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ABSTRACT

We analyze a fundamental question in Hilbert space frame theory: What is the optimal decomposition of a
Parseval frame? We will see that this question impacts several famous unsolved problems in different areas of
mathematics. As a step towards the solution of this question, we give a new identity which holds for all Parseval
frames.
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1. INTRODUCTION

Let H be a Hilbert space and f; € H for ¢ € I. Let K = span {fi}ic1. A number A > 0 (respectively, B > 0) is
called a lower (respectively, upper) frame bound for F = {f;}icy if for all f € K

AILFIP < DI £l
icl

respectively,

S UL < B

icl
If B < oo we call F = {f;}icr a Bessel sequence with Bessel bound B. If 0 < A < B < oo, then {f;}ics is a
frame for K. If K # H we call {f;}icr a frame sequence in H. The largest A and the smallest B satisfying
the above inequalities are called the optimal lower and upper frame bound and will be denoted A(F) and B(F)
respectively. If A = B = X we call this a A-tight frame and if A = 1 it is called a Parseval frame. If all the
frame elements have the same norm we call this an equal-norm frame and if the frame elements have norm 1 it
is called a unit-norm frame. If {f;}icr is a Bessel sequence, the synthesis operator for {f;};cr is the bounded
linear operator T : ¢3(I) — H given by T'(e;) = f; for all 4 € I where {e;}iecr is the unit vector basis of £2(T).
The analysis operator for {f;}icr is T* and satisfies:

T*(f) = S (F. fen
el

Hence,

I (DI = S 1A

The frame operator for the frame is the positive, self-adjoint invertible operator S = TT* : H — H satisfying

Sf = (f fi)fi, forall feH

iel
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Finally, the family {f;}icr is a Riesz basic sequence in H with Riesz basis bounds A, B if for all sequences of
scalars {a;}ic; we have

A (Z |az-|2> Ry Safil <B (Z |az-|2>1/2.

iel iel iel
If {fi}icr also spans H it is called a Riesz basis for H. For the fundamentals of frame theory we refer the reader
to Christensen.*

A fundamental question in frame theory involves understanding the behavior of subsets of a Parseval frame.
In particular, what is the optimal decomposition of a Parseval frame into subsets? To make this precise, if
F = {fi}ier is a Bessel sequence and J C I, we write A(F,J) (or just A(J) if no confusion will arise) for the
optimal lower frame bound of {f;};c;. We now formulate the problems we are interested in.

PROBLEM 1.1. Let {fi}icr be a Bessel sequence and fix L € N. Compute the value of

A(L) =: sup{min A(J;): {Jj}le is a partition of I into non-empty sets}.

We are looking for the “optimal” division of our family into L subsets where optimal means the smallest
lower frame bound is a maximum over all divisions of the family into L subsets. We are particularly interested
in the unit norm tight frame case. Understanding this case is equivalent to understanding the case of equal norm
Parseval frames.

A related problem is:
PROBLEM 1.2. Given a frame {f;}icr for H, identify the subsets J C I so that {f;}ics is a frame for H?
Finally, we have

PROBLEM 1.3. Given a frame {fi}ics for H, when does there exist a subset J C I so that both {f;}ics and
{fi}iese are frames for H. And in this case, what is the optimal choice of J?

To give an indication of the difficulties involved in the above problem, we start with a simple example. Let
Hsn be an 2N-dimensional Hilbert space with unit vectors {ei}fivl. If I — P is the orthogonal projection of Hyp

onto the one dimensional subspace spanned by Zfivl e; then

and {Pej}?]:\’1 is a Parseval frame sequence in Hay. Let J = {1} partition {1,2,---,2N} into two subsets J, J°.

We estimate the lower frame bound of {Pe;} c e by first noting that 2551 Pe; = 0. So Pey € span {Pe;}jcje.

Also,
1 2N —1
HP81H2:<P61,P81>:<61,P81>:1—W: IN .

