A DECOMPOSITION THEOREM FOR FRAMES AND
THE WEAK FEICHTINGER CONJECTURE
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We will show that every bounded Bessel sequence can be
decomposed into two subsets each of which is an arbitrarily
small perturbation of a sequence with a finite orthogonal de-
composition. As an application of this result we prove that the
weak Feichtinger Conjecture is equivalent to the Feichtinger
Conjecture.

1. Introduction

Let H be a separable Hilbert space and let I be a countable index set. A
family { f;}icr is a frame for H, if there exist 0 < A < B < oo such that for
all g € H,

(1) Allgl® <> g, £ < B llgl*.
el

The constants A and B are called lower and upper frame bounds for the
frame. We call a frame {f;}ic;r bounded, if there exists § > 0 such that
|| fill > 0 for all i € I (the norms of the frame elements are always uniformly
bounded from above [3, Proposition 4.6]), and unit norm, if ||f;|| = 1 for
all i € I. If {fi}ier is a frame only for its closed linear span, we call it a
frame sequence. Those sequences which satisfy the upper inequality in (1)
are called Bessel sequences. A family {f;}ier is a Riesz basis for H if the
sequence is complete and there exist 0 < A < B < oo such that for all
sequences of scalars ¢ = {¢; }ier,

AY el <

iel

2
<B) |l

iel

Zcifi

iel

If {fi}icr is a Riesz basis only for its closed linear span, we call it a Riesz
basic sequence.
Now we can state the main conjecture we will be addressing in this paper.

Conjecture 1.1 (Feichtinger Conjecture). Every bounded frame can be
written as a finite union of Riesz basic sequences.
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Much work has been done on the Feichtinger Conjecture in just the last
few years [1, 2, 4, 7, 10, 13]. This is because the conjecture is not just
interesting and important for frame theory but also is connected to the
infamous 1959 Kadison-Singer Conjecture [11], which is known to be equiv-
alent to the paving conjecture. In [4], it was shown that the Kadison-Singer
Conjecture implies the Feichtinger Conjecture. It is unknown if these two
problems are equivalent - but the results of [4] indicate they are certainly
very close. In particular, it is proven in [4] that the Feichtinger Conjecture is
equivalent to the conjectured (weak) generalization of the Bourgain-Tzafriri
restricted-invertibility theorem.

It is easily seen, by just normalizing the frame vectors, that we may
assume that the frame is a unit norm frame in Conjecture 1.1. It also
follows easily that we only need to assume that the sequence is a bounded
Bessel sequence in Conjecture 1.1. That is, by adding an orthonormal basis
to the Bessel sequence we obtain a bounded frame which can be written
as a finite union of Riesz basic sequences if and only if the original Bessel
sequence can be written this way. Thus the Feichtinger Conjecture reduces
to the conjecture that every unit norm Bessel sequence can be written as a
finite union of Riesz basic sequences.

In this paper we will deal with the following version of Conjecture 1.1,
which we call the weak Feichtinger Conjecture.

Conjecture 1.2 (Weak Feichtinger Conjecture). Every unit norm Bessel
sequence can be written as a finite union of frame sequences.

In fact we will prove the following result.

Theorem 1.3. The Feichtinger Conjecture is equivalent to the weak Feich-
tinger Conjecture.

Part of the motivation of this work is a surprising result of Casazza,
Christensen, and Kalton [5] concerning frames of translates, which shows
that the set of translates of a function in L?(R) with respect to a subset of
N is a frame sequence if and only if it is a Riesz basic sequence.

As a main ingredient for the proof of Theorem 1.3, we will prove a decom-
position theorem for frames, which is very interesting in its own right. By
providing an explicit construction, we will show that even each unit norm
Bessel sequence can be decomposed into two subsequences in such a way
that both are small perturbations of “ideal” sequences. Our idea of an ideal
sequence is a sequence for which there exists a partition of its elements into
finite sets such that the spans of the elements of those sets are mutually
orthogonal; thus, properties of the sequence are completely determined by
properties of its local components. This definition is inspired by a more
general notion called frames of subspaces [6].

This paper is organized as follows. In Section 2 we will give the definition
of e-perturbation, formalize the notion of an ideal sequence, and state some
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basic results. Section 3 contains the Decomposition Theorem and a discus-
sion concerning an improvement of its proof and concerning the necessity of
decomposing into two subsequences, whereas the proof of Theorem 1.3 will
be given in Section 4.

2. Definitions and basic results

For the remainder let H be a separable Hilbert space and let I be an index
set.

