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Uniform tight frames have been shown to be useful for robust data trans-
mission. The losses in the network are modeled as erasures of transmitted
frame coefficients. We give the first systematic study of the general class
of uniform tight frames and their properties. We search for efficient con-
structions of such frames. We show that the only uniform tight frames with
the group structure and one or two generators are the generalized harmonic
frames. Finally, we give a complete classification of frames in terms of their

robustness to erasures.

1. INTRODUCTION

Frames are redundant sets of vectors in a Hilbert space which yield one natural
representation for each vector in the space, but which may have infinitely many
different representations for a given vector [4, 5, 6, 7, 8, 9, 10, 11, 16, 18, 20, 23].
Frames have been used in signal processing because of their resilience to additive
noise [10], resilience to quantization [14], as well as their numerical stability of
reconstruction [10], and greater freedom to capture signal characteristics [2, 3]. Re-
cently, several new applications for (uniform tight) frames have been developed.
The first, developed by Goyal, Kovacevi¢ and Vetterli [15, 25, 24, 26], uses the
redundancy of a frame to mitigate the effect of losses in packet-based communica-
tion systems. Modern communication networks transport packets of data from a
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source to a recipient. These packets are sequences of information bits of a certain
length surrounded by error-control, addressing, and timing information that assure
that the packet is delivered without errors. This is accomplished by not delivering
the packet if it contains errors. Failures here are due primarily to buffer overflows
at intermediate nodes in the network. So to most users, the behavior of a packet
network is not characterized by random loss, but by unpredictable transport time.
This is due to a protocol, invisible to the user, that retransmits lost packets. Re-
transmission of packets takes much longer than the original transmission. In many
applications, retransmission of lost packets is not feasible and the potential for large
delay is unacceptable.

If a lost packet is independent of the other transmitted data, then the information
is truly lost to the receiver. However, if there are dependencies between transmitted
packets, one could have partial or complete recovery despite losses. This leads us
naturally to use frames for encoding. The question, however, is: What are the best
frames for this purpose? With an additive noise model for quantization, in [25], the
authors show that a uniform frame minimizes mean-squared error if and only if it
is tight. So it is this class of frames - the uniform normalized tight frames - which
we seek to identify and study.

Another recent important application of uniform normalized tight frames is in
multiple-antenna code design [17]. Much theoretical work has been done to show
that communication systems which employ multiple antennas can have very high
channel capacities [13, 21]. These methods rely on the assumption that the receiver
knows the complex-valued Rayleigh fading coefficients. To remove this assumption,
in [19] new classes of unitary space-time signals are proposed. If we have N trans-
mitting antennas and we transmit in blocks of M time samples (over which the
fading coefficients are approximately constant), then a constellation of K unitary
space-time signals is a (weighted by /M) collection of M x N complex matrices
{®} for which ®;®; = I. The nth column of any ®; contains the signal trans-
mitted on antenna n as a function of time. The only structure required in general
is the time-orthogonality of the signals.

Originally it was believed that designing such constellations was a too cumber-
some and difficult optimization problem for practice. However, in [19], it was shown
that constellations arising in a “systematic” fashion can be done with relatively
little effort. Systematic here means that we need to design high-rate space-time
constellations with low encoding and decoding complexity. It is known that full
transmitter diversity (that is, where the constellation is a set of unitary matrices
whose differences have nonzero determinant) is a desirable property for good per-
formance. In a tour-de-force, in [17], the authors used fixed-point-free groups and
their representations to design high-rate constellations with full diversity. More-
over, they classified all full-diversity constellations that form a group, for all rates
and numbers of transmitting antennas.

For these applications, and a host of other applications in signal processing, it has
become important that we understand the class of uniform normalized tight frames.
In this paper, we make the first systematic study of such frames. In Section 2 we
review basic notions on frames. In particular, we state the Naimark’s Theorem
[1] which has been rediscovered several times in recent years [16, 12] although it
has been used for several decades in operator theory. We give examples of uniform
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normalized tight frames such as harmonic and Gabor frames. For harmonic frames,
we define a more general class — general harmonic frames (GHF) — and study when
harmonic frames are equivalent to each other and general harmonic frames. In
Proposition 2.4, we give a simple equivalence condition on general harmonic frames
which states that the inner product between any two frame vectors ¢; and ¢; in a
GHF is equal to the inner product between ;41 and ;1. Section 3 concentrates
on uniform tight frames (UTF). We start with a review in Section 3.1 and proceed
with several ways of classifying UTFs including providing a correspondence between
subspaces of the original space and the UTFs, obtaining UTFs as alternate dual
frames for a given frame as well as finding UTF's through frames equivalent to them.
In Section 4, we shift our attention to UTFs with group structure. We show that
the UNTFs generated by the family {U*po}2"! (where U is unitary and ¢, €
H) are precisely the GHFs. We then extend our discussion to UNTFs generated
by {U*VJipy} and higher numbers of generators. Finally, Section 5 introduces
erasures modeled as losses of transform coefficients (f,;), where f is the signal
to be transmitted and {¢;}ics is a set of frames vectors corresponding to erased
transform coefficients. We give a complete classification of frames with respect
to their robustness to erasures. We study when we can obtain frames robust to
a certain number of erasures as a projection from another frame with a different
number of erasures.

2. FRAME REVIEW
A set of vectors ® = {p;};cr in a Hilbert space Hj is called a frame if

0 < Allzl® < Y Kz,odl* < Bllzl® < 400, @ #0, (1)
iel

where I is the index set and the constants A, B are called frame bounds. Although
many of our results hold in more general settings, in this paper, we concentrate
mostly on the N-dimensional real or complex Hilbert spaces RN and CV (which
we denote Hy ) with the usual Euclidean inner product. When results generalize
to the infinite-dimensional setting, we will point it out.

When A = B the frame is tight (TF). If A = B =1, the frame is normalized tight
(NTF). A frame is uniform (UF) if all its elements have the same norm ¢,! ||¢;]| = c.
For a uniform tight frame (UTF), the frame bound A gives the redundancy ratio.
A UNTF of norm-1 vectors is an orthonormal basis (ONB).

The analysis frame operator’ F maps the Hilbert space H into f2(I)

(Fz)i = (pi,x), (2)

LOften, uniform is used to mean c = 1; here, however, we use the more general definition.
2F is sometimes called just frame operator. Here, we use analysis frame operator for F, synthesis
frame operator for F* and frame operator for F*F'.
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for i € I. When H = Hy, the analysis frame operator is an M x N matrix whose
rows are the transposed frame vectors j:

Yi1 - PIN
F = DR I (3)

* *
Pmr -+ PMN

We say that two frames {y;}icr and {¢;}icr for H are equivalent if there is an
invertible operator L on H for which Lp; = ; for all ¢ € I, and they are unitarily
equivalent if L can be chosen to be a unitary operator. A direct calculation shows
that {S~'/2;} is a normalized tight frame for any frame {¢;}. Thus, every frame
is equivalent to a normalized tight frame. If {(;};cs is a frame with frame bounds
A, B, and if P is an orthogonal projection on H, then by (1) we have that {Py;}icr
is a frame for PH with frame bounds A and B. In particular, if {p;}icr is a
normalized tight frame for H (for example, if it is an orthonormal basis for H),
then {Py;}icr is a normalized tight frame for PH.

The following theorem tells us that every normalized tight frame can be realized
as a projection of an orthonormal basis from a larger space. It serves as a converse
to the observation above that orthogonal projections of normalized tight frames
produce normalized tight frames for their span.

TueorEM 2.1 (Naimark [1], Han & Larson [16]). * A family {p;}icr in a Hilbert
space H is a normalized tight frame for H if and only if there is a larger Hilbert space
H C K and an orthonormal basis {e;}ics for K so that the orthogonal projection P
of K onto H satisfies: Pe; = p;, for alli € 1.

Let us now go through certain important frame notions. Using the analysis frame
operator F', (1) can be rewritten as

Al < F*F < BI (4)

We call S = F*F the frame operator. Tt follows that S is invertible (Lemma 3.2.2
in [10]), and furthermore

Bl < §71 < A7l (5)

It follows that {p;}icr is a normalized tight frame if and only if F' is an isometry.
Also, S is a positive self-adjoint invertible operator on H and S = AI if and only
if the frame is tight. In finite dimensions, the canonical dual frame of ® is a frame
defined as ® = {@;} M, = {S~1p;}M,, where

i = STy, (6)

3This theorem has been rediscovered by several people in recent years: The first author first
heard it from I. Daubechies in the mid-90’s. Han and Larson rediscovered it in [16]; they came up
with the idea that a frame could be obtained by compressing a basis in a larger space and that
the process is reversible (the statement in this paper is due to Han and Larson). Finally, it was
pointed out to the first author by E. Soljanin [22] that this is, in fact, the Naimark’s theorem,
which has been widely known in operator theory and has been used in quantum theory.
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fork=1,...,M. Now,

f= Z(f,571¢i><pi, forall f € H.

icl

So the canonical dual frame can be used to reconstruct the elements of H from
the frame. However, there may be other sequences in H which give reconstruction.
This formula points out both the strengths and weaknesses of frames. First, we
see that every element f € H has at least one natural series representation in
terms of the frame elements. Also, this element may have infinitely many other
representations. However, in order to find this natural representation of f, we
need to invert the frame operator, which may be difficult or even impossible in
practice. The best frames then are clearly the tight frames since in this case the
frame operator becomes a multiple of the identity.

Noting that ¢f = ¢fS~! and stacking ¢, @5, ..., i, in a matrix, the frame
operator associated with ® is

F = FS™ % (7)

Since F*F = S, (5) shows that B~ and A~! are frame bounds for ®.
Another important concept is that of a pseudo-inverse F'. It is the analysis
frame operator associated with the dual frame,

F' = F~. (8)

Note that for any matrix F' with rows ¢

M
S = F'F =) i} 9)
=1

This identity will prove to be useful in many proofs.

2.1. The Role of Eigenvalues
The product S = F*F will appear everywhere and its eigenstructure will play an
important role. Denote by Ag’s the eigenvalues of S = F*F. We now summarize
the important eigenvalue properties.

