FRAMES OF TRANSLATES

PETER G. CAsazzA, OLE CHRISTENSEN, AND NIGEL J. KALTON

ABSTRACT. Frames consisting of translates of a single function play an important
role in sampling theory as well as in wavelet theory and Gabor analysis. We give
a necessary and sufficient condition for a subfamily of regularly spaced translates
of a function ¢ € L?(R), (Tnp®)near, A C Z, to form a frame (resp. Riesz basis)
for its closed linear span. One consequence is that if A C N, then this family is
a frame if and only if it is a Riesz basis. For the case of arbitrary translates of a
function ¢ € L'(R) we show that for sparse sets, having an upper frame bound
is equivalent to the family being a frame sequence. Also we give some relatively
mild density conditions will yield frame sequences. Finally, we us the fractional
Hausdorff dimension to identify classes of exact frame sequences.

1. PRELIMINARIES

Let H be a Hilbert space with inner product < -,- > linear in the first entry.
Let A be any countable index set. Recall that a sequence (f,,)nea C H is a frame
for H if

(1.1)  3AB>0: A[fIP<D | <f fo> < BlfI, Vf € H.

neA
A, B are called the lower and upper frame bounds. They are not unique: the
biggest lower bound and the smallest upper bound are called the optimal frame
bounds. It can be shown that every element f € H has a representation as an

infinite linear combination of the frame elements: using the frame operator

S:H—H, Sf=3Y <[ fu>fn

Then
—1 —1
f=8ST=> < f,S'fu> fn, VfEH.
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Clearly a frame (f,) is total, i.e., span(f,) = H. In case (f,) is a frame for
span(f,) (which in general might be a proper subspace of H) we say that (f,) is
a frame sequence. We say that (f,) is an exzact frame sequence if (f,) is a Riesz

basis for span (f,); i.e., if

(1.2) JA,B>0: AY e <D enful> < B lenl?,

neA

for all (c,) € coo(A), the space of finitely nonzero sequences.

Let us remark here that (1.1) implies that (f,)nea is a frame for H with frame
bounds A and B, if and only if there is bounded operator V : H — ¢2(A) defined
by Vf = {{f, fu)}nea with A[|f||? < ||V f||*> < B||f||* for f € H. Thus V must
an isomorphism onto its range V(H). Let (e,)nea denote the canonical basis
vectors in £2()\). We then see, taking adjoints, that the above condition is also
equivalent to the existence of a bounded surjective operator T : £5(A) — H so
that Te, = f, and Alla||? < ||Ta||?> < Bl|al|? for a € (ker T)* or, equivalently
Ad(a,ker T)? < ||Ta||? < B||f||*>. The frame operator is S = TV = TT*.

Thus in particular (f,)nea is a frame sequence with constants A, B if and only
if we have the linear map T : coo(A) — H defined by Te, = f, extends to a

bounded operator on ¢5(A) and satisfies
(1.3) Allal* < |Ta|l* < Bljal?

for a € (ker T)+. Comparing with (1.2) we see that (f,) is an exact frame
sequence if and only if T is one-one.
The most important examples of frame sequences comes from sampling theory

[5]. For € R we define translation by = by

r: A(R) — LA(R), (. f)(y) = fly— ), y € R

It is proved in [4] that a collection (7, ¢), where ¢ € L2(R), (x,) C R can never
be a frame for L2(R). However, frame sequences of this form exists and play an
important role in sampling theory as well as wavelet theory, cite5,6,8.

We start by considering sequences of the form (7,¢)nea, ¢ € L2(R), A C Z,
In section 2 we give necessary and sufficient conditions for such sets to form frame
(resp. exact frame) sequences. This extends work of Benedetto and Walnut [2]

and Benedetto and Li [1] as well as removing an unnecessary hypothesis in their
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results. Kim and Lim [12] also showed that this was an unnecessary hypothesis
in [2]. As one of several applications of this result, we show that if A C N, then
(Tnb®)nea is a frame sequence if and only if it is an exact frame sequence. In
section 3 we give conditions for an arbitrary sequence of translates to have finite
upper frame bound. In section 4 we consider the case where ®; (see section 2 for
the definition) is continuous and use the cardinality of the zero set of ®, and the
density of our set to produce frame sequences. Finally, in section 5 we relate the

fractional Hausdorff dimension to exact frame sequences of translates.
2. FRAMES OF TRANSLATES

Our first theorem is a generalization of a result of Benedetto amd Li [1]. The
proof we give is considerably simpler.
We first introduce some notation. For a function ¢ € L!'(R) we denote by g?)

the Fourier transform of ¢
36) = [ o(w)e e ().