There exist many different definitions for a sequence being a perturbation
of a given sequence. In this paper we will use the following.

Definition 2.1. Let {f;}ic; and {gi}ics be sequences in ‘H with g; €
span,;c;{fi} for all j € I, and let € > 0. If

SOl —gill® <

el
then {g;}icr is called an e-perturbation of {f;}icr.

One advantage of this definition is that it implies the hypotheses of a
perturbation theorem of Christensen [8, Corollary 15.1.5] (see also Theorem
4.1), which we will employ for the proof of Theorem 1.3.

For finite frames, it is precisely the interaction of the frame vectors which
makes them interesting and applicable to a broad spectrum of applied prob-
lems. For infinite frames, the ideal situation is for the global properties
of the frame to be determined locally. We formalize this idea in the next
definition in the more general setting of sequences.

Definition 2.2. Let {f;}icr be a sequence in H. We say {f;}icr possesses
a finite orthogonal decomposition, if I can be partitioned into finite sets
{I;}72, so that

span ;e r{fi} = Z @ span ;cr { fi}

Jj=1 0o

Equivalently, there must exist an orthogonal family of finite dimensional
subspaces {H;}32; of H so that for all i € I there exists j € N with f; € H;.

Notice that the orthogonal family of finite dimensional subspaces forms
an orthonormal basis of subspaces and in this sense is a special case of a
frame of subspaces [6].

The next proposition expresses the fact that global properties of a se-
quence which possesses a finite orthogonal decomposition are determined
locally. Recall that a sequence (f;);er is called w-independent if, whenever
c = (c;)ier is a sequence of scalars and ) ;; c;fi = 0, it follows that ¢ = 0.
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Proposition 2.3. Let {f;}icr possess a finite orthogonal decomposition
given by the finite sets {Ij}]‘?’;l. Then the following hold.

(i) {fitier is w-independent if and only if each {fi}ier; is linearly inde-
pendent.

(ii) Let A and B be the optimal lower and upper frame bounds of {f;}ier,
respectively. For each j € N, let A; and B; be the optimal lower and
upper frame bound of { fi}ie1,, respectively. Then

A= inf A; B = sup B,.
1<j<00 7 1§jfoo J

Proof. To prove (i), just note that
Zcifi =0 if and only if, for all 7 € N, we have Z ¢ fi =0.
i€l i€l

It remains to show (ii). For this, let g € H. Then there exist g; € H;,
j € N such that we can write g = Z‘;‘;l ® gj. We compute

Z g, £)> = ZZ (g5, fi)

el Jj=1iel;

[o¢] o
2 . . 2
=S Aol = (ot ) (Sl ) = (nt_a,) bl
=1 = =1 =

This proves that infi<j<o A; is a lower frame bound for {f;}ic; in H. The
fact that it is optimal follows by choosing for any j € N, some g € ‘H; with

2 2
> U, f)l? = Ajllgll?.
1€l
The claim concerning the upper frame bound can be proven using a similar

argument. O

The following lemma is well-known, but since the proof is short, we include
it for completeness.

Lemma 2.4. Let {f;}icr be a Bessel sequence in H, and let P be a finite
rank projection on H. Then

> IPfi)? < oo

1€l
Proof. Let K be the projection space of P with dimension d, and let S
denote the frame operator of {Pf;}ics, ie., S(g) = > ;cr (g, fi) fi for all
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g € H. Further, let {e; };-l:l be an orthonormal eigenvector basis for K with
respect to S and respective eigenvalues {\; };-l:l. Then we obtain

d d
Z ”PfZH2 = ZZ ‘(fuejﬂz = Z)\j < 00.
j=1

iel j=1 4cl

3. The Decomposition Theorem

The following theorem states that we can decompose each unit norm Bessel
sequence into two subsequences such that both are e-perturbations of se-
quences which possess a finite orthogonal decomposition. In fact, we will
even derive an explicit algorithm for generating this partition. The proof
is inspired by blocking arguments from Banach space theory [12]. The De-
composition Theorem is also the main ingredient for the proof of Theorem
1.3.

Theorem 3.1 (Decomposition Theorem). Let {f;}icr be a unit norm Bessel
sequence in H, and let € > 0. Then there exists a partition I = I; U Iy such
that, for j = 1,2, the sequence { f; }ic1; is an e-perturbation of some sequence
{gi}ie1, in 'H, which possesses a finite orthogonal decomposition.

Proof. Let {f;}icr be a unit norm Bessel sequence in H, and let e > 0.
Without loss of generality we may assume that I = N, since if [ is finite we
are done.

