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ABSTRACT. Here we list the equal norm Parseval frames for Hilbert spaces
as of 2005. We will continue to update this list as new examples become
known.
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1. AN INTRODUCTION TO PARSEVAL FRAMES

A family of vectors { f;}ier in a Hilbert space H is a Riesz basic sequence
if there are constants A, B > 0 so that for all scalars {a;};c; we have:

(1) AY al <) afil? < BY . laif.

icl iel iel

We call v/A, VB the lower and upper Riesz basis bounds for {f;};c;. If
the Riesz basic sequence {f;}icr spans H we call it a Riesz basis for H. So
{fi}ier is a Riesz basis for H means there is an orthonormal basis {e;}icr so
that the operator T'(e;) = f; is invertible. In particular, each Riesz basis is
bounded. That is, 0 < inf;e; || fi|| < sup,e; || fil] < 0.

Hilbert space frames were introduced by Duffin and Schaeffer [19] to address
some very deep problems in nonharmonic Fourier series (see [36]). A family
{fi}ier of elements of a (finite or infinite dimensional) Hilbert space H is called
a frame for H if there are constants 0 < A < B < oo (called the lower and
upper frame bounds, respectively) so that for all f € H

@) AIFIE < ST I £ < BIFIE
iel

A good introduction to frames and Riesz bases is [13]. If we only have the
right hand inequality in Equation 2 we call {f;}:c; a Bessel sequence with
Bessel bound B. If A = B, we call this an A-tight frame and if A = B =
1, it is called a Parseval frame. If all the frame elements have the same
norm, this is an equal norm frame and if the frame elements are of unit
norm, it is a unit norm frame. It is immediate that || f;||* < B. If also
inf || fil| > 0, {fi}ier is a bounded frame. The numbers {(f, f;) }ies are the
frame coefficients of the vector f € H. If {f;}ics is a Bessel sequence, the
synthesis operator for { f;};c; is the bounded linear operator T : ¢5(I) — H
given by T'(e;) = f; for all i € I. The analysis operator for {f;};c; is T* and
satisfies: T*(f) = > ., (f, fi)ei- In particular,

(3) IT*£I =D (f. f)P, for all f € H,
icl

and hence the smallest Bessel bound for { f; }ic; equals ||T*||?

to Equation 2 we have:

Theorem 1.1. Let H be a Hilbert space and T : lo(I) — H, Te; = f; be a
bounded linear operator. The following are equivalent:

(1) {fi}ier is a frame for H.
(2) The operator T' is bounded, linear, and onto.
(3) The operator T* is an (possibly into) isomorphism.

. Comparing this
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Moreover, if {fi}icr is a Riesz basis, then the Riesz basis bounds are VA VB
where A, B are the frame bounds for {f;}icr.

It follows that a Bessel sequence is a Riesz basic sequence if and only if 7™ is
onto. The frame operator for the frame is the positive, self-adjoint invertible
operator S = TT™ : H — H. That is,

4  Sf=TT"f=T (ZU, fi>ei) =Y (£, f)Tei = (f. f) i

iel iel iel
In particular,
(5) (SF 1) =Y I{f P

el

It follows that {f;}ies is a frame with frame bounds A, B if and only if
A-1 <S8 < B-1. So {fitier is a Parseval frame if and only if S =
Reconstruction of vectors in H is achieved via the formula:

fo= SSTU=N (ST S

i€l
= > (£S5
el
= Y £)ST
el
(6) =Y (.57 f)ST S
el

It follows that {S~Y2f;}ic; is a Parseval frame equivalent to {fi}ier. Two
sequences { fi}ier and {g; }ic; in a Hilbert space are equivalent if there is an
invertible operator 1" between their spans with T'f; = g, for all i € I.

Remark 1.2. Any finite set of vectors { fi}M, in a Hilbert space H has a frame

operatorS f = Zi:1<f, fi) fi associated with it. S is a positive and self-adjoint
operator but is not invertible unless {f;}M, spans H.