As usual the definition of the Fourier transform extends to an isometry ¢ — QAS
on L*(R).

Now suppose ¢ € L*(R) and that b > 0. Let us identify the circle T with the
interval [0, 1) via the standard map ¢ — €™, We define the function ®, : T — R
by

a(6) = Y16 TP,

nez

Note that &, € L1(T).
For any n € Z we note that

1
(Tabd, @) = (€7 27804, ) = %/0 Dy (£)e2medE = %@b(”)-

If A C Z we let Hy be the closed subspace of L?(T) generated by the characters
e2™m¢ for n € A. We let E5 be the closed subspace of Hy of all f such that
O,(&)f(§) = 0 ae. If f € Hy we denote by d(f, Ex) the distance of f to the
subspace Fj.



Theorem 2.1. Suppose ¢ € L*(R) and b > 0. If A C Z then (T,p0)nen 5 a
frame sequence with frame bounds A and B if and only if for every f € Hx we

have

Ad(f, Ey)® < /\f )28,(€)de < B|f|I%,

or equivalently, for all f € Hy N EY,

1
AP <5 [ 1f©)Pe)de < Bl
0

Furthermore, if this condition is satisfied, (T,pP)nea 5 an exact frame sequence
with the same bounds if and only if Ex = {0}.

Proof. By our remarks and the definition (7,5¢),ca is a frame sequence with
frame bounds A, B if and only if the linear map T : coo(A) — L?(R) defined by
Te, = Thp¢ extends to a bounded linear operator T : £2(A) — L%(R) such that
Te, = T,p¢ and

Ad(u, ker T)? < ||Tul]? < Bl|ul|?

for u € £2(A).
Let U : Hy — £2(A) be the natural isometry Uf = {f(n)}nca. Then for any

trigonometric polynomial f € Hy

ITULI? =11 ) f(m) |l

neA

= [ 13 dmemmeiae
-0 nEA

> 0 £(©)19(" ) pa
nez

SN GRIGE

This immediately implies the theorem. [

Theorem 2.1 yields a generalization of a result of Benedetto and Li [1] which
is part (3) of the next theorem (note that an unnecesary hypothesis in [1] is also

eliminated).



Theorem 2.2. If ¢ € L%(R), and b > 0 then:

(1) (Tup®)nez is an orthonormal sequence if and only if
Ou(v) =0 a.e.

(2) (Tub®)nez is an exact frame sequence with frame bounds A, B if and only
if
bA < Oy(y) < bB a.e.

(3) (Tub®)nez is a frame sequence with frame bounds A, B if and only if
(2.1) bA < Oy(v) < bB a.e.

on T\ Ny where Ny = {€ € T : ®(§) = 0}.

Proof. Note that (1) follows easily from the fact that (7,5¢)nez is orthonormal
if and only if TU is unitary. (2) is immediate from (3). For (3) we note that if
A = Z then Hy = L*(T) and Ex = L?(Ny). Hence d(f, Ex)? = f'Jr\Nb |f|2d¢. The

proof is then immediate. [J

The next theorem addresses the relationship between frame properties for two
families (7,50)nez and (T,a®)nez. Observe that we can assume 0 < b < a without

loss of generality.

Theorem 2.3. Let a,b € R with0< b < a.

(1) There exists a function ¢ € L*(R) so that (Tha¢)nez is a frame sequence
but (Tpp)nez is not a frame sequence.

(2) If § € Z and (Thpd)nez is a frame sequence, then (Tpq@)nez is a frame
sequence.

(3) If & ¢ Z then there is a function ¢ € L*(R) so that (TopP)nez is a frame

sequence, but (Tpa®)neyz s not a frame sequence.

Proof. (1) Define a function ¢ € L%(R) so that

HO)=1, if 0<E<

b

n b 1 1
a if - <¢<
a

b

S| =

and
#(&) = 0, otherwise.
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Then we can easily check that

B(6) = $5)%
for all £ € T. Hence, ®;(£) is not bounded below on T and so (7,5®)nez is not a
frame sequence. On the other hand, if £ € T then % € [0,1], so that ®,(¢) > 1.
Therefore, ®,(&) is bounded below on T and so (7T,4¢)nez is a frame sequence.

