numbers Ny 1 > Ny,

M1 > My and vectors {¢n}, kJ+VIIK+1 with ||n|| = an and {@n}, "“ iS a4 Ngy1-
tight frame for Hy, , = spani<p<n, ,en with Ay < X1 < A+ Z’:L:i -

Proof: Choose Nii1 so that

A €
<

Nip1 — 2k+2

(a+5) (1-5=) >4

Now choose M1 smallest so that

and

My 11
Z Qa,, > AN + ()\k + 2k+2) (Nk+1 — Nk)
n=1
We now have
My 1
Ae Ny + <)\k + 2k+2) (Vg1 — Np) < Z a,
n=1

< M N + (>\k + 2k+2> (Nk—l—l - Nk) _'_a?wzﬁq'

Now choose A1 so that

My 1

2
M1 N1 = E Q-
n—=

Now we compute,

AkNi + <>\k + 2k+2) (Nk+1 — Ni) = MeNi1 + 575 2k+2 (Ni+1 = Ni) < M1 Niga.
Hence,
€
A < A+ W (Nk+1 — Nk) < >\k+1-
Also,

M1 N1 < MelNig1 + = (N — Ni) + a?v[kﬁ-

ez
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So,

2 k+1

€ Npy1— Ny a'Mk+1
Mot < Mt s N TR S A+22n+2k+2 2k+2— +Z

We finish by choosing a frame {¢,}., ’“Xjkﬂ with ||, || = ag, for all Mp+1 <
n < My, whose frame operator is

My, My 41
S(@) =D (Mer1 = M)lgender+ > Mlp,erder

To see that such a frame exists, we must verify that we have the hypotheses
of Theorem 4.1. But first, let us observe that this finishes the proof of the
lemma since the frame operator Sy for {p, }2*, satisfies

My,
p) =Y Milp. exden,
n=1

and so the frame operator S;,; for {cpn}M’“+1 is

Skr1(p) = (Sk + 5) ()

My 11
= Z)\k @, ex)er + Z Merr = A (e, en)en+ > Ml enex
n=1 n=1 n=Mp+1

My 1

= Z )\k+1<% €k>€k
n=1

That is, {pn} 5 is a Ajyi-tight frame.
To check the hypotheses of Theorem 4.1, note that by definition we have

My 41 Mi 1 My 1
)\k+1Nk+1 ZCL —ZCL + Z CL —)\ka—i— Z a
n=M+1 n=M+1
So,
My 1
Z ai = Mt 1 NVe1 — ANk = Xt (N1 — Ni) + (Migr — M) N
n=1

The right hand side of this equality is the sum of the eigenvalues for the frame
operator S. Also, for 1 < m < Nj we have

Nii1

N,
2 < AN, < (A f) 1— N
Z @ = ANk = (A 5 Newy ) o1

n=m
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€
= (A + 5) (Nit1 — Ni) < Mgt (Vi1 — Nip)
Also, for Ny +1 < m < Nj; we have

Ni41
Z ai < (Nip1 —m)A < (N1 — m) Ay
This shows that the hypotheses of Theorem 4.1 are satisfies. O

Theorem 4.3. Let H be an infinite dimnsional Hilbert space and a, > 0, for
alln=1,2,3,---. The following are equivalent:
(1) There is a fmme {n}oo for H with ||| = an, , for alln =1,2,3,---.
(2) For every e > 0, there is a \- tzght frame {pn}>2 for]HI with ||on|] = an,

foralln=1,2,3,--- cmd SUP | <peoo G < A < sup1<n<oo aZ +e.

(3) The sequence {a,}°, is bounded and Y07 aZ = .

Moreover, zf {355, is any Ai-tight frame for H with ||| = a,, for all
n=1273,-: then A\ > sup1<n<ooa2 Finally, n geneml we cannot find

a )\ tzght fmme for H with ||@n|| = an, for alln = 1,2,3,--- and satisfying
)\ - Supl<n<oo an

Proof: (2) = (1): Obvious.

(1) = (3): For any frame {gpn} >, with upper frame bound B we have that
|lonl] < Bforalln=1,2,---. Hence, {a,}>, is bounded. Assume {¢,}>°, i
any frame for H with frame bounds A, B. We proceed by way of Contradiction.
If > [lnll* < 0o, then choose M so that

> lenl® < A.
n=M
M-1

Let P be the orthogonal projection onto span {¢,},_; . Since H is infinite
dimensional, Then {(I — P)¢,}°, is a frame for its span with frame bounds
A,B. But (I — P)p, =0 for 1 <n < M. Hence,

ST =Preal> <> llenl® < A.
n=1 n=M

So the Bessel bound of the frame {(I — P)p,}2, is less than A and so the
upper frame bound (and hence the lower frame bound) is less than A, which
is a contradiction.

(3) = (2): Fix e > 0. By induction on Lemma 4.2, there are sequences of
natural numbers N; < Ny < N3 < -+ and M; < My < M3 < --- and vectors
on €Hforn=1,2,3,--- satisfying:

(1) ||nll = apn, for all n =1,2,3, -

(2) {@n}ME s a )\k tight frame for HNk with A < A, < A+ 30 £ and
AM <A <A<
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It follows that
lim Ak_B<)\+Z =\ te

k—oo

Also, if we fix p = Z | Gney, then

00 M,
I 2_ 2 Blg||.
le @, en)| kggozl [ u) | = Jim Niflol* = Bllo|

Since this equality holds on a dense subspace of H, it follows that it holds on
H. That is, for all p € H,

e e}

> e, en)l* = Blioll”.
n=1

So {gn}22, is a B-tight frame for H with A < B < A +e.
For the moreover part of the theorem, we observe that if {1, }5° , isa A1~ tlght
frame for H, then |4, [|> < Ay, foralln = 1,2,3, - - -. Hence, \ > sup1<n<OO az.

Finally, (and this simple example was Commumcated to us by D.R. Larson)

assume a; = % and a, = 1 for all n > 2. Suppose, by way of contradiction,

there is a Parseval frame {1, }>°, for H with ||¢,,|| = a,, foralln =1,2,3,-- .
Since [|1,| = 1, for all n > 2 it follows that v, L spang,i, for all n > 2.
Hence, ¥ L spang<pty, and so {¢,}7>, has an optimal lower frame bound of
% and optimal upper frame bound of 1, and so is not a tight frame. |
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