Proposition 1.3. let {f;}}2, be a frame for £y . If {g;}}_, is an orthonormal
basis of €5 consisting of ezgenvectors for the frame opemtor S with respective
eigenvalues {\;};_,, then for every1 < j < N, S N fir g0 2 = A, In partic-
ular, S || fill? = Trace S (= N if { fi}ier is a Parseval fmme) Furthermore,
if { fi}ier is an equal norm Parseval frame for (Y then || fi||? =2

Another important result is
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Theorem 1.4. If {fi}ier is a frame for H with frame bounds A, B and P is
any orthogonal projection on H, then {Pf;}icr is a frame for PH with frame
bounds A, B.

Proof: For any f € P(H),

STULPEIP = STUPE AP = ST )P

iel i€l el

O
A fundamental result in frame theory was proved independently by Naimark
and Han/Larson [13, 24]. For completeness we include its simple proof.

Theorem 1.5. A family {f;}ics is a Parseval frame for a Hilbert space H if
and only if there is a containing Hilbert space H C lo(I) with an orthonor-
mal basis {e;}icr so that the orthogonal projection P of €5(I) onto H satisfies

P(e;) = fi forallie 1.

Proof. The “only if” part is Theorem 1.4. For the “if” part, if {f;}ics is a
Parseval frame, then the synthesis operator T': /(1) — H is a partial isometry.

So T™ is an isometry and we can associate H with T*H. Now, for all = € I and
all g =T*f € T*H we have

(T"f, Pe;) = (T f,e) = (f. Tes) = (f, fi) = (T f, T f).
It follows that Pe; = T*f; for all © € I. O

Theorem 1.5 helps explain why so few classes of equal norm Parseval frames
are known. Namely, to get an equal norm Parseval frame we need to find
orthogonal projections which map an orthonormal basis to equal norm vectors.
There is very little known about such projections, consequently there lies the
challenge. There is a universal method for obtaining Parseval frames given in
the next lemma (See [10]).

Lemma 1.6. There is a unique method for constructing Parseval frames in
05, Let Ube an M x M, M > N, unitary matriz,

Uy - - . Umpm

Upr - - - Upmm
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Define

¥1 Uiy - . . UIN

Om Uyt - - - UMN

The rows {p;}}L, form a Parseval frame for (5.
Another important property of frames comes from [12].

Theorem 1.7. A family of vectors {f;}icr is a frame with frame bounds A
and B if and only if the column vectors taken from { f;}ic; form a Riesz basic
sequence with Riesz basis bounds /A and v/B.

There is a classification of the sequence of norms of frame vectors which
yield a given frame operator due to Casazza and Leon [11].

Theorem 1.8. Let S be a positive self-adjoint operator on an N-dimensional
Hilbert space Hn. Let Ay > Xy > ... > Ay be eigenvalues of S. Fix M > N
and real numbers ay > as > ... > ap > 0. The following are equivalent:

(1) There is a frame {g;}}L, for Hy with frame operator S and ||g;|| = a;
forallj=1,2,--- M.
(2) For every 1 < k < N we have

~—~
-J
~—
(-
S
SN
IN
(]~
>
<

<.
—_

<.
I
—_

©
NE
S

I
WE
Qy

1

1 J

J

For some reason the following important corollary of Theorem 1.8 has been
overlooked until now.

Corollary 1.9. Let S be a positive self-adjoint operator on a N-dimensional
Hilbert space Hy. For any M > N there is an equal norm sequence { f,, }M_,
i Hy which has S as its frame operator.

Proof. Let A\ > Xy > ... Ay > 0 be the eigenvalues of S. Let

N
1
(9) CL2 = M Z /\z
i=1
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Now we check the conditions of Theorem 1.8 to see that there is a sequence
{fm}M_, in Hy with || f,,]| = a for all m = 1,2,..., M. We are letting a; =
as = ...ap = a. For the second equality in Theorem 1.8, by Equation 9,

M M N
(10) S flP =3, = Ma? = 30,
m=1 m=1 i=1

For the first inequality in Theorem 1.8, we note that by Equation 9 we have

that
1 N 1 N
2 2 E E

So our inequality holds for m = 1. Suppose there is an 1 < m < N for which
this inequality fails and m is the first time this fails. So,

m—1 m—1

a? = (m—1)a* < iy

while

It follows that

[\

a2, =a®> > Ay > A1 > Ay
Hence,
M m N
AR S S
m=1 =1 i=m-+1
m N
DTS o
=1 =m-+1
m N
=D LI
i=1 i=m+1
N
- 3
i=1
But this contradicts Equation 9. 0

We give two more important consequences of Theorem 1.8.