(2) By our assumption, there is a natural number m so that a = mb. Hence,

2,6) = YT = S p

a m

m—1 R £ + k + m—1 k
=> |¢(mfm")|2 =Y <1>b(€+ )-
k=0 k=0

m

It follows that if (7,4¢)nez is a frame sequence, then either ®,(£) = 0 or A <

®,(¢) < Bm. Hence, (T,40)nez is also a frame sequence.
(3) Since ¢ ¢ 7Z, there is an 0 < € so that

{+n
a

Define a function ¢ € L?(R) so that,

11
¢[E’E+€]’ Vn €Z, Y0<E&<e.

and q?)(f) = 0 otherwise. Then,

2,6 =30, v 0<y<e

and so ®,(&) is not bounded below on T. Therefore, (7,4¢)necz is not a frame

sequence. On the other hand,
®,(£) > 1 on [0,¢],

where ¢ = min{e, £}, and for £ € [¢, 1], either ®,(£) = 0 or ®4(£) > c?. It follows
that where ®,(¢) is non-zero, it is bounded above and below and hence (7,5¢)nez

is a frame sequence. [

Notice that Theorem 2.3(2) implies that if (7,5¢)nez is a frame sequence than
(Tnb®)nea is a frame sequence whenever A is a subgroup of Z. It is also clear that
any subsequence of an exact frame sequence remains an exact frame sequence.

The following result is a converse of this.
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Theorem 2.4. Suppose ¢ € L2(R) and b > 0. Then the sequence (T,p$)S>, is a

frame sequence if and only if (Tap®)nez is an exact frame sequence.

Proof. Assume (7,50)nen is a frame sequence. Then (see for example [7]) if
0 # f € Hy we have that log|f| € L' and so, in particular, |f| > 0 a.e. This
implies that Ey = {0}. It follows that if A, B are the frame bounds for (7,,p)nen

then for every trigometric polynomial in Hy we have

AllfI? < / 1F(6)[2@4(€)de < B\

Now suppose f is any trigonometric polynomial. Then for large enough n
we have that e?™™% f ¢ Hy. Thus the same inequality follows trivially for all

trigonometric polynomials in L?(T). This implies the theorem. [

Remark. If (T,p¢)nez is a frame sequence but not an exact sequence frame, then
of course (T,p$)52; cannot be a frame sequence. The set (T,p¢)nez is linearly
independent, but it follows easily that the lower frame bound for (7,,¢)2_, must

converge to 0 as N — oo.

Remark. Note that if A C N then the argument of the above theorem shows that

(Tnb®)nea is a frame sequence if and only if it is also an exact frame sequence.

3. UPPER FRAME BOUNDS FOR SUBSEQUENCES

In this section we give some criteria for the existence of an upper frame bound
for a sequence (T,p®)neA-

First we introduce some notation. If A is a countable subset of R we define for
x > 0 the function

Dp(z) =sup |AN[t,t+ z]|.
teR

Our first result concerns general conditions for an upper frame bound to exist

for a sequence of translates (which need not in this case be regularly spaced).

Theorem 3.1. Let F': (0,00) — (0,00) be a monotone-decreasing function such
that F' € Lo. Define

(3.1) Gz) = F(x) /O " ()t + / " )t

Let A = (M) be a countable subset of R. Then:
(1) Suppose ¢ € L*(R) is such that for some X and every x with |z| > X we
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have |p(x)| < F(|z|). Then in order that (T, ¢) have an upper frame bound it is
sufficient that

/100 G(a:)DA(a:)i—x < .

(2) If Y(x) = F(|x|) for x # 0 then a necessary condition for (tx 1) to have an
upper frame bound is that

sup G(z)Dy () < oo.
z>1

Remark. Note that G is continuous, decreasing and bounded by G(0) = lim,_,c G(z) =
[ F(z)*da.

Proof. Suppose t > 0. Note that

oo

/_OO W@ + £)b(x — t)da = 2/0 W(o+ (@ —t)dz+2 [ e+ )z — t)da.