General Frame. For any frame in Hy, the sum of the eigenvalues of S = F*F,
equals the sum of the lengths of the frame vectors:

N M
Y= el (10)
k=1 i=1

Uniform Frame. For a uniform frame, that is, when ||¢;|]| =¢,i=1,..., M,

N

M
S = Y llallP = Mo, (11)
i=1

k=1
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Tight Frame. Since tightness means A = B, for a TF, we have from (1)

M
Z f el = AllfIP, (12)

for all f € Hy. Moreover, according to (5), a frame is a TF if and only if
F'F = A-Iy. (13)

Thus, for a TF, all the eigenvalues of the frame operator S = F*F' are equal to A.
Then, using (10), the sum of the eigenvalues of S = F*F is as follows:

N M
NoA=S 2= ol (14)
k=1 i=1

Normalized Tight Frame. If a frame is an NTF, that is, A = B = 1, then

M
SUE el = lIFIP (15)
i=1
for all f € Hy. In operator notation, a frame is an NTF if and only if
S = F*F = Iy. (16)

For an NTF, all the eigenvalues of S = F*F are equal to 1.
Then, using (10), the sum of the eigenvalues of S = F*F is as follows:

N M
N =3 M=) llal’ (17)
k=1 i=1
Uniform Tight Frame. From (11) and (14), we see that
N M
N-A=> XN =) llell? = M- (18)
k=1 i=1
Then, from (12) and (18),
M
M
Z (F, el = FIAIP, (19)
i=1
for all f € Hy. The redundancy ratio is then
M
A = ﬁ '02. (20)

Since S = F*F = (M/N)I, the following is obvious:

M
M
> el = N (21)

i=1
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Uniform Normalized Tight Frame. If a frame is a UNTF, that is, we also ask
for A = B =1, and if the frame vectors have norm ¢, then

N M
N =YX =)l =M
k=1 i=1

Thus, a UNTF with norm ¢ = 1 is an orthonormal basis.

2.2. Examples of Uniform Normalized Tight Frames
We start with a simple example of a frame; 3 vectors in 2 dimension. The
particular frame we examine is termed Mercedes-Benz (MB) frame (for obvious
reasons, just draw the vectors). The UNTF version of it is given by the analysis
frame operator

0 1
F = \/2 —V3/2 —1/2 . (22)
3 Vv3/2  —1/2

This is obviously a UNTF since (2/3)F*F = I. We could make this frame just a
UTF with norm 1 (as in [25]) by having the analysis frame operator be simply F'.

We now review two general classes of uniform tight frames which are commonly
used. The (general) harmonic frames and the tight Gabor frames. More general
classes of uniform tight frames are the full-diversity constellations that form a group
given in [17].

2.3. Harmonic Frames
Harmonic tight frames (HTF) are obtained by keeping the first N coordinates of
an M x M discrete Fourier transform basis as in Naimark’s Theorem 2.1. They
have been proven to be useful in applications [19].
An HTF is given by:

Pr = (wf,wg---,wfv), (23)
for k =0,...,M — 1, where w; are distinct Mth roots of unity. This is a TF —
F*F = MI. A more general definition of the harmonic frame (general harmonic
frame) is as follows:

DEFINITION 2.1 Fix M > N, |e] = 1 and {b;}[, with [bi] = = Let {c;}]L,
be distinct Mth roots of ¢, and for 0 < k < M — 1, let

Yr = (c’fbl,cgb% e ,chbN).

Then {px}25! is a uniform normalized tight frame for Hy called a general har-
monic frame (GHF).

Note the difference between the HTFs and GHF's; the former ones are only tight,
while the latter ones are uniform, normalized and tight. We will now examine the
general harmonic frames in detail. Our goal is to determine when two such frames
are unitarily equivalent. We start by showing that the harmonic frames (not GHF's)
are unique up to a permutation of the orthonormal basis (that is, if and only if their
columns are permutations of each other).
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PROPOSITION 2.1.  Let {pp}it,' and {4y }il," be harmonic frames on Hy.
Then {py oLyt is equivalent to {4 }olyt if and only if there is a permutation o of
{1,2,...,N} so that or; = po(j), for all0 <k < M—1andall1 < j < N. Hence,
two harmonic frames are equivalent if and only if they are unitarily equivalent.

Proof (Proposition 2.1). Let {e;}}_; be the natural orthonormal basis for Hy
and

N
_ k k k _ k
P = (wlvw2"'va) = E :wje]"
Jj=1
and
N
k k _ k
Y = (’U17U25"'v'UN) - E:Ujejﬂ
Jj=1

where w;,v; are sets of distinct Mth roots of unity. If
{wjll <j <N} # {v;[1<j< N},

then, without loss of generality, we may assume that v; ¢ {w;|l < j < N}
Therefore,

M—-1 N M-1 N
Zﬁlf(pk = Z(Z(ﬁlw]')k> ej = 20-6]' = 0.
k=0 j=1 k=0 j=1
On the other hand,
M-1 M—-1
YoTe(l) = Y i = M
k=0 k=0

It follows that {py }rr,! is not equivalent to {14 }o—,'. The other direction is imme-

diate. M

We now show that every general harmonic frame is unitarily equivalent to a
simple variation of a harmonic frame.

PROPOSITION 2.2. FEvery geneml harmonic frame is unitam'ly equivalent to a
frame of the form {ckwk}k o » where |c| =1 and {1/Jk} is a harmonic frame.

Proof (Proposition 2.2). Let M > N, |¢| =1 and |bg| = 1/VM, forall 1 <k <
N. Let {cj}ﬁ-v:l be distinct Mth roots of ¢ and let the GHF be

Pr = (lebl,cébg, s 7C§VbN)7

forall0 < k< M—1. If ¢ = €, let d = /M. Then there exist distinct Mth
roots of unity wi,ws...,wy with ¢; = ew/ij = dw;. For all sets of complex

numbers {ay}+L," we have:

N M-1 M—

M—1 1 N
1Y awpel® = | Zakc’% P =2 D akdgl® =
k=0 j=1 k=0

j=1 k=0

[
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M—

N
1
Y we M = L Z axd* i,

j=1 k=0

,_;

where ¢, = (w{“,wé, .., wk). Thus, the GHF {p;}275" is unitarily equivalent to
\/—{Zbk}k o » with {¢k}M L'an HTF. =

Finally, we show that the frames given in Proposition 2.2 are not unitarily equiv-
alent to each other or to harmonic frames except in the trivial case.

PROPOSITION 2.3. Let {pp }20" and {4} 25" be harmonic frames and let || =
1. Then {ckcpk}kM:BI is equivalent to {1/11@}2/1161 if and only if ¢ is an Mth root of
unity and there is a permutation o of {1,2,...,N} so that pr; = Yre(;), for all
0<EkE<M-1landall1<j<N. In partzcular a general harmonic frame is
equivalent to a harmonic tight frame if and only if it equals a harmonic tight frame.

Proof (Proposition 2.3). Let ¢ = Y1, whe;, forall0 <k < M—1. Ifc = w; ",
for some j, we are done. Otherwise, since 224:51 Y = 0, if {cFpr} is equivalent to
{1bx} then also S0 " ¥ = 0. Hence, for all 1 < j < N we have

M-1 M-1
1— (cwj)M
koko_ ko j _
> duf = ) (ewp)t = 50— = 0.
k=0 k=0 J
Hence, (cw;)™ = ¢Mw} = ¢™ = 1. The proposition now follows from Proposi-

tion 2.1. MW

We now have immediately,

COROLLARY 2.1. Let {¢p}nryt and {r}oly" be harmonic frames and let |c| =
|d| = 1. The frames {cor}y" and {di} 2, are equivalent if and only if ¢ = d
and there is a permutation o of {1,2,...,N} so that prj = Ype(j), for all 0 <k <
M —1.

The next proposition gives a classification of GHFs.

PROPOSITION 2.4. A family {¢;}}2;" in Hy is a GHF if and only if for all
0<i,j <M-—1 we have

(i i) = (Pit1,Pj+1),

where ppr = o .-

Proof. Tf {p;}M 5! in Hy is a generalized harmonic frame then there is a unitary
operator U on Hy so that Ulpg = ¢;, for all 0 < ¢ < M — 1. Hence, for all
0<i,j <M-—1wehave

(Pir1, pjr1) = (U0, U o) = (Ulpo, Ulgo) = (i, 05)-
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Conversely, given our equality, for any sequence of scalars {ai}ij\ial,

M-1
I Z aipir1|]? = Z AiPi+1, Z @iPit1)
i=0
-1
= Y aid(pii1,pia1) = Z aiT; (i, ;)
t,j=0 i,j=0
-1 M-

= a;Pi, aipi) = || Z ai‘Pi”z-

i=0

is

=

1§
<)

i

It follows that Uy; = ;41 is a unitary operator and Ulpy = ¢;, forall 0 < i < M —
1. m

As we will see in the next section, UTFs with M = N + 1 are all unitarily
equivalent. Thus, as a direct consequence of Theorem 3.3, any UTF with M = N+1
is unitarily equivalent to the HTF with M = N + 1. This is a very useful result
since we have HTF's for any NV and M; thus, for M = N + 1, we always have an
expression for all UTFs. For example, this means that the MB frame we introduced
earlier is equivalent to the HTF with M = 3 and N = 2.

Another interesting property of an HTF is that it is the only UNTF such that
its elements are generated by a group of unitary operators with one generator, as
we will see in Section 4. That is, ® = {¢;}}, = {Ulpo},, where U is a unitary
operator.

Moreover, HTFs have a very convenient property when it comes to erasures. We
can erase any e < (M — N) elements from the original frame and what is left is still
a frame (Theorem 4.2 from [25]). We provide a complete classification of frames in
terms of their robustness to erasures in Section 5.

2.4. Gabor or Weyl-Heisenberg Frames
For the other general class of frames, we introduce two special operators on Ly (RR).
Fix 0 < a,b and for f € Ly(R) define translation by a as

Taf(t) = f(t - a):
and modulation by b as

Eyf(t) = e f(1).

Now, fix g € Ly(R). If {EpnpThag}mnez is a frame for Ly (R), we call it a Gabor
frame (or a Weyl-Heisenberg frame). It is clear that in this class the frames are
uniform. Also, since the frame operator S for a Gabor frame {EpT0nag}m, nez
must commute with translation and modulation, each Gabor frame is equivalent
to the (uniform) normalized tight Gabor frame {E;TnaS™"?g}mnez. For an
introduction to Gabor frames we refer the reader to [7] and [18].
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3. UNIFORM TIGHT FRAMES
3.1. What is Known about UTFs?

As we have mentioned in the introduction, UNTFs have become popular in appli-
cations. In particular, in [25], the authors attack the problem of robust transmission
over the Internet by using frames. Being redundant sets of vectors, they provide
robustness to losses, which are modeled as erasures of certain frame coefficients. It
is further shown in [25] that, assuming a particular quantization model, a uniform
frame with quantized coefficients, minimizes mean-squared error if and only if it is
tight. Moreover, the same is true when we consider one erasure and look at both
the average- and worst-case MSE.