Corollary 1.10. For every m > n there is an equal norm Parseval frame for
0% containing exactly m-elements.
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Corollary 1.11. Giwwen an N-dimensional Hilbert space Hy and a sequence
of positive numbers {an, }M_, with a; > ay > ... > ay, there exists a tight
frame {fu }M_, for Hy with || fomll = am for allm =1,2,..., M if and only if

1 M
2 2
ay < N E -
m=1
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2. CONSTRUCTING TIGHT FRAMES FROM SETS OF VECTORS

This section will address several methods for constructing tight frames from
Bessel sequences of vectors. We also discuss each method’s advantages and
disadvantages.

Method I: Let {f;}M, be a set of norm one vectors in ¢Y. For every j =
1,..., M let { f”}l 1 be an orthonormal basis for £N with fi; = f;. The family

77777777

Note: Method I shows that every finite set of vectors is part of a tight frame
for a Hilbert space. But, this technique has the disadvantage that the tight
frame bound is exceptionally large, i.e A = M.

Method II: Let {f;}M, be a set of vectors in £). We can add N-1 vectors
{R;}iL, to the family so that {f;}}X, U {h;}, is a tight frame.

Proof of Method II: Let {g;}/; be an eigenbasis for the frame operator
of {f;}M, with respective elgenvalues {\; }] 1» some of which may be zero.
Without loss of generality assume A\; > Ay > ... > )\N For 2 < j < N, let
hj = /A1 — A gj. If Sy is the frame operator for {f;}F_, U {h;}}, then for
all f ey

M

Sif = fozmth
=1 7j=2
N

= Z)\J(f,g])gj + Z V AL — /\j<fugj> \ A — Ajgj
Jj=1 j=2
N

= Z)\]fgjgj+z >\1 fgy>

= )\1 <f, gl>gl + Z )\l<f7 gz).g

Jj=2

N
- >\1 Z<fa g]>gz
=1

j=
= Mf

Therefore {f;}}2, U {h;}}L, is a Ai-tight frame.
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Remark: The advantage to this method is that the upper frame bound is the
same as the upper frame bound of the original set of vectors. However, if the
original set is an equal norm frame the method does not ensure that the new
frame will be an equal norm frame In general, even if {f;}, is an equal norm
frame for 3" we can’t make {fi}}2, U {h;}}_, tight be adding N-1 vectors of
the same norm as f;.

The next method for producing equal norm tight frames comes from [2].

Method III: Let {f;}ic; be a unit norm Bessel sequence in H with Bessel
bound B. There is a unit norm family {g;};es so that {fi}icr U{g;}jes is a
unit norm tight frame with tight frame bound A < B + 2.

Proof of Method III: This proof is done in the finite dimensional case. The
infinite dimensional case follows by a similar argument using the results of
9]. Let {f;}M, be a unit norm Bessel sequence with Bessel bound B in an N-
dimensional Hilbert space Hy. Let S be the frame operator for this family and
let Ay > Xy > ... > Ay > 0 be the eigenvalues with respective eigenvectors
{e;}Y, for S. So B=A;. If we consider N (A, +1+¢€) — M, we see that this
equals N\ + N — M if ¢ = 0 and it equals N\ + 2N — M If e = 1. In
particular, there is an 0 < e < 1 so that N(A\ +1+¢€) — M = K > N where
K € N. Now let Sy be the positive self-adjoint operator on Hy given by

(1) S@ (Z Cz‘ei) = Z [()\1 + 1+ 6) - )\z] C;€;.

i=1 i=1

So Sy is a positive self-adjoint operator on Hy with eigenvectors {e;}¥,
having respective eigenvalues {\; + 1+ ¢ — \;}Y, (which are now in increasing
order). Since each of these eigenvalues is greater than 1, letting a; = 1 for
i =1,2,..., K we immediately have the first inequality given in (2) of Theorem
1.8. Also,