2t
Now

t 2t t
2F(3t) /0 F(z)dx < _/o (x4 t)Y(x —t)de < 2F(t) /o F(x)dx
and - - -
/ P2)2ds < / W@ + )z — B)dz < / F(x)2dz.
3t 2t t
We now argue that

SG(31) < /_ Z Bl + iz — t)da < 4G(1).

Indeed we have
~G(3t) = - F(3t) F(x)dx + = F(z)“dx
3 3 0 3 Jat

< 4F(3t) / P+ % W + (e — t)de

2t

0
2t o
gz/o ¢(m+t)¢(x-t)dx+§/2t W(@ + )ib(x — t)da

< [ v+ 0ue - as

oo

=2 Y(x+ t)Y(z — t)dr + 2 Y(z + t)Y(z —t)de

0 2t

< 4P (1) /t F2)ds + 2 /oo F(2)%ds
< 4G (1),



Let us now prove (1). We first estimate |¢| < [¢| + |px[_x, x]|- It now follows
that if t > X

/oo 6(z + )| 6z — )|de < 4G(t) + CF(2t — X)

—00

for a suitable constant C. It follows (noting that G is bounded) that for a suitable
constant C we have that

1
(6, 79) < CG(5a)
for all a > 0.

Consider any finitely nonzero sequence (¢,). Then

I enmnndl? = D> Emen(d, Ta—r, 8)
n=1

m=1n=1

<O lemllenlGG P~ Al

m=1n=1

€33 eml + leal )G 5 Am = M)

m=1n=1

<C Y fenl” 3 GG A — A
m=1 n=1

<

N | =

Now

YNGR -M<2Y Y G+ Y 6o

k=02k=1<|X,, — X, |<2F Am—An|<1/2

<4 i DA(2F"HG(2 1) + DA(1)G(0)

<8 i DA(2FHG (281 + DA(1)G(0)

< 8(log2)"! :” DA@)G() ™ + DA(1)G(0)

° d

< 8(1og2)—1/ Dy ()G ()™ + (1 + log 4) DA(1)G(0).

) x
This establishes (1).
To prove (2) fix x > 1 and t € R, and let A ={n:t < A, <t+ z}. Then
4 3
” ZTXnd)”Q > g Z Z G(E‘)\m - An')
neA mEA n€EA

4 3
> ZIAPG (e
3 2

)
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so that if B is the upper frame bound,
3 3
G(Ca)Al < 2B.
2 4

Hence

Now this implies that
3
G(z)Dp(z) < 2G(2)Dp(=zz) < §B.

This completes the proof. [I

Corollary 3.2. Under the hypotheses of the theorem if F € L'(R) then a nec-
essary and sufficient condition for (Tx,¢) to have an upper frame bound is that
DA(l) < oC.

Proof. In this case we clearly have an estimate G(z) < CF(z). The condition
Dj(1) < oo is equivalent to Dp(z) < Cx for x > 1.

Lemma 3.3. Suppose that F : (0,00) — (0, 00) satisfies the conditions of Theo-
rem 3.1 and is such that for some € > 0 we have that x'=¢F(x) is increasing for
x> 1 and x1°F(x)? is decreasing for x > 1. Then there is a constant C so that
ClzF(z)? < G(z) < CxF(x)?, for x > 1, where G is defined in (3.1).

Proof. This is an immediate calculation from (3.1).

Remark. Note that in the theorem if F(x) = min(1l,2™%) where 3 < a < 1
then G(z) ~ min(1,2'72%). Hence a necessary condition for (7, (¢)) to have an
upper-frame bound is that Dy (z) < Cxz2?*~ ! for £ > 1 and a sufficient condition
is that Dy (z) < Cx?*~1=¢ for > 1, for some € > 0. If F(z) = min(1,z~!) then

G(z) = z71(1 + logz) for z > 1.

We now prove a more precise result for the case when F'is of the form given in
Lemma 3.3, by giving a condition which is close to necessary and sufficient. This
result will not be used later and the reader who is only interested in later results
may therefore omit it. The argument is simply an adaptation of an argument

used for a similar result in [9] and derives from more general results in [10].
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Theorem 3.4. Suppose F' : (0,00) — (0,00) is a monotone decreasing function
with the property that for some € > 0 we have x'~°F(x) is increasing for x > 1
but 21 T°F () is decreasing for x > 1. Let A = (\,,) be a countable subset of R.
Then:

(1) Suppose ¢ € L*(R) is such that for some X and every x > X we have |¢(z)| <
F(|z|). Then in order that (T, ¢) has an upper frame bound it is necessary that

there is a constant C' so that for every finite interval I we have

(3.2) Y G(Am = M) S CIAN[E T+ 2|
Am An €L

where G is defined by (3.1).
(2) If Y(x) = F(|z|) then (3.2) is also necessary for (Tx, ¢) to have an upper

frame-bound.