As a result, our aim is to construct useful families of frames for such applications.
To that end, it is important to classify uniform normalized tight frames in order to
facilitate the search for useful families.

Our notion of usefulness includes any families which would be computationally
efficient; for example, those that can be obtained from one or more generating
vectors or those with a simple structure, for example, such that any of the frame
operators could be expressed as a product of sparse matrices.

Finally, we are interested in the robustness of our frames to coefficient (frame
vector) erasures. These and other issues will be explored in the rest of the paper.

3.1.1. Construction of UTFs

There is a general well known method for getting finite UNTFs. We state this
result here in its standard form and will give a new proof of the result in Section 5.
In Section 5 we will also extend this result to uniform frames.

THEOREM 3.1. There is a unique way to get UNTFs with M elements in Hy .
Take any orthonormal set {gzﬁk}fy:l in Hps which has the property

N
Z|¢’“|2 = ¢, foralli.
k=1

Thinking of the ¢ as row vectors, switch to the M column vectors and divide by
ve. This family is a uniform tight frame for Hyr with M elements, and all UNTFs
for Hy with M elements are obtained in this way.

COROLLARY 3.1. If {¢:} M, is a uniform normalized tight frame for Hy then

P =M

N

||<Pz'

There is a detailed discussion concerning the uniform normalized tight frames for
R? in [25]. In [17], there is a deep classification of groups of unitary operators which
generate uniform normalized tight frames. The simplest case of this is the harmonic
frames. In Section 4 we do not assume that we have a “group” of unitaries, but
instead conclude that our family of unitaries must be a group.

The picture becomes much more complicated if the uniform normalized tight
frame is generated by a group of unitaries with more than one generator (see [17])
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or worse, if the uniform tight frame comes from a subset of the elements of such a
group.

3.1.2.  Classification of UNTFs

Although we would like to classify all uniform tight frames, especially those which
can be obtained by reasonable algorithms, this is an impossible task in general. The
following theorem shows that every finite family of norm-1 vectors in a Hilbert space
can be extended to become a uniform tight frame.

TureoreM 3.2. If {¢:}M, is a family of norm-1 vectors in a Hilbert space H,
then there is a uniform tight frame for H which contains the family {¢o;}M,.

Proof (Theorem 3.2). For each 1 < i < M choose an orthonormal basis {e;;};cs
for H which contains the vector ¢;. Now the family {e;;}, ;c; is made up of
norm-1 vectors and for any f € H we have

M M
YD Kfed = DOIAP = MIfIP
i=1

i=1jeJ
|

In the above construction we get as a tight frame bound the number of elements
M in the family {cp,}l]\il In general, this is the best possible. For example, just let
;i = ¢; be norm-1 vectors for all 1 <¢,7 < M. Then

> el = M.

j=1

Hence, any tight frame containing the family {y;} has the tight frame bound at
least M.

There is another general class of uniform tight frames (see [25]). The result below
tells us that all UNTFs with M = N + 1 are unitarily equivalent. It is a direct
consequence of Theorem 2.6 from [25] where it is stated for UTFs with norm 1.

TurorEM 3.3 (Goyal, Kovacevié and Kelner [25]). A family {@;} 4" is a uni-
form normalized tight frame for Hy if and only if {cpz}f\fl'l is unitarily equivalent
to the frame {Pe;}N-1' where {e;}\+" is an orthonormal basis for Hyy, and P
is the orthogonal projection of Hiny1 onto the orthogonal complement of the one-

dimensional subspace of Hyy1 spanned by 211\21-1 €.

Since there are HTFs with N + 1-elements in Hy, it follows that every UNTF
for Hy with N + l-elements is unitarily equivalent to a HTF.

3.2. Normalized and Uniform Tight Frames and Subspaces of the
Hilbert Space
Here, we begin to classify NTFs and UNTFs by providing a correspondence with
subspaces of the original Hilbert space. We give two results, one for NTFs and
another for UNTFs with the correspondence being one-to-one. The material in this
section grew out of conversations between the first author and V. Paulsen.
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As we saw in Theorem 2.1, there is a unique way to get normalized tight frames
in Hy with M elements. Namely, we take an orthonormal basis {e;}}, for Hy,
and take the orthogonal projection Py, of Hys onto Hy. Then {Py,e;}M, is a
normalized tight frame for Hy with M elements. In particular, there is a natural
one-to-one correspondence between the normalized tight frames for Hy with M
elements and the orthonormal bases for Hy;. Then, the uniform normalized tight
frames for Hy are the ones for which ||Pe;|| = ||Pej||, for all 1 < i,j < M. We
use this to exhibit a natural correspondence between these families and certain
subspaces of H,,;. Here we treat two frames as the same if they are unitarily
equivalent.

THEOREM 3.4. Let P be a rank-N orthogonal projection on Hyr and let {e;}},
be an orthonormal basis for Hy;. There is a natural one-to-one correspondence
between the normalized tight frames for PHy;s with M elements and the family of
all N-dimensional subspaces of Hyy .

Proof (Theorem 3.4). If {p;}}, is any normalized tight frame for PH,, then by
Naimark’s Theorem, there is an orthonormal basis {e;}, for Hy; so that Pe; = ;.
Define a unitary operator U on Hy; by Ue; = e;. Now, ¢; = PUe; which is uni-
tarily equivalent to ap; = U*PUe;. So we will associate our normalized tight frame
{@i} with the subspace U*PUH,,. Now we need to check that this correspon-
dence is one-to-one. Let {t¢;} be another normalized tight frame for PHy, which
is associated with the same subspace of Hy;, namely U* PUH),. Then there is an
orthonormal basis {e; } and a unitary operator Ve; = e; with V*PV = U*PU
and PVe; = e;’. Hence, V*PVe; = V*; = U*PUe; = U*p;. This implies that
the normalized tight frames {¢;} and {t;} are unitarily equivalent (and hence the
same). Finally, we need to see that this correspondence covers all subspaces. If
W is any subspace of Hjys of dimension N, we can define a unitary operator U
on Hy so that UW = PHy,. Then U*PU = Py while {PUe;}M, is a nor-

malized tight frame for PHjs (which under our association corresponds to W). ®

One of the consequences of the above result is that if we have one normalized
tight frame for Hjy, then all the others can be obtained from it by this process. We
now turn our attention to uniform frames:

THEOREM 3.5. Fiz an orthonormal basis {e;}}, for Has so that if P is the
orthogonal projection of Hyr onto Hy then {Pe;}M, is a uniform normalized tight
frame for Hy. Then there is a natural one-to-one correspondence between the
uniform normalized tight frames for Hy with M elements and the subspaces W of
Has for which ||Pwe;||? = M/N, for all 1 <i < M.

Proof (Theorem 3.5). We already have our classification of the normalized tight
frames in terms of all subspaces. Now we need to see which of these subspaces
correspond to the uniform normalized tight frames. Suppose U is any unitary
operator on H so that {PUe;} is a uniform normalized tight frame for PHjys. Then
this frame is associated to the subspace W = U*PH),; and Py = U*PU. Hence,
PUe; = UPwe;, for all i. But, {PUe;} is a uniform normalized tight frame for
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PHys and so ||[PUe;|| = N/M, for all i. Hence,
N
|PUe;|| = U IUPwe;|l = [[Pwel|.

So our association between normalized tight frames and subspaces given in The-

orem 3.4 identifies the subspaces W of Hys for which ||Pwe;|| = N/M, for alli. ®

3.3. Uniform Dual Frames
Another method for classifying UTFs uses a back door: get UTFs as alternate
dual frames for a given frame. To do this, we need the definition of alternate dual
frames:

DEFINITION 3.1. Let {¢;}icr be a frame for a Hilbert space H. A family {¢; }ics
is called an alternate dual frame for {p;}icr if

f= Z(fa¢i>¢i, for all f € H.

icl

In Definition 3.1, if we let F; (respectively, F») be the analysis frame operators
for {p;} (respectively {¢;}), then we see that FyF} = I.

There are many alternate dual frames for a given frame. In fact, a frame has a
unique alternate dual frame (the canonical dual frame) if and only if it is a Riesz
basis [16]. Moreover, no two distinct alternate dual frames for a given frame are
equivalent [16]. For a normalized tight frame, its canonical dual frame is the frame
itself since F = FS~' = F . I = F. Moreover,

ProOPOSITION 3.1. If {y;}icr is a normalized tight frame for Hy , then the only
normalized tight alternate dual frame for {p;}icr is {pi}icr itself.

Proof (Proposition 3.1). Let F; be the analysis frame operator for {p;};cr.
Let {1;}icr be any normalized tight alternate dual frame for {p;};cr with analysis
frame operator F5. It follows that Fi, F» are isometries. Now,

Fj(Fi-F) = F;F, —FjF, = I -1 = 0.
Hence, for every f,g € H we have
(Fyg,(F1 — F2)f) = (g9, F5(F1 — F»)f) = (g,0) = 0.
Since {p;}ier is an NTF, for every f € H we have

M
AP = D Kfeal” = IFFIP (24)
i=1

We can further expand this as

[ravilk

|(Fy £ B) f|I?
| fI1? + [[(Fy = B2) fII” + (F5 (FL — Ba) f, f) + (F5 (FL — F2) f, f)* .

~ v ~

~~

0 0



UNIFORM TIGHT FRAMES WITH ERASURES 15

However, since F3 corresponds to an NTF as well,
IEFIP + I(Fr = B)fIP = (IfIP + I(Fr — E2) £ (25)
Equating (24) and (25), we get

I(Fy = Ex)fII” = 0.

Hence, Fiy = F; and so ¢; = ¢;, forallieI. W
If we ask for the dual frame just to be tight, but not normalized, then:

PROPOSITION 3.2. If {p;} M, is a normalized tight frame for Hy and M < 2N,
then the only tight dual frame for {p;}M | is {p:i}M, itself. If M > 2N then there
are infinitely many (nonequivalent) tight alternate dual frames for {p;}M,.

Proof (Proposition 3.2). With the notation of the proof of Proposition 3.1, the
only change is that, since the dual frame is only tight and not normalized tight,
there is a frame bound A > 0 so that

IF2)> = A|f|I?, forall feH
Hence, as in the proof of Proposition 3.1 we have
LA = IEfIP = IEBAP+IE = E)FII = AlfIP +[1(F - .