N N
SMM+14+ =N =NX+1+6-> N=NM+1+e-M=K.
J=1 '

The last equality above follows from the fact that

M N
Z I fil]? = M = Z/\z‘-
=1 =1

Applying Theorerm 1.8, there is a family of unit norm vectors {g;}X, in
Hy having Sy for its frame operator. If follows that {f;}M, U {g;}, is a unit
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norm frame for Hy having frame operator S+ .Sy. But S + Sj has eigenvetors
{e;}X | with respective eigenvalues
(M+1+e) =N+ =A+14+e=:A

So our unit norm frame is tight with tight frame bound A < A\ + 2. O
For our next method, we first need to recall a standard result.

Proposition 2.1. If S is a positive, self-adjoint bounded operator on H, then
{SY%e;}icr is a sequence of vectors with frame operator S for any orthonormal
basis {e;}icr. In particular, if S is also invertible, then we conclude that there
1s a Riesz basis for H having frame operator S.

Proof. For any f € H we have:

> (f,5%e) 5 e, = SY° <Z<S”2f, ei>ei>

el el
— Sl/? (Sl/Qf) _ Sf
]

Method IV: Given a Bessel sequence of vectors {f;}ic; in H with Bessel
bound B and frame operator S, let {g;};es be a family of vectors which has
BI — S as its frame operator. Then {f;}ic; U {gi}ics is a frame for H with
frame operator S + (BI — S) = BI. i.e. This is a tight frame.
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3. HArRMONIC FRAMES

In this section we will define three types of harmonic frames and show each
type is an equal norm Parseval frame. For results on harmonic frames we refer

the reader to [10, 21,

33, 37].

3.1. Real Harmonic Frames.

Theorem 3.1. The family {goi}f\io_l is an orthonormal basis for RM where for

M =2k+1

Yo
¥1
©2

Prm—3
Prm—2
| PM—1]

and for M=2k
(2)

2]
¥1
. 2

PYM-3
PM-2
| -1

rl 1
V2 V2
1 cos 2#%
2 0 sin 27?%
|
1 cos 2#%
| 0 sin 27?%
1 1
V2 V2

k
1 CcoS 27(2?1)
0 sin 27—
a1 _aM
L V2 V2

sin 27

2
cps 27r¥
sin QWM

2k

Cos 21 ]\g
. 2

sin 27 i

Sl

Ccos 27
sin 27TM

SN

2k
Cos QWM
2(k—1)
1

V2

(M—1)

COS 27
Y

S1n 277'7

cos 2 (EOT-1)

sin 27r—((k_1)]\(/[M_1))

Sl-

Proof. Let {p; }jf‘igl be defined above. First, we want to show that each ;

has norm one.
For j=1, [l¢;]|* =

%X%ZL Ifj#1j<M-—1,isodd
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2 kj
2 2
losll® = i Z cos™ 2m

Ry kj
ME ];0 (1 + cos QWQM)

Similarly, if 7 < M — 1 is even

lios1*

Il
=

For the case when j=M-1, if M is odd then it falls under the previous case and
if M is even then clearly [|on_1|| = 1. So we have that [|p;|| = 1 for all j.

It remains to show that the ¢;’s are orthogonal. Let w = e . For k even

2 M-1
, = — co
<900 90k> M\/§ jZO
M—

[y

2
= Re
V2 =

J

S 27r%
(@*y’

R
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For ¢ odd
M-1 .
2 . lj
, = — sin 2m——
{0, e) M2 jZO M
M-1
2
= ——Im (we)J
M~/2 =
= 0.
Finally,
M-1 . ‘
2 2nj(k—=20) . 2mj(k—10)
<80k7 (p£> = M ]Zl COS M M
1= 2m2(k—0)
= — sin
M 4 M
7j=1
1 M-1

O

By Lemma 1.6 if we take any N-columns, N < M, from the matrices given
in Theorem 3.1, the corresponding row vectors form a Parseval frame for 3
called a (real) harmonic frame. Similarly, we could take any N-columns
from the transpose of these matrices, then the corresponding row vectors form
a Parseval frame for £2.