Hence, f = ,/%P@l is a norm one vector in the span of {f;};cjc. Then

2N
2N
DU Pe)P = o D [(Per, Pej)®
jeJ° j=2
2N
2N
= S len Pey)l
j=2
2N




It follows that A(J¢) < 5%

On the other hand, a significantly better decomposition of this Parseval frame would be tolet J = {2,4,---,2N}.
Letting Ty be the synthesis operator Tyeq; = Peg; we have for all sequences of scalars {as; }5\7:1
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It follows that for all f € span {Peg;}}_, we have

N
17 (HII* = Z |(f, Peaj)* > (1 - \/g)lflg

We have a similar calculation for {Pe;} cj-. So this decomposition yields (by symmetry)

AW = A 2 (122

2. AN ANALYSIS OF THE PROBLEMS

In this section we will relate the problems from Section 1 to several unsolved problems in various areas of research.
A famous unsolved problem in Banach space theory is the Strong Bourgain-Tzafriri Conjecture.

CONJECTURE 2.1 (STRONG B-T). There is a universal constant ¢ > 0 so that for every B > 0 there is a
natural number M = M(B) so that if T : £5 — {3 is a linear operator for which ||Te;|| =1, for all 1 <i <n
and | T|| < B, then there is a partition {I;}}L, of {1,2,---,n} so that for each 1 < j < M and all choices of

scalars {a;}icr; we have:
1Y aTe|® > e |ail*.
icl; i€l

It is known that the 1959 Kadison-Singer Problem in C*-Algebra Theory?® is equivalent to the Paving
Conjecture in Operator Theory' which in turn has been shown to be equivalent to the Strong Bourgain-Tzafriri
Conjecture.'® There is also a Weak Bourgain- Tzafriri Conjecture. It is stated exactly like Conjecture 2.1 except
that the Riesz basis bound is not universal but instead is a function of the Bessel bound. It is clear that Strong
BT implies Weak BT but the converse is an open problem. It is also known that the Weak BT is equivalent to
the Feichtinger Conjecture in frame theory.’

CONJECTURE 2.2 (FEICHTINGER CONJECTURE). Can every unit norm frame be written as the finite union
of Riesz basic sequences?

Feichtinger observed that this conjecture is true for all of the Gabor frames he was working with. This led
him to ask the problem for all Gabor frames and eventually for all frames. This conjecture is still open for



general Gabor frames but has been shown to hold for rational lattice Gabor frames® and for Gabor frames whose
window function has some form of rapid decay (see® 8 16718 for results on the Feichtinger Conjecture). By adding
an orthonormal basis to a general unit norm Bessel sequence we will obtain a unit norm frame which has the
property that it can be written as a finite union of Riesz basic sequences if and only if the original Bessel sequence
can be written this way. That is, the Feichtinger Conjecture is equivalent to the Bessel Feichtinger Conjecture.

CONJECTURE 2.3 (BESSEL FEICHTINGER CONJECTURE). Can every unit norm Bessel sequence be written
as a finite union of Riesz basic sequences?

Recall that a family of vectors { f;};er in a Hilbert space H is called w-independent if whenever {a;}icr is a
family of scalars and ), ; a;f; = 0 then a; = 0 for all i € I. In order for the Feichtinger conjecture to have
a positive solution, it is necessary that we be able to write a unit norm Bessel sequence as a finite union of
w-independent sets. This weaker statement is an open question at this time. However, it was shown in® that
every Bessel sequence can be written as a finite union of linearly independent sets with the number of sets less
and or equal to the smallest integer which is greater than or equal to the Bessel bound.

Let us see how our Problem 1 relates to these conjectures. For the finite dimensional case, if {f;}ics is a
unit norm Bessel sequence in Hy, we can easily extend it to a unit norm tight frame by just taking each f;
and extending it to an orthonormal basis for Hy to get a family { fij}f\é rj=1- This family is a union of M-
orthonormal bases for Hy and so is a unit norm tight frame with tight frame bound M. This is not good for the
above problems since decomposing a Bessel sequence into Riesz basic sequences is a function of the Bessel bound
and we may have significantly increased the Bessel bound of our family. However, with a little more care, we
can extend a unit norm Bessel family to make it a tight frame without disturbing the Bessel bound very much.
To do this we need a result of Casazza and Leon.!!

THEOREM 2.4. Let S be a positive self-adjoint operator on an N -dimensional Hilbert space Hy. Let Ay > Ao >
-« > AN be the eigenvalues of S. Fiz M > N and real numbers a1 > as > --- > apr > 0. The following are
equivalent:

(1) There is a frame {gj}j]\il for Hy with frame operator S and || g;|| = a;j for all j =1,2,---, M.