Hence, ||(Fy — Fy) f||*> = (1 — A)||f]]? for all f € H. Hence, either F; — F» = 0 and
A =1 which gives us the NTF as in the previous proposition, (and so ¢; = ¢; for
all 1 <i< M)or (1/v/1— A)(F, — Fy) is an isometry on Hy . In the latter case it
follows that dim (FiHy)* > N, and so M > 2N. Thus, if M < 2N, the only tight
dual frame is the frame itself.

On the other hand, if M > 2N given any F : Hy — £} which is a constant times
an isometry, and with F1Hy L FHpy, F} + F defines a tight frame which is an alter-

nate dual frame for {¢;}. H
However, since it is really the uniform case we are interested in,

PROPOSITION 3.3. If {pi}M, is a uniform normalized tight frame for Hy and
M = 2N, then there are infinitely many uniform tight alternate dual frames for

{oi}ih.

Proof (Proposition 3.3). Again we use the notation of the proof of Proposi-
tion 3.1. Choose any F, : Hy — ¢} which is a constant multiple of an isometry
and with FoHy = (FiHy)*. Then Fy + F, defines a tight alternate dual frame
for {p;}M,, say 1; = (Fy + Fy)e;, for all 1 < i < M. We just need to check
that this frame is uniform. Let P : ¢} — F,Hy be the orthogonal projection,
so that Pe; = Fiyp;, for all 1 < i < M. Tt follows that ||Pe;||> = N/M and

|(I = Pe;||> =1— N/M, for all 1 < i < M. Now,

1/1i:Ff‘ei+F2*ei:gai—f-FQ*(I—P)ei.
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Also, there is an a > 0 so that for every 1 < i < M we have

. N
[oall* = 1all” + 15 (1 = Pleall” = 37 +all(T = Pes?

N N N

Hence, {1;}M, is a uniform tight frame. ™

It can be shown that the results of this section actually classify when NTFs or
UNTFs have tight (respectively uniform tight) alternate dual frames, that is, all
tight alternate dual frames for {¢;} are obtained by the methods of this section. We
do not know in general which frames (not tight) have tight (respectively uniform
tight) alternate dual frames.

3.4. Frames Equivalent to UTFs

Another approach to the classification of UTFs looks into families of frames
obtained from a UTF by equivalence relations. For example, we know that every
frame is equivalent to a normalized tight frame. That is, given any frame {p;}icr
with the frame operator S, the frame {S~'/2p;};cr is a normalized tight frame
which is equivalent to {¢;}icr. Therefore, it is natural to try to find ways to turn
frames into uniform normalized tight frames. As it turns out, this is not possible
in most cases:

THEOREM 3.6. If a frame {p;}icr with the frame operator S is equivalent to
a UTF, then {S—'/%¢;}icr is a UNTF. In particular, a tight frame which is not
uniform cannot be equivalent to any UNTF.

Proof (Theorem 3.6). Tt is known that {S~'/%¢.} is a normalized tight frame
which is equivalent to {pr}. So if {¢r} is equivalent to a uniform tight frame, say
{¢}, and ||yx|| = ¢, for all k, then {S—/2¢;} is equivalent to {t;}. That is, there
is an invertible operator T on H so that T'S~/2¢;, = .

Now we show that T'//v/A is a unitary operator. Let A be the tight frame constant
of {T'S=/2¢;}. Then for all f € H, the tightness of {T'S~'/2¢;} implies

AP = DOKATS™Poi)P = Y UTf,57 ). (26)
k k

However, since {S~1/2¢;} is an NTF, then this leads us to

Y KT f, ST )P = T FIP. (27)
k

Equating (26) and (27), we get that
AlIFIP = T 11,
that is, 7'/v/A is unitary. Hence, the frame

Sil/zipk - Tﬁli/’k:
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is a UNTF since

T o] = forall k=1,...,M.

1 1
ﬁlllﬁkll = 73°

4. UNIFORM TIGHT FRAMES WITH GROUP STRUCTURE

In this section, we examine frames which are generated by a group of unitary
operators applied to a fixed vector in the Hilbert space. These classes are espe-
cially important in applications. The traditional use of one of these classes is in the
Gabor frames used in signal/image processing. These are groups with two genera-
tors. There is also a class of wavelet frames which has two generators [9]. Recently,
several new applications have arisen. In [25], the authors proposed using the redun-
dancy of frames to mitigate the losses in packet-based communication systems such
as the Internet. In [17], frames are used for multiple antenna coding/decoding (see
the discussion Section 4.3 for further explanation). In [22, 12], connections between
quantum mechanics and tight frames are established. Although each of these ap-
plications requires a different class of UNTF's, they all have one important common
constraint. Namely, calculations for the frame must be easily implementable on
the computer. Since UNTFs generated by a group of unitary operators satisfy this
constraint, this class is one of the most important to understand.

In this section we will show that the UNTF's generated by the family {U* ¢} 27!
(where U is unitary and oo € H) are precisely the GHFs. We then extend our
discussion to UNTFs generated by {U*V7p} and higher numbers of generators.
In the discussion Section 4.3 we will relate the results of this section to the literature.

4.1. UTFs with a Single Generator

Here, we give a complete classification of UNTFs of the form {U*¢g}2 0! where
U is a unitary operator on Hy. We will, in fact, find that in this case {U* kM:T)l
must be a group. Moreover, we will see the the GHF's will be that special class.

Since the proofs of the following results are long, the reader can find them in the
Appendix. Our first result classifies GHF's as those frames generated by powers of

a special class of unitary operators applied to a fixed vector in H.

PROPOSITION 4.1. {cpk}kM:f)l is a general harmonic frame for Hy if and only if

there is a vector po € Hy with |pol[> = £, an orthonormal basis {e;}}, for Hy
and a unitary operator U on Hy with Ue; = c;e;, with {ci}ﬁl distinct M th roots

of some |c| =1 so that ), = Ureq, for all 0 <k < M — 1.

Proof. See Appendix A.1. ®

We now show that the only UNTFs with group structure and a single generator
are GHF's. This result is an excellent result and a disappointment at the same time.
On the one hand, the fact that GHFs are the only ones with such a group structure
proves once more why they are so universally used. It also spares us the trouble
of looking for other such UNTFs. On the other hand, we cannot find any other
useful families via this route as we were hoping for. Another important property of



18 CASAZZA AND KOVACEVIC

GHFs (Theorem 4.2 from [25]) is that GHF's are robust to the maximum number
of possible erasures, that is, a GHF with M elements in Hy is robust to e erasures
for any e < (M — N).

Our next theorem completes the classification of GHFs as being those UNTFs of
the form {U k(po} ! where U is a unitary operator on H. As a consequence, we
discover that, in thls case, {U’c Pl 0 is a group.

THEOREM 4.1. Let U be a unitary operator on Hy, po € Hyx and assume
{UR@o MY is a UNTF for Hy . Then UM = cI for some |¢| = 1 and {U*po} M5!
is a general harmonic frame. That is, the GHF's are the only UNTFs generated by
a group of unitary operators with a single generator.

Proof. See Appendix A.2. H

4.2. UTFs with Two or More Generators

Having completely characterized UTFs which come from a group of unitary oper-
ators with one generator, we now turn our attention to those with more than one.
The fundamental examples of frames with two generators are the Gabor frames
{EmpTmag}mnez (or, in our case, the finite discrete Gabor frames). Each of these
frames is equivalent to the UNTF Gabor frame {EppT0aS™ " g}m nez where S is
the frame operator for {EypTmaeg}m,nez-

We will classify the UNTFs of the form {U*V7 goo}f:‘ofj’fo—l where {Vigpo} 5" is
a UNTF for its span. In the process of proving these results, we introduce a general
method for using special families of finite-rank projections to produce frames for
a space. If we associate a frame {p;}}, with the family of rank-1 orthogonal
projections P; taking H onto span ¢;, then we can view the results of this section
as a generalization of the very notation of a frame to the case where the P; have
arbitrary rank.

Our first result states that given a GHF generated by a unitary operator V', a
unitary operator U and an integer M, we can always find a corresponding UNTF
generated by U, V.

PROPOSITION 4.2. Let V be a unitary operator on Hy, let m € N and ¢y € H
s0 that {Vig ;161 is @ UNTF for Hy . Then for every unitary operator U on Hy
and every M € N, there is a vector ¢y € Hy such that {Uijgag}i\iBlj’;nO*l is a

uniform, normalized tight frame for Hy .

Proof (Proposition 4.2). Let po = ¢o/vV M. Now, for every f € Hy we have

g
5
<

m—

M—-1m—
[(f,UFVIpo)|> = Uk £,V ZZ L VIgo)].
k=0 j=0

k j=0

B
I

0 i

~
i
o
I
<

S,

Since {V/ ¢0}7n_01 is a UNTF, the previous sum equals

1 M-1 1 M—-1
S TP = 5 SR = NI
k=0 k=0
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It is easily seen that an invertible operator on H maps a frame for H to another
frame for H. We next observe that there is a natural relationship between the frame
operators of these equivalent frames.

PROPOSITION 4.3. If {¢w} is a frame for H with the frame operator S, and T is
an invertible operator on H, then T'ST* is the frame operator for the frame {T'¢y}.
In particular, if {or} is a UNTF then every frame unitarily equivalent to {pr} is
also a UNTF.

Proof (Proposition 4.3). Let L be the frame operator for {T'¢}. For any f € H
we have:

k k

Lf =) (f,Toe)Ter = T(Z(T*f,sokxok) = T[S(T")f].

As a consequence of Proposition 4.3, we can apply a unitary operator to any
UNTF and get a new UNTF. If this unitary operator is part of the generating
set for our UNTF, then our new UNTF has a special form as given in the next
proposition.

PROPOSITION 4.4. If U is unitary and {U*VIipy} is a UNTF for Hy, then for
every M € 7 and for every f € Hy we have,

fo=> (fUMVIQ) UMMV i,
k.j

that is, {UKMVipgty i is a UNTF as well.

Proof (Proposition 4.4). Since UM is unitary and {U*V7pg}y ; is a UNTF for
Hy, it follows that {UMU*V g}y ; is also a UNTF for Hy. M

To explain where we are going from here, let us revisit the notion of a UNTF
and look at it from a slightly different point of view. Suppose {p;}icr is a UNTF
for a (finite or infinite-dimensional) Hilbert space H with ||¢;|| = ¢, for all i € I.
For each ¢ € I, let P; be the orthogonal projection of H onto the one-dimensional
subspace of H spanned by ;. Then, for all f € H

Y BAIP = DI el

el i€l
= D L eallledl® = &Y K feal® = ENFIP.
i€l i€l

Conversely, let {P;};c; be rank-1 orthogonal projections on H satisfying

SCIPAI? = allfll?, forall feH.

i€l
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Then {;}icr is a UNTF for H where ¢; € P;H and ||¢;||> = 1/a. That is, if f € H
then

YKol =Y KBt e P Y IPFIP il

el iel iel

1 1
==Y IIBAIP = —allfI* = I£].
a 4 a
iel
It follows that the condition on {y;} which guarantees that we have a UNTF is
really a condition on the rank-1 orthogonal projections of H onto the span of ;.
It is this which we now generalize to find our next general class of UNTFs. Since
this material is also new for general frames, we start here.