3.2. Complex Harmonic Frames. In this subsection we look at the complex
versions of the harmonic frames.
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Theorem 3.2. The family {p; f\io_l in CM is an orthonormal basis for CM
27

where for w = e™Mm

[ o ] M1 1 1 1 -
1 1wt w2 M1
2 1 [1 w? Wk . W2M-1)
=V |- ‘ . ‘
Or—2 1 wM-2) 2M-2) . (M-2)(M-1)
L1 (1 WMD) 2= (MM |

Proof. Let {¢; }jf‘igl and w be defined as above. It is obvious that each ¢; has
norm one. Now we want to show that the rows are orthogonal. For ¢ # j we
have

1 U
<§0k7 gp€> = M % wjkwfk

O

3.3. General Harmonic Frames. The material in this section are due to
Casazza and Kovacevié¢ and come from [10].

Definition 3.3. Fix M > N, |c| = 1, and {b;}, with |b;| = \/LM Let {c;}Y,
be distinct M'™ roots of ¢, and for0 < k < M—1 let ¢, = (c’fbl, cgbg, e ,c’beN) )

Then {p;}225" is a general harmonic frame for CV.

Proposition 3.4. FEvery general harmonic frame is unitarily equivalent to a
frame of the form {ckwk}iigl, where |c| = 1 and {@Dk}ﬁgl is a harmonic
frame.
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Proposition 3.5. Let {wk}fy:?)l be a harmonic frames and let |c| = 1. Then
{ckgpk}kMzgl 18 equivalent to {¢k}kM261 if and only if ¢ is an M™ root of unity
and there is a permutation o of {1,2,--- N} so that orj = Vo, for all
0<k<M-—1andalll <j < N. A general harmonic frame is equivalent to
a harmonic tight frame if and only if it equals a harmonic tight frame.

Proposition 3.6. The family {ckwk}iigl is a general harmonic frame for Hy

if and only if there is a vector @y € Hy with |0l = & an orthonormal basis
{ei}f\il for Hx and a unitary operator U on Hy with Ue; = c;e;, with {ci}iN:1

distinct M roots of some |c| = 1 so that o = Uk, for all0 <k < M — 1.

Theorem 3.7. Let U be a unitary operator on Hy, ¢o € Hy and assume
{Ukcpo}f:? is a equal norm Parseval frame for Hy. Then UM = cI for some

le| =1 and {U’“gpo}igl is a general harmonic frame. That is, the general
harmonic frames are the only equal norm Parseval frames generated by a group
of unitary operators with a single generator.

A listing of all harmonic frames and their properties can be found in [33].

3.4. Maximal Robustness to Erasures. The results in this section are due
to Kovacevié¢ and Puschel can be found in [30].

We call a frame given by a matrix /' maximally robust to erasures if
every n X n submatrix of F' is invertible. If U is an m x m matrix and F' is
constructed by keeping all columns with indices in the set I C {0,1,...,m},
then we write

F=U[I].
We will work with the discrete Fourier transform defined by
1 ke i/ m
DFTy = —= [Wit]pcpocms wm ="M

vm
We have from [30]
Theorem 3.8. Forn < m,
F = DFT,[0,1,...,n],
is an equal norm Parseval frame which is maximally robust to erasures.

The above frames are complex. There are also real versions of these frames
given in [30]. Define for odd n = 2k + 1,

1
Ji iy

where Jj is I, with the columns in reversed order.
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Theorem 3.9. Let 0 < k < mT_l and n =2k +1. Then
F = DFT,[0,1,....kkm—km—k+1,...,m—1]U,
250 250
= |[cos

———o<j<m0<e<k[—sin
is an equal norm (real) tight frame with mazimal robustness to erasures.

lo<j<mi<i<k

For even n, we first define

BPT, = [l
0<k<m
and
Iy —idy
(4) V= [Jk iI }

Theorem 3.10. Let 1 < k < % and let n = 2k. Then

F = DFT,[0,1,....k—Lm—km—k+1,..m—1V,

= |icos 2(5 + %)&r 2(7 + %)Kﬂ'

lo<j<m,o<e<k[—sin lo<j<mi<e<k

is a equal norm (real) tight frame which is mazximally robust to erasures.