In the first step we will define a strictly increasing sequence {n;}$°; in
N by an induction argument. In the second step, we show that by defining
Ij = Ui2o{nait(j—1) + 1, ... ,naipy}, for each j = 1,2, the sequence { f;}ier;
is an e-perturbation of some sequence {g; }ics; in H, which possesses a finite
orthogonal decomposition.

For the initial induction step, we set ny := 1. Further, we define S; by
S1:={n1}, and let P; denote the orthogonal projection onto span;cg {fi}.
To construct ng, observe that, by Lemma 2.4, we have

o
S IPLAIP < o

i=1
Therefore we can choose no > ni so that

[e.e]

€
(2) 2 PP <

i=no+1
Using this new element of our sequence, we define 77 by 171 = {ny +

1,...,n2} and let @ denote the orthogonal projection onto span ;cp, {fi}.
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We proceed by induction. Notice that in each induction step we will
define two new elements of our sequence. Let & € N and suppose that

we have already constructed ni,...,ng, and defined {S,,}% _,, {Tn}F _;,
{Pn}r _ ., and {Q,,}* _,. In the following induction step we will construct

nog+1 and nog1o, and define Siy1, Tkr1, Pry1, and Qp41. First, we employ
Lemma 2.4, which implies that

D lQwfill? < oo

i=1
Therefore we can choose nok11 > noy so that

[e.e]

3) > Qe < 5

t=ngp4+1+1
Now let Ski1 be defined by Sgi1 = {nor + 1,...,nok+1}, and let Pyyq
denote the orthogonal projection of H onto span ;. jk+1 g {fi}. Secondly,
m=1~m
again by Lemma 2.4, we have

[ee)
> N Peia fill? < oo

i=1
Thus there exists nog1o > nogy1 such that

o
2 €
(4) > 1Pkl < SoRTT
1=ngg42+1
Hence we define the set T11 by Tk11 := {nok+1+1,...,n0512}, and let Q11

denote the orthogonal projection of H onto span ieJi, T'm{ fi}. Tterating

this procedure yields a sequence {n;}?°; and, in particular, we obtain a
partition {Sp,}>°_; U{Tn}oo_; of N.

For the second step let {S,,}o0_; and {7T},,}>°_; be defined as in the in-
duction argument. Then we define I; and Iy by

[1 = [j Sm and [2 = Cj Tm.

m=1 m=1

It remains to prove that, for each j = 1,2, we can construct a sequence
{gi }ic  inH such that {g; }:e I has a finite orthogonal decomposition and
{fi}ie1, is an e-perturbation of it.

In the following we will prove the claim only for j = 1. The case j = 2
can be dealt with in a similar manner. Using the sequence {P,,}5°_; from
the induction argument, we define {g; }icr, by

S fi + 1€85y,
T fi= Poafi + i€ Sm,m> 1.
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Since the sequence {H,, }7°_; defined by

H — PlH : m:1,
m: (Pm— m—l)H com>1

satisfies

o
SPAN | <00 Him = <Z @Hm)
m=1 lo
and we have
gi € Hyy forallmeN, i €5,
it follows that {g; }icr, possesses a finite orthogonal decomposition. Further,
for all m € N and i € 5,,,, we have

Py—1f; € span kelUmy! Sl{fk}v

which implies that span;c; {g;} = span,c;,{fi}. Finally, applying (2) and
(4) yields

Slg = AP =3 S o= AP =3 Y NP filF €Y 5 <
m=2

i€l m=1i€Sy, m>14i€S,

Thus {f;}ier, is an e-perturbation of {g;}icr, - O

REMARK 3.2. The decomposition argument can be done simultaneously on
two frames at once — for example on a frame {f;};c; and its dual frame,
which is {S~!fi}icr, S being the frame operator of {f;}ic;. We will not
address this here, since we do not have any serious application at this time.

Next we observe that it is necessary to divide our index set into two
subsets in Theorem 3.1. That is, the Bessel sequence itself need not be an
e-perturbation of any sequence with a finite orthogonal decomposition.
Example 3.3. The unit norm Bessel sequence {f;}>°, defined by f; =
Gititl g not an e-perturbation of any sequence with a finite orthogonal
decomposition for small € > 0.

Proof. If we partition N into finite sets {1;}32,, then there exists a natural
number ig € N so that ig € I; and ig + 1 € I, where j # k. Assume, by way
of contradiction, that {g;}?°, is an e-perturbation of {f;}2; and {g¢;}3°,
has a finite orthogonal decomposition given by {;}32;. Then [/ f;)|| = 1 and
[ fio = 9ioll < V€, which implies

lgio |l = W fioll = llfio = gioll 2 1 = Ve.