Proof. In this proof, we will use C for a constant depending only on F' which may
vary from line to line. Note that we have estimates of the form F(z/2) < CF(x)
and G(z/2) < CG(x). It follows therefore that

26 (lal) < (#,78) < CG(Ja]).

Let us first prove (2) (necessity). Indeed for any bounded interval I, if A = {n :
An € I}, then

1
1Y el > c > G| Am = Anl)
n€A m,nEA
and so the conclusion is immediate.

The other direction (1) is harder. It will be convenient to assume F(z) = 1 for
0 < z < 1. Clearly if we prove the result under this assumption the general case

will follow.

Let us start by observing the estimate from (3.2) that if A = {n : A,, € I} then
G(x)|A|?> < C|A] so that

(3.3.) IANI| <CG(z)™!
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Now fix ¢t € R and suppose z > 1. We estimate, using Lemma 3.3:

S F(t-M)<C

[t=An|>z

F2F1z)|{n: 28 e < |t — A,| < 22}

i]e

g

<C)Y F(2*z)G(2kx)™!

k=0

<C Z 2 kg P2k )™t

k=0

8

8

< 022 k(27 kg~ P (2k2)7T)
< Cx_lF( )t
In general for all x > 0 we conclude an estimate of the type:

(3.4) > F(lt—X,) < Cmin(1, 27 ) F(z) "
|t—An |22

We now introduce two further functions. Let N(t) = |[AN[t—1,t+ 1]| and let
H(t) =), F(|t—Axn|). Our assumptions give us that N(t) < C and N(t) < H(t).
By (3.4) we have H(t) < N(t) + C.

Suppose we have an interval I = [x — h/2,2 + h/2] of length h > 1. Let
J =[x — hyx + h]. Then we can write H(t) = Hq(t) + Hy(t) where H,(t) =
>on.eq F(lt—=Xn|) and Hy(t) = H(t)— Hy(t). Using (3.4) we have, if [t —z| < 1h,

2<2 % Y Pt = An)F(t = M)

A @ A=t > A —t]

<C D ft= A

Am@J

On the other hand:

| mer<c Y Ghwm-nhsc pogl
—oo AmsAn €J

m€J

Combining we have

/H(t)2dt < C) min(1, hlz — An| ™).

1
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We use this inequality to estimate
t+1

/ F(lt—a)H@?de < [ H()de +CY F(2) / H(x)2dz
—o0 t—1 k=1 2k—1|t—z| <2k

< CiF(2k) Zmin(1,2k\t —Aml™h
_CZZF )min(1, 28|t — A, |7Y)

m k=0
<Ccy > 2FEME-Aul+Cd D> F(2Y
m 2k z—A,,| m 2k>|z—X,,|
(3.5) <CY F(t—Am|)=CH(t)
For each n let E, = (A, — %,)\n + %) For any finitely nonzero sequence

(an), let f =>" l|an|xE,. Then since A< N(t) >om la,|*xE, we have ||f]|* <
C(>, lan|?). We also have:

||ZanTA ¢l3 <CZ|am||an\/ F(lt = An)F (|t — An])dt
<O lanllanl [ [ F(e-ahds [ F(r- sy
(3.6) <c / T (F)at

—0o0

ft) = /Oo F(t —s|)f(s)ds.

— 00

Now suppose g is any nonnegative L?—function of compact support with ||g|| =
1 and suppose §(t) = [*_ F(|t — s|)g(s)ds. Then § € Ly and

/ Tyt = / T a0 F@yde

[oo] — 00

<c / TG0 F@H)

—00

(3.7) <[ a0PHE ) HY janf)

— 00
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<c [ [y —ahrii - shg@(wds dy
(3.8) <C _°° F(|t — z|)g(x)g(x)dz.

which implies

Now (3.7) implies

and as g is arbitrary (subject to being of compact support and norm one) this
implies that ||]?||2 < CY, |am|? and (3.6) then yields the theorem. [J

For regularly spaced sequences we have some other criteria. We use the termi-
nology of Section 2. Recall that a subset A of Z is a A(p)—set (for p > 2) if the

Ly— and L,—norms are equivalent on Hj. See [13] and [3]

Theorem 3.5. Suppose b € R and that ¢ € L*(R). Suppose A is a A(p)—set
where p > 2 and that ®, € L.(T) where % + 1% = 1. Then (Thp®)near has an

upper-frame bound.