(2) For every 1 <k < N we have

k k
doai<d A
j=1 j=1

and

Now we are ready to produce efficient extensions of unit norm Bessel sequences to unit norm tight frames.

PROPOSITION 2.5. Let {fi}icr be a unit norm Bessel sequence in H with Bessel bound B. Then there is a unit
norm family {g;}jes so that {fi}icr U{g;}ies is a unit norm tight frame with tight frame bound A < B + 2.

Proof. We will do the finite dimensional case. The infinite dimensional case follows by a similar arguement
using the results of.!% Let {f;}2, be a unit norm Bessel sequence with Bessel bound B in an N-dimensional
Hilbert space Hp. Let S be the frame operator for this family and let Ay > Ao > --- > Ay > 0 be the
eigenvalues with respective eigenvectors {e;}¥; for the positive self-adjoint operator S. So B = A;. If we
consider N(A1 + 1 + ¢) — M, we see that this equals N\ + N — M if ¢ = 0 and it equals NA\; + 2N — M if
e = 1. In particular, there is an 0 < € < 1 so that N(A; +1+¢€¢) — M = K > N where K € N. Now let Sy be
the positive self adjoint operator on Hy given by

N N
S() (Z Ci8i> = Z[()\l + 1 + E) - )\i]ciel-.

i=1 i=1



So Sp is a positive self-adjoint operator on Hy with eigenvectors {e;}¥ ; having respective eigenvalues {\; + 1+
€ — A}, (which now are in decreasing order). Since each of these eigenvalues is greater than 1, letting a; = 1
fori=1,2,---, K we immediately have the first inequality given in (2) of Theorem 2.4. Also,

N N
DMIM+1+e=A]=NM+1+e)=> Ni=NM+1+e)-M=K.
1=1

j=1

The last equality above follows from the fact that

M N
DolfP =M=\
=1 i=1

Applying Theorem 2.4, there is a family of unit norm vectors {g;}%; in Hy having Sy for its frame operator.
It follows that {f;}M, U {g;}/, is a unit norm frame for Hy having frame operator S + Sp. But S + Sy has
eigenvectors {e;} Y, with respective eigenvalues

[()\1+1+€)—)\i]+/\i=)\1+1+6=:)\.

So our unit norm frame is tight with tight frame bound A < X\; +2. O

Proposition 2.5 says that even for quantative calculations, studying the behavior of subsets of equal norm
tight frames is equivalent to studying the behavior of subsets of equal norm Bessel sequences. This was what let
us to Problem 1.1 in the first place.

Now let us look at Problem 1.2. Our next Proposition gives one method of identifying which subsets of a
frame might also give a frame for the space. This proposition is a generalization of Lemma 3.7 of.®

PROPOSITION 2.6. Let {fi}icr be a frame for a Hilbert space H with frame bounds A,B. Let J C I so that
{fi}ics has Bessel bound B(J) < A. Then {fi}icje is a frame for H.

Proof. Since {f;}icje has B as a Bessel bound, we only need to check its lower frame bound. For this we just
compute for any f € H:

SIS )P

S UL =D 1 )P

icJe icl icJ
> AllfIIP = BW)ISI
= (A-BW)ISI

Since A — B(J) > 0, we have the required lower frame bound. 0O
For the Parseval frame case we have a stronger result (see, Lemma 3.7).

COROLLARY 2.7. Let {fi}icr be a Parseval frame for H and J C I. In order for {f;}ics to be a frame for H it
is necessary and sufficient that B(J¢) < 1. In this case, the optimal lower frame bound for { f;}ics is 1 — B(J°).

Proof. For any f € H we have

i€J i€l iceJe
> |7 = BUIAIP
(L= BN

Since the inequality above is optimal, the corollary follows. 0O

V

A deep study of the subsets of a Parseval frame which still form a frame for the space was done in a sequence
of papers.* 7 InS a very general theory is developed for studying this problem in terms of localization. In” the
authors studied Gabor frames indexed by arbitrary subsets of the plane and related this question to the density
of the set.



Although these results technically give an answer to our problem, they are difficult to apply in concrete cases
since we do not know yet how to identify those subsets of the frame {f;};es for which B(J¢) < 1. This is the
cruxt of the analysis given in.° So much work still has to be done in this direction.