17
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4. STRUCTURED PARSEVAL FRAMES
4.1. Using Tight Frames to Construct New Tight Frames. Fix N, K, M €
N with K < N. Let

K={AcC{1,2,...,N}:|A| = K}.

For every A € K, let {f#}M, be a unit norm tight frame for Hy (so the tight
frame bound is M/K). For every A € I with A = {i; < iy < ---ix} define

Proposition 4.1. The family

A\M
{4 f; i=1,AeK

s a unit norm tight frame for Hy with tight frame bound

w (k)

Proof. Each T7 is an isometric embedding. Moreover, if f € Hy we have

SIS HETANE = DD UTaf £

Aer i=1 Ack i=1

M
= > ITasIP

Aek

M i
= Z3NIFG)

Aek i€A

M s
= ?Z > 1ra)

i=1 A€k, i€cA
N

= 72 (o

1=

- %) Zf;w)ﬁ
3 (o

N
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4.2. M-Circle and M-Semicircle Frames. The results in this section are
from Bodmann and Paulsen [4]. Bodmann and Paulsen introduced the notion
of frame paths to construct M-circle and M-semicircle frames and an alternate
frame path definition of real harmonic frames.

Definition 4.2. A continuous map f:a,b] — RM (respectively, CM ) is called
a uniform frame path iff ||f (t) | = 1 for all t and there are infinitely many

choices of N such that Fy = {f(a+l’_Ta),f<a+2(bT_‘l)>,--- (D)} is an

equal norm %—tight frame for RM (respectively, CM ). We call any such Fy a
frame obtained by regualar sampling of f.

Examples of such frames would include real and complex harmonic frames
[4].
In this section we discuss M-circle frame paths in R™, M > 2, where the
image of the frame path is the union of M circles. Let {e;}}, be the canonical
orthonormal basis for RM. The image of {e;}}£, will be the union of unit circles
in the e; — ex-plane, e5 — es-plane,- - - ,ep;_1 — epr plane. For the cases we will
consider let N = 4M. To define the continuous path one needs only to see
that it is possible to traverse this union of M circles in a continuous manner,
passing through each quarter circle exactly once. Since the intersection of
these circles occur at the 2M points, +eq,--- ,£eys, to define the path it is
enough to make clear the order in which one passes through the above points.

Proposition 4.3. When M > 2 s even, the following path traverses each of
the quarter circles exactly once,

+e1 — +ey — +e3 — +ey —
—e1 — —ey — —e9 — —ey  —
+e1 — —ey — ez — —ey —
—e1 — +ey — —e3 — +ey —
+é1

where the sign in the third and fourth rows alternates.

Proposition 4.4. When M > 1 is odd, the following path traverses each of
the quarter circles exactly once,

+e, — +ey — +e3 — +ey —
—e] — —€y — —€9 — —ey —
—e1 — +ey — —e3 — —ey —
+e1 — —ey — ez — +ey —
+e1

where the sign in the third and fourth rows alternates.
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Definition 4.5. Now, using the above ordering we will define a piecewise
smooth map f : [0,4M] — RM so that on ith interval [i — 1,4] the image of f
traces the ith quarter circle given in the above ordering. So in the case that
M > 4 s even this is accomplished be setting

( (cos%t,sin%t,O,---,O) 0<t<1
O,cosW(t;),sin”(gl),o,--~,O) 1<t<2
w(t—M+1) . 7w({t—M+1) N
(1) f@)= 0, ,0, cos 5 ,sin 5 M—-1<t<M
sin D 0, cos SR ) 4N~ 1 <t < AM

[4].

Theorem 4.6. (The Circle Frames). If n € N, N = 4nM with M > 3 and
let f:[0,4M] — RM denote the M-circle path defined above, then {f (%) :
j=1,-- N} is an equal norm %-tight frame for RM.

Theorem 4.7. (The Semicircle Frames). If f : [0,1] — R* be defined by
f(t) = (cos (nt) ,sin (1)), then for any N > 2, the set Fy = {f (£):1<j <
N} is an equal norm, %-tight frame for R?.