PROPOSITION 4.5. Let {P;}ic; be a family of projections (of any rank) on a
(finite or infinite-dimensional) Hilbert space H and assume there are constants 0 <
A, B satisfying,

AP < YNIPAP < BIfIP, for all f € H.

icl

Let {gaij};.w:"l be a frame for P;H with frame bounds A;, B;, for all i € I. Then

{goij};-v[:iuel has frame bounds,

A inficrA;, B sup;crB;.

Proof. For any f € H we have

Ml' Mi
S Kb e = DY i)l
j=1,iel iel j=1
M;
= > > URL )’ < Y BllPSIP
icl i=1 el
< B; Pfl? < B B; 2
< supierBi Y_IPAIP < B (supierBo) 111
el

The lower frame bound is computed similarly. H

The cases of interest to us are the next two corollaries: the first for NTFs and
the second for UNTFs.

COROLLARY 4.1. Let {P;}icr be a family of projections on a Hilbert space H
satisfying:

SIPAI? = a’|IfI°, for all f € H.
el

Then a > 1, and if {gaij};.w:"l is an NTF for P;H, for all i € I, then {%‘Pij};'wzﬁ,ie[
is an NTF for H.
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In the next corollary we assume that the projections P; all have the same rank
and the frames for P;H all have the same number of elements. This assumption
is necessary to guarantee that our frame is uniform. That is, as we observed in
Section 2.1, if dim P;H = N and {; ;}jes is a UNTF for P;H then

N
.. 2 = —.

COROLLARY 4.2. Let {P;};cr be a sequence of projections (all with the same
rank) on a Hilbert space H satisfying:

Y_IPSIP = @llf|°, for all f € H.

iel
Then a > 1, and if {@;j}jes is a UNTF for P;H, for all i € I, then {%(pij}je]yie[
is a UNTF for H.

We are now ready to consider UNTFs with two generators.

THEOREM 4.2. Let U be a unitary operator on H, and let {Vj¢g}j]vi61 be a UTF
(with tight frame bound 1/a) for its closed linear span in H. Let Py be the orthogonal
projection of H onto this span. Assume that {UiVjcpo}z»L:B{]’.A:/[071 is a UNTF for H.
If P; is the orthogonal projection of H onto the span of U'PyH, for all1 <i < L—1,
then

L—1
SR = allfI’, for all f € H.
=0

Proof. Note that for all 1 < i < K — 1 we have P; = U'PyU~%. Now, for all
f € H we compute,

L-1 L-1
STIP? = Z U P U— £
=0 I3
) L-1 M-1 ) )
= ZHPO TP =Y a Y U Vi)
i=0 i=0  j=0
K—-1M-1
=a (FUVIig)? = allfl*.
i=0 j=0

| ]
The next theorem is the converse of the above.

THEOREM 4.3. Let {P,']»Z.L:_O1 be a family of orthogonal projections on H satisfying

L—-1
SRS = a®|IfII®, for all f € H.
=0

Assume that U is a unitary operator on H so that U'PyH = PH. Let ¢g € PyH
and let V' be a unitary operator on PoH such that {ngag}jj\igl is a UNTF for PyH.

Then {1UVigo} (M5! is a UNTF for HL.



22 CASAZZA AND KOVACEVIC

Proof. For all f € H we have,

L—-1M-1 1. 1 L—-1M-1 ] )
Do KE-UVIg)P = 3 > ULV go)l® =
=0 j= i=0 j=0

| L , Lo , Lo
o Z 1PUfI1? = o Z U PU fII? = o Z 1P P =[£I
i=0 i=0

=0

4.3. Discussion
Some remarks are in order:

1. The assumptions in Theorems 4.2 and 4.3 that {VJp }j]\/igl is a UNTF for its
span is sufficient for the conclusion of the theorems but not necessary. For exam-
ple, it is known to Gabor frame specialists that for ab < 1, there are Gabor frames
{EmpTnag}tm nez for which neither of {EppThag}mez n0r { EmpThnag tnez is a frame
for its closed linear span. The equivalent UNTF Gabor frame {EmbTMS’l/zg}m,neZ
fails the hypotheses of Theorems 4.2 and 4.3 but satisfies the conclusion.

2. The results of Section 4.2 generalize to three or more generators. For example,
for three generators, Theorem 4.3 becomes:

THEOREM 4.4. Let U,V be unitary operators with ‘{Uiijo}l»L:Bl’}fofl a UNTF for
its span. Let Py be the projection of the Hilbert space H onto this span. Let W be
a unitary operator on H so that

K,
S NWERWEAP = @||fII°, for all f € H.
k=0

=

Then {XWEU Vi bl VA0t is a UNTF for H.

3. It would be very interesting to classify when a finite group of unitaries G
generates a UNTF for H of the form {Ugp}yeg. Since finite Abelian groups are
isomorphic to a direct product of cyclic groups, the results of this section give
sufficient conditions for {Upp}uea to generate a UNTF for H. Frames generated
by Abelian groups of unitaries were studied in [4] where they are called geometrically
uniform frames (GU frames). It is shown there that the canonical dual frame of
a GU frame is also a GU frame and that the equivalent NTF frame is also GU.
Since GU frames have strong symmetry properties, they are particularly useful
in applications. In [4], it is further shown that the frame bounds resulting from
removing a single vector of a GU frame are the same regardless of the particular
vector removed. This result for HTFs was observed in [25].

4. Frames generated by possibly noncommutative groups of unitaries are impor-
tant in multiple antenna coding and decoding [17]. Here, one needs classes of
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unitary space-time signals (that is, frames generated by classes of unitary opera-
tors) called constellations. It is also desirable in this setting to have full transmitter
diversity, meaning that

det (I —U)#0, forall T#U € G.

Groups with this property are called fized-point free groups. In a tour-de-force,
the authors in [17] classify all full-diversity constellations that form a group, for
all rates and numbers of transmitting antennas. Along the way they correct some
errors in the classification theory of fixed point free groups.

5. CLASSIFICATION OF UNIFORM TIGHT FRAMES WITH
ERASURES

As mentioned in the introduction, one of the main applications that motivated us
to examine uniform tight frames is that of robust data transmission. This means
that at some point, the system experiences losses. These losses are modeled as
erasures of transmitted frame coefficients. Since at the receiver side, this looks like
the original frame was the one without vectors corresponding to erased coefficients,
we examine the structure of our frames after losses.

The first question is whether after erasures what we have is still a frame? For
the MB frame, if we erase any one element, the remaining two are enough for
reconstruction. However, if we erase any two, we have lost one subspace and recon-
struction is not possible. We can provide more robustness by adding more vectors.
For example, take a uniform tight frame in R?> made up of two orthonormal bases
(1,0),(0,1),(—1,0),(0,—1). This frame is robust to any one erasure; what is left
contains at least one of the two bases. However, if two elements are erased, the
situation is not that clear anymore. We could erase coefficients corresponding to
one of the bases and still have a basis able to reconstruct. If, on the other hand,
we lose coefficients corresponding to two collinear vectors, we are stuck; we have
lost one entire subspace and cannot reconstruct. We could, however, take another
UNTF with M = 4 vectors in R?> — the HTF with the analysis frame operator

1 0
V32 V32
0 1

V32 V32

This frame is also made up of two orthonormal bases. However, this frame is robust

(28)

to any two erasures. It is thus more robust than the MB frame; we pay for this
added benefit with more redundancy (more vectors). It is also more robust than
the previous frame with 4 vectors.

These simple examples demonstrate the types of questions we will be asking in
this section. One might think that starting with a tight frame might provide some
resilience to losses (as opposed to starting with a general frame). As we have seen
in our example, this is not the case. Thus, we are searching for frames robust to
a certain number of erasures. That is, frames which remain frames after erasures.
There are frames on Hy with M elements which are robust to M — N erasures,
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namely the HTFs (Theorem 4.2 from [25]). Such frames are the best. This is clearly
optimal since any more erasures would not leave enough elements to span Hy . In
this section, we will characterize frames based on their robustness to erasures.

5.1. UTFs and UNTFs Robust to One Erasure
In this section we will consider UNTFs which are robust to one erasure. This
contains the basic idea for the general case.
We start with the notion of a frame robust to k erasures, or a k-robust frame.

DEFINITION 5.1. A frame {p;}}, is said to be robust to k erasures if {p; }icre
is still a frame, for I any index set of k erasures, I C {1,2,... M} and |I| = k.

The following property tells us we do not destroy the robustness of the frame
by projection. This observation lead us to the idea that we could classify frames
by starting from a large space and “step down”using projections. For example, we
could start with a frame robust to one erasure and step down to frames (hopefully)
robust to two erasures, then once more to frames robust to three erasures and so
on. Although this will not be the case, the idea of stepping down lead us to the
results in this section.

Note that it is clear from the definition of a frame that if we apply an orthogonal
projection P on H to a frame we will get a frame for PH with the same frame
bounds.

PROPOSITION 5.1. Let {¢;}M, be a frame in Hy robust to k erasures and let P
be an orthogonal projection on Hy . Then {Pyp;}M | is a frame for PHy robust to
k erasures.

Proof. Let I be the index set of erasures, I C {1,2,... M} with |I| = k. Now,
{piticrc spans Hy and so {Pg;}icse is a frame for PHy with the same frame

bounds. W

The main ingredient for classifying frames robust to one erasure is contained in
the next proposition.

PROPOSITION 5.2. Let {¢;}M, be a set of vectors in Hy. The following are
equivalent:

1.{p:}M, is a frame robust to one erasure.
2.There are nonzero scalars a; # 0, for 1 < i < M so that

M
Z ajp; = 0.
i=1

Proof. (1) = (2): Choose I C {1,2,...M} maximal for which there are nonzero

a;’s, % € I and
g = Zai% = 0.
icl
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We claim that |I| = M. We proceed by contradiction. If I # {1,2,... M}, choose
m € I°. Since {p;}}1, is robust to one erasure, there are scalars {b;}, not all zero,
so that if ¢, is erased, it can be recovered from the rest as

om = Y bipi,
i#£=m
or
h = <Pm—zbi<Pi— Z bip; = 0.
iel m#iele
We have two cases:
Case I: Assume that b; =0 for all ¢ € I.