Proof. 1If f € Hp, we observe that
L1 < 111,

14



and so the theorem is immediate. [

Remark. In order that ®, € L, it is sufficient by the Hausdorff-Young inequality
that Y=, 7 (6, Tup) [P/? < oo

4. FRAME SEQUENCES WHEN ¢ € L!'(R).

Let us call a subset A of Z sparse if for any n € N the set AN (A +n) is finite.
Thus any increasing sequence (\,,) is sparse if and only if lim,, o (A, — Ap—1) =

0.

Theorem 4.1. Suppose 0 # ¢ € L'(R) N L?(R) and A is a sparse subset of
Z. Then (Thpd)neca has an upper frame bound if and only if it is a frame. In
particular if |¢p(x)| = O(F(x)) where F : (0,00) — (0, 00) is monotone-decreasing

and integrable then (T,p¢)nea is a frame.

Proof. Suppose (T,p¢)nea has an upper frame bound but no lower frame bound.

We appeal to Theorem 2.1. There is a sequence (f,) € Hy N Ef so that

n—o0

1
lim ; | (E)P@6(€)dE = 0

but || f,|| = 1 for all n. By passing to a subsequence, we can assume without loss
of generality that f, converges weakly to some f € Hpy N EZJ\‘, and even further
that g,, = %(fl + --- 4 fn) converges in norm to f. Since (g,) converges to f
in measure, it follows from Fatou’s Lemma that fol IF(E)]?Pp(£)dE = 0 and so
f € Ep. Hence f =0, and f,, converges weakly to zero.

Now we estimate

1
| / Fa©2e 2 Rde) < ST () Fulk + )]

JEZ

Hence

1
| / Fal©Pe g < S 1ful)I i+ R

JEAN(A—E)
Since f,, converges to 0 weakly this converges to 0 if &k # 0. Hence the measures
| fn(€)]2dE converge weak* to d¢ in C(T)*.
Now since ¢ € L! the function gg is continuous and so ®,(t) is lower-semi-

continuous and 2w —periodic when regarded as a function on R. In particular
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®, is lower-semi-continuous on T and hence there is a sequence of functions
Y, € C(T) such that 0 <, T &, pointwise.
Clearly

1 1
| oneds = [ vl e
0 0

1
< lim sup / By (€)| (€

n—oo

= 0.

Hence fol O, (£)d¢ = 0 which is a contradiction. [

If ¢ decays rapidly enough at oo we can achieve a stronger result. We will need

the following lemma.

Lemma 4.2. Suppose A C Z, and suppose f € Hy, with ||f|| = 1. Let F = |f|>.
If J is a finite interval in Z then

" |F(n)] < DA(T))

nel
Proof. We have

()] <Y xalk)xa(n — k)| F(k)||f(n — k).

keZ

Making the estimate |f(k)||f(n — k)| < 1(|f(n)|? +|f(n — k)|?> we obtain
Z k)|*xa(n — k)
ke

so that

D IEm)| < DA(IIN Y I (k)

nel kEZ

which immediately yields the lemma. [

Theorem 4.3. Suppose ¢ € L*(R) and that b € R. Assume ®, is continuous on
T and has exactly N zeros. Suppose A is any set satisfying the density condition

. l)A(x) 1
lim ——= < —.
mig; x N
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Then (Tppd)nea 18 a frame sequence.

Proof. Since @y, is bounded the upper frame bound is trivial. Assume there is no

lower frame bound. Then there is a sequence f,, € Hy with ||f,|| =1 and

nlgr()lo / ®y(x)|f(x)* = 0.

Without loss of generality we can suppose the measures |f,(z)|?dz converge
weak* to a probability measure du. Since @ is continuous (lower semi-continuity

would suffice!) we have

/ By (2)dpu(x) = 0

so that pu can be written in the form p = Zivzl apdy, where ty,...,tn are the
zeros of @, and 0 < ag with > a = 1.