Finally, let us look at Problem 1.3. In order to divide a frame into two frames for the whole space, we first
need to be able to divide the frame into two spanning sets. This already is a deep question answered by the
Rado-Horn Theorem!%2! (see also!?).

THEOREM 2.8 (RADO-HORN THEOREM). Let I be a countable index set and let {fi}icr be a collection of
vectors in a vector space. There is a partition {I; }JAil of I such that each { fi}ic1, is linearly independent if and
only if for all finite J C I we have

/]

- < M.
dim spand fi}ies

Recently, Casazza, Kutyniok and Speegle gave a redundant version of the Rado-Horn Theorem.'? Using

Theorem 2.8, Casazza, Christensen, Lindner and Vershynin® showed that every unit norm Bessel sequence with
Bessel bound B can be written as a union of [B] linearly independent sets where [B] is the smallest integer
greater than or equal to B. For equal norm Parseval frames this yields an exact decomposition. Since the proof
for this case is simple, we include it for completeness.

PROPOSITION 2.9. Let {f;}EX be a equal norm Parseval frame for H. Then {fi}EL can be divided into K
linearly independent sets each spanning Hy .

Proof. Let J C {1,2,---, KN}. Let P; be the orthogonal projection of Hy onto span;c{f;}. Since
KN
oISl = EN[Ifil* = N,
i=1
it follows that | fi|| = 1/%. We now have

KN
dim(spanscs{fi}) = S IR = S IRl = S 1 = 12
=1

icJ ieJ
Hence,

| /]
- < K.
dimspan;c s {fi} ~

By the Rado-Horn theorem, we can partition {1,2,---, KN} into linearly independent sets {I; }JKzl Since these

sets are linearly independent in Hy we have that |I;| < N for all 1 < j < K. Since Zjil |I;| = KN it follows
that [I;] = N for all 1 < j < K and so each family {f;}ic;, must span Hy. O

The problem with Proposition 2.9 is that it does not give any quantative estimates for the frame bounds for
our subsets. What is needed here is a quantative version of the Rado-Horn Theorem which carries such estimates
with it. Although there are numerous proofs of the Rado-Horn Theorem available, they are all quite complicated
and quantifying any of them at this time does not look promising. Even in the case of equal norm frames for
Hpy with 2N-elements we do not have any quantative estimates at all for the frame bounds of the two subsets.

3. A NEW FRAME IDENTITY

This section is an announcement for the paper.® In? the authors were working on a fundamental problem in signal
reconstruction: Can signal reconstruction be done without using noisy phase or its estimation? Reconstruction
with noisy phase can be a critical problem in speech recognition technology. For many years Engineers believed
that speech recognition should be independent of phase. By constructing new classes of Parseval frames for a
Hilbert space, in? it was shown that signal reconstruction can be done without noisy phase or its estimation thus
verifying the longstanding conjecture of the signal processing community.



By way of example, let us consider the Ephraim-Malah noise reduction method of speech signals.!®> Let

{z(t) : t =1,2,---,T} be our samples of a speech signal. We transform these into the time-frequency domain
by:
M-1
K(k,w) = Z g(t)z(t + kN)e >t
t=0
where £k =0,1,---, %, w€{0,1,---, M — 1}, g is the analysis window and M, N are respectively the window

size and the time step. Next, a complicated nonlinear transformation is applied to | X (k,w)| to produce an
estimate of the short-time spectral amplitude

Vibw) = GRS ey,

v(k,w

~

[(1+v(k,w)) o v(k, )

)+ vk, w) i (

NX (kW)

where Iy, I; are modified Bessel functions of zero and first order, and v(k,w),v(k,w) are estimates of certain
signal-to-noise ratios. The speech signal windowed Fourier coefficients are now estimated by:

X(k,w) = Y(k,w)%,

and then are transformed back into the time domain through an overlapping procedure

M—1

i) =" 3 X(k,w)e?™ 5 h(t — kN),

k  w=0

where h is the synthesis window. This example illustrates a common feature of most signal enhancement
algorithms: the nonlinear estimation in the representation domain modifies only the amplitude of the transformed
signal while keeping its noisy phase. In some applications, such as speech recognition, reconstruction with noisy
phase is a critical problem. The optimal solution to this problem would occur if we could perform reconstruction
into the input domain without using phase.