Then, h = ¢@m — 3, 2icr- biws = 0. In this case, g + h = 0 and has nonzero
coefficients on every ;, ¢ € I, plus a nonzero coefficient on ¢,, contradicting the
maximality of I.

Case II: At least one b; # 0 for some ¢ € I.

Since a; # 0 for all i € I, we can choose an € > 0 so that
€ #a;/b;, forall i€l

Now, g + eh = 0 and has nonzero coordinates on ;, for all i € I, as well as € for a
coordinate on ¢,,, again contradicting the maximality of 1.

(2) = (1): Assume a; #0, for all 1 <i < M and

Z aip; = 0.

i€l

Then for each m € I we have:

Pm = — Z ;_Z(pu

m#iel "

that is, any vector lost can be recovered using the rest and so {¢;}, is robust to the

erasure of ¢,,, for an arbitrary m€ I. H

Note that to construct a frame guaranteed not to be robust to one erasure, it is
enough to put one vector, say ¢ar, orthogonal to the span of the rest. Erasing that
vector destroys the frame property. Thus, we cannot find a nonzero coefficient aas
such that "M a;0; = 0.

For example, we know that the MB frame {¢;}?_; is robust to one erasure (The-
orem 4.1 from [25]). Hence, we can find a; = a2 = a3 = 1 such that 2?21 a;p; = 0.

The next results will characterize frames robust to one erasure. Since we men-
tioned the idea of stepping down, we will start from an orthonormal basis {e;}},
for Hs and project it using a projection operator P (or I — P). We thus look into
a few facts connecting P and (I — P).

1. If P is an orthogonal projection, then (I — P) is an orthogonal projection as
well.
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2. The subspaces P and (I — P) project onto are orthogonal. For any f € H,

(I=P)f,Pf) = (P"(I-P)f,f) = (P=P)f,f) =

3. {(I — P)e;}M, is uniform if and only if {Pe;}, is uniform. To see this we
compute, for all i, j

(I = P)ei, (I = P)e;) = ((I = P)ej, (I — P)ej)
(I = P")(I = Plej,ei) = (I =P*)(I—Pej,e;)
(I = P)ei,e;) = ((I = Pej, e;)
1—(Pej,e;) = 1—(Pej,ej)
(P*Pej,e;y = (P"Pej,e;)

(Pei, Pe;) = (Pej, Pe;).

Here we used the fact that P is an orthogonal projection and thus P = P? = P*P.
4. Both {Pe;}M, and {(I — P)e;}M, are NTFs.

By Theorem 2.1, all NTFs are of the form {Pe;}M,, where {e;}, is an or-
thonormal basis for H and P is an orthogonal projection on H. The UNTFs form
a subclass of these frames. In the rest of this paper we will identify this subclass.
So we will be working with frames of the form above. We will discover that the
subspace PH determines when the frame is a UNTF. From our earlier discussion, if
P is an orthogonal projection on H, we may work either with {Pe;} or {(I — P)e;}
to classify UNTFs. We will freely switch between these classes because each of
them has certain advantages for specific results. The class {Pe;} works well for
classifications when the dimension of PH is “large” relative to the dimension of H.
On the other hand, {(I — P)e;} is easier to work with when the dimension of PH is
“small” relative to the dimension of H. Also, as we will see, important information
about {Pe;} is often contained in (I — P)H (and vice-versa). So we will need to
bring both of these into our discussion.

Now we give the general classification for frames robust to one erasure.

COROLLARY 5.1. Let {e;}, be an orthonormal basis for Hy and let P be an
orthogonal projection on Hys. The following are equivalent:

1.{(I — P)e;}, is a frame robust to one erasure.
2.There are nonzero scalars a; # 0, for 1 < i < M so that

M
Zai(I— P)el = 0.
i=1
3.There is an f € span ;<\ Pe; so that

(f,ei) 0, forall 1<i< M.
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Proof. The equivalence of (1) and (2) comes from Proposition 5.2. Let us check
the equivalence of (2) and (3).
(2) = (3): Given (2), choose f to be

M
f = Z a;e;.
i=1

. M M
By our assumption, > ;" a;e; = ), a;Pe; and thus

M
f =) a;Pe; € PHy.
i=1
Moreover, (f,e;) =a; #0, for all 1 <14 < M.
(3) = (2): Choose f € PHjs asin (3) and call a; = (f,e;) #0, for all 1 <4 < M.
Now

M M M M
Zai(I—P)ei = Z<f76i>(I_P)ei = Z(faei>ei_Z<Pfaei>ei =0,

since f € PHy;, and thus Pf = f. ®

Corollary 5.1 classifies frames which are robust to one erasure. We now extend this
to a classification of UNTF's robust to one erasure.

COROLLARY 5.2. Let {e;}, be an orthonormal basis for Hys and let P be an
orthogonal projection on Hyr. The following are equivalent:

1.{(I — P)e;}M, is a frame robust to one erasure.

2.There is a g = Zf\il aze; with nonzero scalars a; # 0, for all 1 < i < M such
that Pf = (f,g}g, for oall f € Har, and ||g|| = 1.

Moreover, if P is rank-1, {(I — P)e;}™, is a uniform frame if and only if |a;| =
1/VM, for all1 <i < M.

Proof. (1) & (2) is immediate from Corollary 5.1.

For the moreover part, we know that {(I — P)e;}, is uniform if and only if
{Pe;}M | is uniform. Also, since P is rank-1, for all 1 < i < M and using the
expression expression Pf = (f, g)g in Part 2. with f = e; we have,

Pe; = a;g.

Hence, ||Pe;l| = ||Pejl| is true if and only if |a;| = |a; |, for all 1 < 4,5 < M.
That is, {Pe;}}, is uniform (and hence {(I — P)e;}}, is uniform) if and only
i as] = |a], for all 1< i,j < M. Finally, | Pes|| = [aillg]l = |as] = 1/VAT. m

5.2. UTFs Robust to More than One Erasure
We now try to apply the same ideas from the previous section to classify frames
robust to more than one erasure. The classification of UNTFs with k erasures in
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this section is useful if we have M vectors in an N-dimensional space and M — N is
“small”. In the next section we will give another classification of this family which
works best when M — N is “large”.

In what follows, I C {1,2,..., M} will denote the erasure index set.

PROPOSITION 5.3. Let {e;}}, be an orthonormal basis for Hy;. Let P be an or-
thogonal projection of Hys onto an L-dimensional subspace Hy,. Fiz I C {1,2,..., M}
with |I| = k < L and let K = span;c;ce;. If {gaj}]Lzl is any orthonormal basis for
Hy, and we have the following L x M matriz

L M
A= ((pjr€i))j21i=1
then

dim [ker (I — P)|g] = L — [row rank of the k columns of A indezed by I].

Proof. We have
ker (I —P)lxk = {feK({I —-P)f=0} = [ker (/ — P)|NnK

Now, apply row reduction (relative to {e;},) to {¢;}~, using the elements of the
columns in I. This gives a linearly independent set {g;}5_; U {g; }j:Lerl spanning
K with

L

s = row rank of ((¢j;€i>)jz1 il

gi € Kfors+1<j<Land

(span; <j<,9;) NK = 0.

Hence,
ker (I — P)NK = span,;;<19;-

Therefore,

dim (ker (I — P))NK=dim (ker (/ —P)[x =L—-(s+1)+1=L—s.
|

We are looking for the NTFs which are robust to k erasures. Proposition 5.3
actually yields a stronger result. Namely, it gives necessary and sufficient conditions
for {Pe;} to be robust to one particular choice of k erasures. We state this stronger
result in two different forms in the next two propositions.

PROPOSITION 5.4. With the notation of Proposition 5.3, the following are equiv-
alent:

1.{(I — P)e;}M, is robust to the erasure of the elements {(I — P)e;}icr-
2.We have rank (I — P)lxk = M — L.
3.We have dim [ker (I — P)|g] =L — k.
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Proof. (1) & (2): {(I — P)e;}2, is robust to the erasure of the elements
{(I — P)ei}ier if and only if (I — P)|k is full rank, which must be rank (I — P) =
M - L.

(2) & (3): By Proposition 5.3,

dim (ker (I — P)|g = L — [row rank of the k columns of A indexed by I] > L — k.

On the other hand, (I — P)|k is full rank if and only if (I — P)(I — P;) is full rank,
where P; is the orthogonal projection of Hys onto span;re;. Hence,

dim (ker (I — P)(I — F;)) < L.
But, e; € ker (I — P;), for all i € I. Hence,
dim (ker (I — P)(I — P;) =dim (ker (I — P)+k < L.

Therefore,

dim (ker (I — P) < L —k.
|

Proposition 5.4 gives precise information when a frame is robust to the erasure of
one particular choice of k elements in terms of the coefficients of {¢;} relative to
the unit vector basis of H,. The following corollary is a statement for a fixed choice
of erasures as well.

COROLLARY 5.3. With the notation of Proposition 5.3, the following are equiv-
alent:

1.{(I — P)e;}M, is robust to the erasure of the elements {(I — P)e;}icr-
2.The row rank of ({p;, ei>)yL:1,ieI =k.

Applying the above result to every choice of erasures results in Theorem 5.1 and
a classification of when our frame is robust to any k erasures. We are dealing here
with general frames. We will deal with uniform frames right afterwards.

THEOREM 5.1. With the notation of Proposition 5.3, the following are equivalent:

1.{(I — P)e;}M, is robust to k erasures.
2.For every I C {1,2,... M} with |I| = k, the row rank of A = ({¢j,ei)) i) ics
equals k.

Note the crucial role played by erased elements in the theorem, since in the
statement, the indices are from I.

Next we see what it takes for such frames to be uniform. Here, we call the “angle”
between two vectors the inner product when this is really the cosine of the angle.
Note that this result classifies when {(I — P)e;} is a UNTF without any reference
to erasures.

THEOREM 5.2. With the notation of Proposition 5.3, the following are equivalent:
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1.{Pe;}YM | is uniform (and hence {(I — P)e;}M, is uniform,).
2.For every 1 <1i < M we have,

- Slepedt = 4
(10,]7 7 M
j=1
That is, the columns of A = {(,0] _, all have the same square sums.

Moreover, the angle between (I — P)e; and (I — P)e; is given by the inner product
of the ith and jth columns of {p;}i_,.