Similarly, [|giy+1]| = 1—+/€. Since span ¢z {g;} is orthogonal to span ;7 {g:},
we have

960 = Gio+11I> = lgio |I* + 1| gig1]1> = 2(1 — Ve)*.
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Using this estimate and the fact that ||fi, — fi,x1/> = 1 and || fi; — gio|l +
[ fio+1 = Gig+1ll < 2V/€, it follows that
\/5(1 - \/E) < Hgio - gio-i-l”
< fio = Fiorrll + [1fio = Gioll + I fio+1 — Gio+a
<

1+ 2v/e.

This is a contradiction for small € > 0. O

REMARK 3.4. Our proof of the Decomposition Theorem relies on the or-
dering of the elements of the sequence. This can sometimes cause problems
as we will see below. However, it is possible to do an optimal construction
which removes this assumption. We first choose iy € I and let S; = {ip}.
Now, following the proof,

S Pfi? < oo
1€I\S1
So choose Ty C I\S1 with |T1| minimal and
€
Z IPLANI? < 3
iel\(T1US1)

So we have put the f;, i« € I\S; with || P fi|| maximal into 7. In the
induction step (equation (3)), choose

k k
Sk41 CI\(U SmU Tm>
m=1 m=1

with |Sk41| minimal and
€

2
> 1@k fill” < oz
i€l\(UpZy SmUUp—1 Tm )
Similarly, we now construct the next Tj11 and then iterate the procedure.
This stronger form of the decomposition construction is useful because
it eliminates the ordering of the elements. For example, if we work with
the {f;}:2, in Example 3.3, then for any permutation of {f;}3,, as long as

fi, = f1 the decomposition we obtain from this stronger form of the proof
of the Decomposition Theorem is

I = {€2i—1 + e2; }OO and Ip — {622' + egit1 }OO
V2 i=1 V2 i=1

both of which are orthonormal bases for their spans. But, if we reorder the
k
sequence {f;}5°, by taking { fi}?:;_l into

{fory1s forgas s forri_q, for}  for each 0 < k < oo,
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the proof of the Decomposition Theorem produces the partition
I = {22k 02k+1 92kl 1.0 <k < o0},
and
Iy = {22k+1 92k+1 4 1 9242 _ 1.0 <k < o0}

Now, {fi}ie]j is not a frame sequence for j = 1,2. To see this for I, we
note that the sets

Jp = {22k 92k+1 92kl 41l (0 <k < x0)

give a finite orthogonal decomposition of {f;}icr, into linearly independent
sets. So if {f;}ier, is a frame sequence, then, by Proposition 2.3 (i) and [3,
Proposition 4.3], it is a Riesz basic sequence. Let

(=1

Gy = i= 01 2%
Then,
22k 1
> =1,
i=0
while
22k_1 2 1 2 1
Za?’““f?%” :HV =(e1 — egarr1_q)|| = oo
i=0 2% ’

This implies that {f;}icr, is not a Riesz basic sequence. Thus {f;}icr, is not
a frame sequence.

4. Proof of Theorem 1.3

In order to prove Theorem 1.3, we will require the following three results,
two of which are known results, which we state to help make this paper
self-contained.

The first result which we will employ is a perturbation theorem of Chris-
tensen [8, Corollary 15.1.5]. Notice that the hypotheses of it are implied by
the definition of e-perturbation which we chose.

Theorem 4.1. Let {f;}5°, be a frame for H with bounds A and B, and let
{9:}52, be a sequence in H. If there exists a constant R < A such that for
every f € H,

e e}

W fi— 9P < RIFIP,

i=1



10 P.G. CASAZZA, G. KUTYNIOK, AND D. SPEEGLE

then {g;}52, is a frame for H with bounds

2 2
A (1 — %) and B (1 + %) .
If {fi}2, is a Riesz basis, then {g;}3°, is a Riesz basis.

Further, we need the following result, which is [4, Theorem 4.2]. As usual,
[B] denotes the smallest integer > B.

Theorem 4.2. Fvery unit norm Bessel sequence with Bessel bound B can
be decomposed into | B] linearly independent sets.

Finally, we will require the following new result. If the weak Feichtinger
Conjecture is true, it turns out that we can even decompose unit norm Bessel
sequences into a finite union of frame sequences with a uniform lower frame
bound which depends only on the Bessel bound.

Lemma 4.3. Conjecture 1.2 implies that for all B < oo, there exists A =
A(B) > 0 such that whenever {f;}icr is a unit norm Bessel sequence in H
with Bessel bound B, then {f;}icr is a finite union of frame sequences with
lower frame bound A.