In,?

frames.

the problem of reconstruction with noisy phase was solved by constructing new classes of Parseval

THEOREM 3.1. A generic real (respectively, complex) Parseval frame {f;}icr in an N-dimensional Hilbert space
Hy with 2N — 1 elements (resp. 4N — 2 elements) has the property that for oll f € Hy the mapping

T f — {[{f, fi)l}ier

is one-to-one. Theorem 3.1 allows us to recover our signal f directly from the absolute values of its frame
coefficients without needing the phases of the coefficients.

The next part of the project of reconstruction without noisy phase involves producing efficient algorithms for
doing the reconstruction. While looking for such algorithms, the authors of? were led to consider the following
problem. Given a Parseval frame {f;}ics, let P be the orthogonal projection of ¢2(I) onto the range of the
analysis operator for the frame. If f € H let = {z(i}icr = ({f, fi))icr € €2(I). For any subset J C I, let

L m(@) : iede
x‘](l)_{ —x(i) : i€

Now, since Px = = we have that
(I-P)zyj+z)=(1—-P)(z;—z).
Using the fact that

wy=x—=2Y (f, f:)ei,

ieJ



it was shown that:

I( = P)(zs —2)|* =4 <Z| LIPS fz|2>

icJ icJ
A similar computation for (I — P)(x; + z) yields the same equality but for J¢ leading to the following identity:
THEOREM 3.2. Let {f;}icr be a Parseval frame for H. For any J C I and all f € H we have:

Z|<f7fz>|2_|‘z f?fl fl||2 Zlffz _”Z f?fl fl||2

iceJ ieJ ieJe ieJe

The identity in Theorem 3.2 is quite surprising in that the corresponding terms on the two sides are not
comparable to one another yet they cancel each out identically. For example, if J is the empty set then

SUERP=0=1>_(f f) fil*
i€J icJ
For the right hand side we have
DOKL LI = WA =1 ffill?,
icJe icJe

and so the right hand side is zero also despite the fact that the corresponding terms on the two sides of the
identity are not comparable. If we let J = {ip} be a single element set then both terms on the left hand side of
the identity may be nearly zero and both terms on the right hand side may be both nearly ||f]|? but again they
cancel out exactly to produce the identity.

In3 there is an operator theoretic proof of the identity in Theorem 3.2. This allows the identity to be
generalized in several directions. We will discuss just one of these here - the generalization to all frames. Recall
that if { f; }scs is frame then the canonical dual frameis {S™!f;}ic;. The canonical dual frame gives reconstruction
for vectors in the space. That is, for all f € H we have

F=Y (f 1S i
iel
Now we can state the form of Theorem 3.2 for all frames.

THEOREM 3.3. Let {f;}Yics be a frame for H with canonical dual frame {fi}icr. If J C I and Sy is the frame
operator for {fi}ics then for all f € H we have

STUEEP =D WL =D USaf )P =D WSsef, Fi)l?

icJ ieJe el ieJe

In the case that {f;}icr is a Parseval frame, then S =TI so f; = fi and
D UST LTI =Y HSafs f)P = ISs 17 = 1Y ) ol
iel iel ieJ

With the corresponding equality for J¢ we see that our identity for Parseval frames follows from the identity in
Theorem 3.3. In? there is also a “weighted” version of these identities.

For a Parseval frame {f;};cr, if J C I and f € H then

YL TP+ DL S =11

icJ ieJe
So one of these two quantities is greater than or equal to | f||%. It follows that

STUE P HID AL LI = D WL P+ 1D AP = SIFIP

i€J ieJe ieJe icJ

NN



However, in? it is shown that this inequality is actually much larger than this. That is, the right-hand-side is
actually 3| f]|.

Finally, let us look at the terms on each side of our identity for our Parseval frame {f;};c;. Since this is a
Parseval frame we have for all sequences of scalars {a; }ics

I aifill® <Y lail®.

icl iel

It follows that for all J C I and all f € H we have

IS F 2 < SIS f)

icJ icJ

This shows that both sides of the identity in Theorem 3.2 are always positive. However, in general, the two
terms above can be arbitrarily far apart. The optimal inequality relating these two terms comes from the frame
operator Sy for {f;}ics and shows for all f € H we have

DO FE < USTHID_AF fall?

ic€J i€J

For finite frames, ||Sjl|| can be arbitrarily large while for infinite frames it may equal infinity.
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