Now if F,, = |f,|? we have, applying Lemma 4.2, for every natural number m
that

Z |E, (k)| < Da(2m + 1).
k=—m
Hence m
> |i(k)|* < Da(2m +1).
k=—m

It follows from a theorem of Wiener [11] that

N
. Da(2m+1) 1
2
kz_la’“ = mh—rgom <N

But then this contradicts the Cauchy-Schwartz inequality since Zivzl a,=1. 0O

Theorem 4.4. Suppose h : (0,00) — (0, 00) is an increasing continuous function
such that there exist constants 1 < ¢; < ¢g < oo with cih(z) < h(2z) < coh(x)
for all x, and floo t=2h(t)dt = co. Suppose ¢ € Lo(R) satisfies the condition that
d(z) = O(e=*"*))) as © — oo, where § > 0. Then, for any b € R, there exists an
integer N so that if A C Z with lim,_, .o DAQJ(E) < % then (Thp®)nea is a frame

sequence.

Proof. The idea of the proof is to show that the function ®, is C* on T and
is quasi-analytic (see [11]) so that there is no £ € [0,1) for which all derivatives
@gn)(f ) =0 for n > 0. It then follows from Taylor’s theorem that the zeros of @,

17



are isolated and hence finite. Theorem 4.3 will then complete the proof. To show
®,, is quasi-analytic we need to show that if M,, = ||(I)1(,n) |l2 and 7(r) = inf,, (M,,r™)
then

(4.1) /000 log 7(r) dr = —o0.

1472

Throughout the proof C' will denote a constant, depending on h and ¢, which
may vary from line to line but is independent of x,m,n,k etc. We begin with
the observation that there exists a constant C so that

1 [* dt r dt
— h(t)— < h(z) < C h(t)—
& [ T <@ <c [ aos

so that by replacing h with H(z) = fgs h(t)% we can suppose h is continuously

differentiable and that there is a constant C so that

1 zh/(x)
¢ = hiw)

<C

for all z > 0. If we let v = h~! be the inverse function then we also have

1 zv'(x)
C = v(x) <¢

Let m € N. Then 2™e~"(*) attains a maximum at a point x,, where ,,h' () =
m and so C~'m < h(z,,) < Cm. Hence also C~'v(m) < z,, < Cv(m). Combin-
ing we have

™M) < (Co(m))™.

Let N be an integer greater than 2/6. It follows that
mNme—h(m) < (C(’U(Nm)))Nm

and so
xme—éh(m)/Q < (C’U(m))m

;From this we obtain

/ e @) g < (Cv(m))m/ e70h@)/2q5 < (Cv(m))™.
0

0

We now use the argument of Theorem 3.1 to deduce that
(¢, Tup)| < C min(1, e=M31710))

18



for some suitable constant C' and all n € Z. It follows easily that
Op(8) = Y _($, Tpd)e” ™
nez
is C°°. Furthermore
My = 8] < €3 Jkjemeh I
kEZ

for n € N. Hence
M, < C’"/ z"e M@ dg: < (Cu(n))™.
0

It follows that

T(r) < Tib_gfl(C’v(n)r)".

For given r < 1 choose n = [Ch(r~')/e]. Then Cv(n)r < 1/eand n > Ch(r—')/e—
1. Hence
log7(r) < —Ch(r~1)

for small enough r. Now

1 -1 o
/ h(r )dr = / hr) dr = oo
o 1472 , 1472

so that (4.1) holds and the proof is complete. [

5. FRACTIONAL DIMENSION OF THE ZERO-SET AND FRAMES

For our next lemma (which is probably known) we let £(I) be the length of an
interval I C T.

Lemma 5.1. Suppose A C Z, and suppose f € Hp, with ||f|| = 1. Then there is

a constant C so that if I is an interval contained in T then
[ 18P < canpaen ).
I

Proof. Let I be the interval [t — h,t + h|. Set r =1 — h and then let

1—r2 '
_ _ |n| 27in(t—z)
() 1 — 2rcos(2m(x —t)) + 12 gZT e :

19



Then for some absolute constant C independent of ¢, h we have xy; < Ch~14.