Proof. Suppose Conjecture 1.2 is true. Towards a contradiction assume that
there exists B < oo and, for each n € N, a unit norm Bessel sequence { f" }icr
such that whenever {f/'};cs is partitioned into a finite number of sets, the
lower frame bound of at least one of these sets is < % For each n € N,
define K,, := span,;c;{f"}. Then, by Proposition 2.3 (ii), {f]'}icrnen is a
unit norm Bessel sequence in K = (3 72 &K,) ¢, With Bessel bound B.
Now we divide {f]'}icrnen into a finite number of sets Fj, j = 1,..., M.
For each j € {1,...,M} and n € N, we set I = {i € I: f'e Fj}.
Since { f?}ieué‘f = {f]'}ier, by assumption, there exists at least one set

{fl}ie m with lower frame bound < % Now notice that there exists some
l € {1,...,M} and N C N such that {fin}iGUneNIf C F;. Hence, by

Proposition 2.3 (ii), the lower frame bound of Fj is < inf,cn % = 0. This is
a contradiction. O

We are now ready to prove our main theorem.

Proof of Theorem 1.3. Obviously, Conjecture 1.1 implies Conjecture 1.2.

To prove the converse implication suppose that Conjecture 1.2 holds. Let
{fi}icr be a unit norm Bessel sequence in H with Bessel bound B, and let
A = A(9B) be given by Lemma 4.3. Fix some € < min{%, 1}. By Theorem
3.1, there exists a partition I = I; U, such that, for all j = 1,2, the sequence
{fi}ie1, is an e-perturbation of some sequence {g; }ics; in H, which possesses
a finite orthogonal decomposition.
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Let j € {1,2} be arbitrarily fixed. Since {g;}ics; is an e-perturbation of
a Bessel sequence with Bessel bound B, the computation

STUFgP < D g — B+ D

i€l i€l
< 23 (IF1P llgi = Fill2+ 101, £ )
i€l
< 2Ae+B)|fIP (fen)

shows that it is itself a Bessel sequence with Bessel bound 2(B+¢). Further,
we have

I
lgill = 1fill = 11fi = gill =1 = Ve > 5 (el

By Theorem 4.2, there exists a finite partition {J] 1 of I; such that
{9i};c s is linearly independent for each k € {1,... ,M]}.
k

Fix some k € {1,...,M7}. Since the sequence {9i},c ;9 is a Bessel se-
k

quence with Bessel bound 2(B + ¢€) and ||g;|| > 3 for all i € J7, the compu-
tation

) 2
<f, ugl-||>‘ —Z (gl <43 (a2 <8(B + 911,
=\ T ||gzu =

where f € H, shows that {ﬁ}ie ;7 18 a unit norm Bessel sequence with
i k

Bessel bound < 8(B + €). Since € < g < B it follows that the Bessel

bound is < 9B. By Lemma 4.3, there exists a ﬁmte partition {Jkl}l:1 of Jg
such that {ﬁ}l ¢y is a frame sequence with lower frame bound A for all
i ki

l€{1,...,N]}. The computation

2
Al < 3 (1o >‘ 4Z|f,gz 2 (fen)

i€y,

implies that {gi}ie ;i 1s a linearly independent frame sequence with lower
kl

frame bound %
We now claim that {g;}, i 1s a Riesz basic sequence. For this, recall that
kl

{gi}ic1, possesses a finite orthogonal decomposition into linearly indepen-
dent sets. It follows by Proposition 2.3 (i) that {g;},_ ; is an w-independent
kl

frame sequence. Hence, by [3, Proposition 4.3], it is a Riesz basic sequence.
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To finish the proof, observe that, since the sequence { fi}i cyi i an e
kl
perturbation of {gi}iEJiz’ we have
2 2 2 2
DS fi= P < AP Y i =gl < lIFIPe
i€ gy, i€Jy,

Moreover, {g;} possesses the lower frame bound 2, which is strictly

i€y,

greater than € by the definition of €, and {g;} forms a Riesz basic se-

i€},

quence. Hence we can apply Theorem 4.1, which yields that { fi}ie Jiisa
kl

. . j . )
Riesz basic sequence. Thus the sequence {Jkl}jzl,z,k:l,...,MJ’,l:l,...,N,g is a fi

nite partition of I such that, for each j = 1,2, k=1,.... M7, 1 =1,... ,Nj,

the sequence { fi}z'e ;i is a Riesz basic sequence, which implies Conjecture
kl

1.2. O
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