Proof. (1) & (2): We know that {(I—P)e; }, is uniform if and only if { Pe;},
which, in turn, is uniform if and only if the dlagonal elements of the matrix for P
relative to {e;}, have constant modulus. We have,

L M L
Pe; = Z(eia¢n>9@n = Z (Z ez:¢n @n,€m>> Em.
n=1 m=1 =1
The diagonal element of Pe; is:
L L
Z(ei7@n><gpn’ei> = Z |<Q0naei>|2'
n=1 n=1

So {Pe;}M, is a uniform tight frame if and only if for all 1 < i,j < M we have

L

L
Z ¥n, € z Z|<<Pn76j>|2'

n=1

For the moreover part, we compute for 1 <i # j < M:

((I = P)ei, (I = Plej) = (e ej) = (Pei,ej) = (ei, Pej) + (Pei, Pej)

= (P@i,P€j> = (ei,Pe]-)

L M L L
,Z ej,cpn on) = (e, Z <Z<6j780n><90naem>> em) = Z<€j7<,0n><90n,6i>-

m=1 \n=1 n=1
The right-hand side of the above equality is precisely the inner product of the ith
and jth columns of {p;}f_,. ®
The following consequence of the above is surprising at first. It says that we can

almost never get (in the real case) frames robust to k erasures by stepping down
from frames robust to one erasure, then to frames robust to two erasures etc.

COROLLARY 5.4. In the real case, if M > 3, there do not exist rank-1 orthogonal
projections Py, Py with PP, = 0 so that {(I — Py)e;}, is uniform and {(I —
Po)(I — Py)e; } M, is uniform and robust to two erasures.
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Proof. Assume such Pp, P exist. Since {(I — P)e;}4, is uniform, by The-
orem 5.2, there is a vector ¢ = Ez]\i1 aie; € Hy with P f = (f,¢1)¢1, for all
f € Hy and |a;| = |aj], for all 1 < 4,5 < M. Now choose ¢y = Zf\il b;e; € Hys
so the Pof = (f,p2)p2, for all f € Hy,. Since Py, P> are rank-1, Py P, = 0 implies
P2P1 = 0. That iS, <(101,(p2> =0. Let P:P1+P2 Then (I—P2)(I—P1) =I—-P.
Since {(I — P)}, is uniform, by Theorem 5.2 we have

ai +b; = a?—kb?, for all a <i,j <M.

Hence, b7 = b3, for all 1 <i,j < M. Since [|¢1]| = [l@a|| = 1, it follows that

(3 (3

1
a? = b = i forall 1<4,j5 <M.

Since {(I — P)e;}M, is robust to two erasures, by Theorem 5.2
aib; —ajb; # 0, forall 1<4,7 <M. (29)

However, for all i,j we have a; = *a; = +b;. Hence, there is some ¢, j with
either a; = a; and b; = bj or a; = —a; and b; = —b;. In either case (29) fails. W

Corollary 5.4 is heavily dependent on having a real Hilbert space. In the complex
case, we will show in Corollary 5.6 that the GHFs have the property that we can step
down to the frame by successively applying rank-1 projections to the orthonormal
basis. Corollary 5.4 shows that in general we cannot step down one dimension at
a time to construct frames robust to k£ erasures. It would be interesting to extend
this to a classification of when we can step down from k; erasures to ks erasures
and so on. One reason is that this has implications for entangled states in quantum
detection theory [12, 22].

This raises the question of whether we can step down one dimension at a time
as in Corollary 5.4 if we only ask for each level to be uniform. The answer is no as
the next example shows.

EXAMPLE 5.1. Let {e;}}_, be an orthonormal basis for Hy and let

1 +1 +1
= —e —e —€
PY1 \/51 23 24,

and

1 1 -1

P2 = %62-{-5634-7

Then (p1,92) = 0, and if P is the orthogonal projection of Hy onto the span of

{p1, 2}, then by Theorem 5.2, {(I — P)e;}%_, is a uniform normalized tight frame.

However, there does not exist a rank-1 orthogonal projection P; of Hy into range
of P so that {(I — P1)e;}}_, is a uniform frame.

€4.
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Proof. By Theorem 5.2, in order for such a P, to exist, there must exist a vector
in PHy of the form S 7, bie; with |b;| = |b;|, for all 1 < i,j < 4. For any ay, as,

a; + as a; — as

a a
a1p1 + azps = 71561*-72562*- 5 es + 5 eq.

If (Ja1 + az2])/2 = (Ja1 — az])/2, then one of |a;], |az| equals 0 so |a;| # |az|. W

The next question is whether we can step down one dimension at a time as in
Corollary 5.4 if all we want is for our frame to be robust to j erasures at the jth
level but are willing to give up uniformity at each level. Surprisingly, the answer
here is yes.

PROPOSITION 5.5. Let P be an orthogonal projection of Hys onto an L-dimensional
subspace Hr,. Let {e;}M, be an orthonormal basis for Hys. If {(I — P)e;}M, is
robust to k erasures (k < L), then there are mutually orthogonal rank-1 projections
{P}L, taking Hys into Hy, so that {(I — P;)(I — Pj_1)--- (I — P1)e;}, is robust
to j erasures, for all 1 < j <k, and robust to k erasures for all k < j < L.

Proof. See Appendix A.3. H

5.3. UTFs Robust to More than One Erasure: An Alternative
Approach

In the previous sections we used the orthogonal projection P on Hy; to classify
when {(I — P)e;}}, is robust to k erasures and when it is uniform. However, if
the dimension of PH), is large (that is, close to the dimension of Hj, ) these results
become difficult to implement since they require knowledge about the orthonormal
bases for the large-dimensional space PHy,. In this case, {(I — P)e;}M, is a large
number of vectors in a small-dimensional space (I — P)Hys. So it is easier in this
case to work directly with (I — P)H and {(I — P)e;}. Or, equivalently, with PH
and {Pe;}, where dim PH is small.

PROPOSITION 5.6. Let {p;}N.| be an orthonormal sequence in Hyy, let {e;} M, be
an orthonormal basis for Hy; and let P be the orthogonal projection of Hys onto the
span of {p;}N.,. Then the normalized tight frame {Pe;}, is unitarily equivalent
to {gi}M, where for 1 < j < M we have

N
9 = > _(eiesei.
i=1
That is, {Pe;}M, is the frame obtained by turning the columns of {¢;}Y., into row

vectors in Hy .

Proof. For any 1 <i < M we have:

Pe; = Z(eivtpn)(pn-
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Since {¢n}L_, is an orthonormal sequence, the operator T'¢,, = ey, for 1 <n < L
is a unitary operator which takes Pe; to {g;}}L, where for 1 < j < M and we have

N

9 = Y (piej)ei

i=1
|
COROLLARY 5.5. Given the conditions in Proposition 5.6 we have:
1.{gj}jj\i1 is a uniform frame for Hy if and only if

al N
Z|<¢I,€j>|2 = i forall 1<j< M.

i=1
2.The following are equivalent:

(a) {g;}}L, is robust to the erasure of {g;}jer for some I C {1,2,...M}.
(b) We have that

N
(i, ej>)i:1,jejc

has row rank N.

Hence, {gj}j]vil is robust to any choice of k erasures, k < M — N, if and only if
every set of M — k columns of the matriz

A = ((pi, ej))iszij\:/ll

has row rank N.
Finally, the angle between g; and g; is given by the inner product of the ith and
jth columns of A.

It would be interesting and useful to classify the GHFs in the format of this
section. That is, precisely when is {(I — P)e;}}£, a GHF? One important property
of GHF's is contained in the following result which says they have the step-down
property of Section 5.1.

COROLLARY 5.6. Let P be an orthogonal projection of Hy; onto an L-dimensional
subspace Hy, and let {e;}}2;" be an orthonormal basis for Hys. If {(I — P)e;} Mot
is a GHF then there is an orthogonal sequence of rank-1 projections {P;}L_ | of Hy
into Hy, so that for all 1 < j < L and for all permutations o of {1,2,...,L} we
have that

j—1
{ H (I - Pa’(m))ei i]\ialv
m=0

is a GHF and hence is a UNTF which is robust to j erasures.

Proof. We will do the proof for HTFs since the GHF case requires only nota-
tional changes but obscures the basic ideas of the proof. By Proposition 5.6, there
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is a unique way to get HTFs. Namely, let {ei}i]\ial be the natural orthonormal basis
for Hias. Let {w;};* be distinct Mth roots of unity and consider the orthonormal
basis {p;} ;! for Hys given by:

M-1
= Je.
v = E w; e;.
=0

Without loss of generality, we may as well assume that H;, = span {¢;}L,.
Now, turning the row vectors of {ap,}f\i Zl into column vectors gives a HTF for
HM—L . Moreover, again by Proposition 5.6, this HTF is unitarily equivalent to
{(I - P)e;} 5" where I — P is the orthogonal projection onto (Hz ). Now, let P;
be the orthogonal rank-1 projection of Hy; onto span ¢; for 0 <i < L — 1. Fix a
permutation o of {1,2,...,L} and let I; = {¢(0),0(1),...,0(j —1)}. Then, again
by Proposition 5.6,

j—1
{I] U = Pomy)es} 5",
m=0

is unitarily equivalent to the HTF obtained by turning the row vectors of {(;}ig¢r;

into column vectors. M

It is possible that the property in Corollary 5.6 characterizes GHF's, but we do
not have a proof for this. We can show that the use of permutations is necessary
in Proposition 5.6. That is, there are UNTFs which have the step-down property
for erasures and for uniformness for one fixed ordering of the rank-1 projections P;
while failing to be equivalent to a GHF. This is the point of the next example.

EXAMPLE 5.2. In C*, let
4 4
‘Plzzez’, <P2=Zwi€i, p3 =e1tex—e3 — ey,
i=1 =1

where w; = 1, ws = —1, w3 = i and wq = —i. Let {P;}3_, be the rank-1 orthogonal
projections of C* onto the span of ¢;. Then it follows easily from our results that:

1. {(I — P1)e;}}_, is a UNTF which is robust to one erasure.

2. {(I — P,)(I — Py)e;}t_, is a UNTF which is robust to 2 erasures.

3. {I-P3)(I—Py)(I—Py)e;}t, is a UNTF which is robust to 3 erasures, but is
not a harmonic frame since {(I — P3)(I — Py)e;}%_, is a UNTF which is not robust
to 2 erasures.