Hence

[ir@yras<cn [ ' (@) P(2)d

<ch > rHF(n - k)|
kEZ

<2Ch™'Y r™ Dy (m)

k=0

for any integer m. Let m be chosen so that £(I)~' < m < 24(1)~'. Then r™ <
(1 — h)/(h) < ¢ < 1 for some absolute constant c¢. We thus quickly obtain the
result since Dj(2z) < 2D (z) for any z. O

Now if 0 < a < 1 let us define the essential a-Hausdorff measure denoted
H,(E) of a subset E of T to be the infimum of Y °7_, ¢(I,)* over all collections

of intervals (I,)22, so that E C FU|J,_, I, where F has measure zero.

Theorem 5.2. Suppose ¢ € L2(R), b > 0 and A C Z are such that (T,p®)nea
has an upper frame bound. Suppose further that 0 < a < 1 and lim¢_o H,(Pp >
€) = 0 and that Dy(z) < Cz'~= for some C and all x. Then (T,p0)neca 15 an

exact frame sequence.

Proof. 1If € > 0 then pick intervals I,, so that {®, > €} C U2, I, up to a set of
measure zero and Y ., £([,)* < 2H,(®p > €). Then

/ OGS / F(©)de).

0

If f € Hy then

3 / O PdE < CIFIP Y. 61" < 20Ho (@55 > O[]
n=1 n n

=1

If we take € small enough we have:

= 1
Z/I 7O Pde < S
n=1 n

and the result follows by appealing to Theorem 2.1. [

Combining this with Theorem 3.1 gives us the following theorem:
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Theorem 5.3. Suppose % < a <1 and that $ € L*(R) satisfies the conditions
that |¢(z)| = O(z~*¢) as |x| — oo where e > 0 and that lim. o Hayq—1(Pp > €) =
0. Then for any subset A C Z with Dy(x) < Cz2(=9) we have that (Tnb®)nea is

an ezxact frame sequence.

Note that in the case when @, is lower-semi-continuous the condition lim._,o H, (®;, >
€) reduces to the condition that h,(®, = 0) = 0 where hy(FE) is the infimum of
> U(1,)* over all coverings E C U2 1,. Thus in this case the condition is es-

sentially a condition on the fractal dimension of the zero set of ®y.

Ezample. We conclude by constructing an example where ®;, is bounded, lim,_,o H,(®p >
€) = 0, for every € > 0 we have an estimate Dj(x) < Ccx!™*%¢ but (T,40)nea
fails to be a frame sequence. We observe however we do not have any such
example with ®, continuous or lower-semicontinuous.

For each n € N let m,, = max([an—+/n],0). We then let A = U, >1{2" +k2™" :
1 <k <2"~™~}. Now suppose N = 2P. Then for any interval J of length N it is

clear that we have

p—1
ANnJ|l < 29=mi 4 2| max2~"™ .
IUEEDY I
71=1
Hence
p—1
AN J| < 2P7™r QTIEMy—Mp—i 4 9P~ ax 2P T
‘ | o Jz:zl izp

Since we have an estimate m, < m,_; + Cf3j where o < 8 < 1 and C is a

constant independent of j, p, this implies that
DA (2P) < C2P~™

which implies Dj(z) < C.z'~**¢ for all € > 0.

Now suppose

gn—mn

fn(ﬁ) :2(mn—n)/2 Z e27rik:2m"§

k=1

so that ||f,|| = 1 and f,, € Hx. Notice that

_ o(m,—m)/2
|fn(€)| =2 sin(2mn_1§)

sin(2n~1¢/2) ‘ _
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Let B, = {|f,] < 22(»=m==3v™)} and let F, = T\ E,. We will have for an

appropriate constant C' that

/ FE)Pde < C2- 3V,
E,

Also F,, is a union of at most 2"~ equal intervals and has total measure

bounded by C2mn—n+3Vn Hence

Ho(F,) < C2mnmontiovi) < g=gavi,
Set Fp = T. Now define ® on T = [0,1) by

_ e o—k
®(€) = inf 27 X

Then H,(U;j>,F;) — 0 so that ® > 0 a.e. and indeed limeso Ho (P > €) = 0.

We choose ¢ € L*(R) so that ¢ = @1/2)([0’1). If we take b = 1 then ® = ®,.

Now

1
[ 1m@reede <z [ i@+ o2 o
0 P

Hence (7,¢)neca cannot be a frame sequence. [

10.
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