ExampLE 5.3. If ¢; = (1,w;) in C? for 1 < i < M, where |w;| = 1 and the
{w;}M, are distinct, then {p;}, is a UNTF for C? if and only if Zz]\il w; = 0.
In this case, if P; is an orthogonal rank-1 projection onto the span ;, then {(I —
Pj)e;}M, is a UNTF which is robust to one erasure while {(I — P;)(I — Py)e;},
is a UNTF which is robust to 2 erasures for all 1 < j # k < M.
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Proof. This family is certainly uniform. The assumption Zf\il w; = 0 guaran-
tees that the vectors

(1,1,1,...1) and (wi,w2,...,war)

are orthogonal in H; (and conversely). Hence, {p;}}, is a UNTF for C? by Propo-
sition 5.6. MW

EXAMPLE 5.4. In general, the frames constructed in Example 5.3 are not equivalent
to harmonic frames even after a permutation.

Proof. The reason is that {¢; }jf‘igl is a GHF implies that

(i i) = (@jr1,pj42), forall 0<j <M -2,
(see Proposition 2.4). This would imply in Example 5.3 that
(Pjrpjr) = T+wjwjnr = 1+winWizz = (pjt1,9542)-
Hence, w;Wj31 = wj+1Wj42. Now, let wy = 1, woy = —1/2 + \/?WZ and wy =

-1/2 — y/3/4i. Then |w;| = 1 and 23:1 w; = 0. Hence, by Example 5.3,
{(1,w;)}3_, is a UNTF for C*. However, for any permutation o of {1,2,3}, we

do not have We () Wo (j+1) = Wo(j+1)Wa(j+2) forall 0 < j <2 (with wy =w;). N

It is not hard to see that in the case of R?, the condition in Corollary 5.6 is sufficient.

APPENDIX: PROOFS

A.1. PROOF OF PROPOSITION 4.1
First note that if {¢;}¥, are distinct Mth roots of ¢ with |¢| = 1, then

M—1 M—1 M-—1
Z k=0, Z |ck)? = M, Z(cicl)k = 0, (A.1)
k= k= k=0
il
and thus
M-1
(cic_l)k = Méd;_;. (A2)
k=0

We now check the necessity of our condition for a frame to be a general harmonic
frame. If {¢}} | is a general harmonic frame for Hy then by the definition:

N
— k k k _ k
pr = (cfbi, b, ibn) = Y chbie,
i=1
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where {e;}Y, is the natural unit vector orthonormal basis of Hy, |b;| = 1/vVM,
and {c;}¥, are distinct Mth roots of ¢ with |¢| = 1. Now let

n
0o = bie.
i=1

Define a unitary operator U on Hx by Ue; = c;e;. Then, for all 0 < k< M — 1 we
have U*e; = cFe;, and thus, Ukpy = ¢y, for all 0 < k < M — 1. So our frame has
the form given in the proposition.

The sufficiency of the condition is checked similarly. If we assume that {pp} is
of the form described in the proposition, then:

N
el = 10%goll = llpoll = /57

since U is a unitary operator. So {yy} is a uniform frame. To see that {p} is a
normalized tight frame, we let f = Zi\;l aie; € Hy and compute:

M—1 M-1 N
(£ U ) = D1 aickhi® =
k=0 k=0 i=1
M—-1 N M—1
= D D lacibil’ + 3 ambe Y (en)"
k=0 i=1 m#L k=0
N
= MY a;l|bil* +0 = MZIChI |—= |2 = |IfIP%,
i=1

where in the next to last equality we used the fact that the {¢;} is a family of
distinct Mth roots of ¢ (see (A.2)). Hence, {¢} is a UNTF. Thus, using (15) and
writing f = e;, we see that

M
lesI> =1 =Y Key, Urpo) = Z eJ,ZC bies) Z|Ckb * = Mlp; .
k=1 k=1

So |bj| = 1/VM, for all j,0 < j < N — 1. This further means that
o = (b1,b2,...,bN)
with |b;| = 1/v/M and since ¢, = Uk,

P = (c’fbl,cébg, e ,CﬂcvbN).

A.2. PROOF OF THEOREM 4.1

We prove the theorem in steps.

Step I: We first prove that there is a constant |c| = 1 so that UM = ¢I. This will
show that the operators {U’ Pl 0 , in fact, form a . Since the frame is an NTF, for
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every f € Hxy we have,

Hence,

S

k=0
M—1
= (f, U oo)U¥ g, since U* = UL,
k=0
M—1 M—2
=U ( (f, Uk1<P0>Uk1900> =U ( Z (f, Uk900>Uk<P0> - (A3)
k=0 k=—1
Since U is one-to-one,
M—2 M—1
f= > (£UR)U g = Y (f,U o) Urepp. (A4)
k=—1 k=0

From (A.3) and (A.4), it follows that,
(FUM o) UM 0o = (£,U 0)U ™" 0.
Applying U we have

(£, UM Yoo)UMpo = (£, U 0o)U%0 = (f,U""v0)0. (A.5)
Hence, there is a ¢ € C so that UM, = cpy. Replacing f by U~ f in (A.5) gives:

(UL, UM o) UMpy = (f, UMpo)UM g
= (f,cpo)epo = [l (f,po)po
= <U71f7U71§00>()00 = <f:<P0><P0-

So |c[? = 1. Also, for all 0 < k < M —1,
UMUkpy = UUMpy = Uhepy = cU* .

Since {U*po} spans Hy, that is, for any f € Hy f =Y ,.(f, Urpo)U¥ o, it follows
that UM = ¢I. This completes Step L.
Step II: We want to prove:

1. U is diagonalizable with respect to an orthonormal basis {e;}Y, with diag-
onal elements {c;}}¥, with ¢; an Mth root of c.

2. 0o = YN bie; and |b;| = /4, for all 1 <i < N.

These two steps give us frame elements as in Definition 2.1.
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Since U is unitary (and hence normal), and our space is finite dimensional, it follows
that U is diagonalizable with respect to an orthonormal basis {e;} Y, with diagonal
elements {c;}Y,. Writing ¢g as in (2), we have that

N
Uk(,O[) = Z cfbiei.
i=1

Since UM = ¢lI, it follows that each ¢; is an Mth root of c. Also, since the frame is
an NTF, for all 1 < j < N we have

M

M N N
1= Uep, Uroo)® = > Iej, > chbien)” = Y |chb;P = M[b,|>.
k=1 k=1 i=1 k=1
So |bj| = 1/v/M. This completes Step II.
Step III: We finally prove that the c; are distinct Mth roots of c. This will
complete the proof.

Fix 1 <m # ¢ < M. Since the columns of a normalized tight frame are orthogonal
vectors, that is, F*F = I, we have for columns m, /,

M1 L M-1
0 = Z bmc’fnbgc}? = bmb_gZ(cmc_g)k.
k=0 k=0
Hence,
M-1
(emer)® = 0.
k=0

Thus, ¢, and ¢; are distinct Mth roots of ¢. This completes the proof of Step III
and the theorem.

A.3. PROOF OF PROPOSITION 5.5
Forall1<j<L,let
M

9i = Z(gj,€i>€i,

i=1
be an orthonormal basis for Hz. We will construct the projections {P;}j_, by
finite induction. We start with P;. Since {(I — P)e;}}, is robust to 1 erasure, by
Theorem 5.1, for every 1 < ¢ < M there exists a 1 < j < L so that (g;,e;) # 0.
Choose scalars a1,as...,ar so that for any 1 < j < L, if (gj,e;) # 0 for some
1<i< M, then

j—1
|aj(g;, e}l > 22 |lak gk, €:)]-
k=1
It follows easily that

L
> i1 059;

Y1 = =5
122521 2595l
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then (p1,¢e;) #0, for all 1 <7 < M. Now, let P; be the orthogonal projection onto
the span {1}, then {(I — Py)e;}}, is robust to 1 erasure by Corollary 5.1.

Now assume we have found orthonormal vectors {p;}7_;, n <k — 1 so that the
rank-1 projections P; onto span {¢;} satisfy the proposition and span {p;}}_; =
span {g;}7_,. We will construct ¢n41 and Pny1. Let {g;}j, be an orthonormal
basis for the orthogonal complement of span {gaj};?zl inHp. Fix 1 <4 <12 <
cor <lpg1 < M. Since

{(I = Po)(I = Pac) -+ (I = P)ei} i,

is robust to n erasures, if we row reduce {¢;}7_; using the columns {i1,is,...i5}
(and switching rows if necessary) we obtain vectors {h;}]_; with span {h;}?_; =
span {p;}7_; and for every 1 < j < n we have,

<hj>eil> = 0Oj¢-

Now we verify the following claim:
Claim: For all but finitely many 0 < z < 1, if

L
hni1 = E z! g;,
j=n+1

then the row rank of
n+1
(<hj> eie))j,[zl ,
isn+1.

Proof of Claim: Fix 0 < z < 1. We row reduce this matrix by taking, for all
1<e< M,

L
—( Z z'gj,ei)he + i
j=n+1
We then arrive at a matrix with 1sin the jth row and the ¢;th column for 1 < j < n,
zeroes otherwise, zeroes in the (n + 1)st row for columns i; for all 1 < j < n, and
in the (n + 1,1 + 1)st position we have:

n L
<hn+1)ein+1> - Z( Z x]gj)eie><hlveiz>'
=1 j=n+1

If this number is nonzero, then our matrix is of rank n + 1. Now we check what it
takes for this to be nonzero.

n L
(hn+176in+1> - Z( Z mjgjaeieth:eie)
4

=1 j=n+1

n

L L
= Y lgnenn)— Y. 2 {giei)hees,)
j=n+1 j

j=n+1 j=1
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L n
= Y 2 [{gjein) — D (gssei) e ei,)
j=n+1 =1

By the hypotheses on the proposition,
L n+l
((gjaeie>)j:1,?:1 >

has rank n + 1. It follows that there is a n + 1 < j < L so that

n

(gj7ein+1> _Z<gj>eie><hl)eie> 7é 0.

(=1
Hence, the number of z’s with
n L
<hn+17€in+1> - Z( Z xjgjﬂeiz><hfveiz> =0,
=1 j=n+1

is finite. This establishes the claim.
Applying the claim to all choices of 1 < iy < ip < -+-ip41 < M, we see that for
all but finitely many 0 < x < 1, for all 1 <y <2 < -+ <ipq1 < L, the rank of

M n
((hy) €3, >)j:1,l:t1

isn+ 1. Let

hn+1
P+l = 737
T Tl

and let P, 11 be the orthogonal projection of Hjs onto span {¢n+1}. Now,
{(I = Poy1)(I = Po)--- (I = P)ei) i,

is robust to (n + 1) erasures by Theorem 5.1. This completes the proof of the
proposition.
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