The construction of the M-semicircles path will be similar to the construc-
tion of the M-circles path in that the construction of the map f : [0,2M] — RM
is identical. The construction of these paths differs because to construct the
M-semicircles path we need only choose a path that exhausts a connected
semicircle on each of the M-circles.

Proposition 4.8. When M > 2 is even, the following path traverses a con-
nected semicircle on each of the M circles exactly once,

+e — +€ — +e3 — -+ ey —
—€1 — +€y — —e3 — -+ Fey —
+€1

When M > 1 is odd, the following path traverses a connected semicircle on
each of the M circles exactly once,

+e1 — +e — H+e3 — - Hey —
—e; — +€y — —e3 — - —€py — .
+e;

[4]

Theorem 4.9. Ifn € N, N = 2nM with M > 3 and f : [0,2M] — RM
denote the M-semicircle path defined above, then Fy is an equal norm %—tz’ght
frame obtained by reqular sampling.
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5. FRAMES OF TRANSLATES

Translates of a single function play a fundamental role in frame theory,
time-frequency analysis, sampling theory and more [1, 16, 17].

There is a simple classification of which functions give (tight) frames of
translates. For this we need a definition. For x € R we define translation by x
by

7.+ L(R) — L*(R), (r.f)(y) = fly — x), y € R.

We first introduce some notation. For a function ¢ € L*(R) we denote by b

the Fourier transform of ¢

o(6) = / o) () da.

As usual the definition of the Fourier transform extends to an isometry ¢ — )
on L*(R).

Now suppose ¢ € L*(R) and that b > 0. Let us identify the circle T with
the interval [0,1) via the standard map £ — €. We define the function
®,: T — R by

§+n

() = 3 BT
nez
Note that ®, € L'(T).
For any n € Z we note that
—2minéb 1 ) 1 ! —2min. 1.
(Tap, @) = (727", ) = A By (E)e M dE = 5%(”)'

We now have a classification of (tight) frames of translates from [8] (See also
3])-
Theorem 5.1. If ¢ € L*(R), and b > 0 then:

(1) (Tup®)nez is an orthonormal sequence if and only if

Ou(y) =b a.e.

(2) (TipP)nez is a Riesz basic sequence with frame bounds A, B if and only
! bA < Oy(y) < bB a.e.

(3) (Tup®)nez is a frame sequence with frame bounds A, B if and only if

bA < Oy(y) < OB a.e.

on T\ N, where N, ={£ € T : (&) = 0}.

We also mention a surprising result from [8].

Theorem 5.2. Let I C Z be bounded below, a > 0 and g € L*(R). Then
{Tha9}ner is a frame sequence if and only if it is a Riesz basic sequence.
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6. GABOR FRAMES

An excellent reference for time-frequency analysis is Grochening’s book [23].
Given a function g € L3(RY), for any f € L?(R%) we define translation of
f by x € R? and modulation of f by y € R? respectively as

T(f)(t) = f(t — ) and M,(f)(t) = ™" f(t).

Definition 6.1. Given a non-zero window function g € L*(R?) and lattice
parameters «, 3 > 0, the set of time-frequency shifts

g(g7 «, 5) = {TakMﬁng}k,neZd

is called a Gabor system. If this family forms a frame for L*(R%), it is called
a Gabor frame or Weyl-Heisenberg frame.

It is a very deep question when g, «, 3 yields a Gabor frame [23]. It can
be shown [23] that the frame operator for a Gabor frame commutes with
translation and modulation which yields:

Theorem 6.2. For any Gabor frame G(g,«,3) with frame operator S, the
family G(S™Y2, a, B) is an equal norm Parseval frame for L*(R?).

2mi/n

Now let us look at finite Gabor systems. Let w = e . The translation

operator 7' is the unitary operator on C" given by
Te =T(xo,71,...,Tn-1) = (Tn_1,T0, T1, - - ., Tn_2),

and the modulation operator M is the unitary operator defined by

Mz = M(xg,21,...,705_1) = (Wrg,w'zr, ..., w" 2, ).

Given a vector g € C", the finite Gabor system with window function
g is the family

{MéTkg}e,keZn :

In the discrete case, Gabor systems always form tight frames. Although this

has been folklore for quite some time, the first formal proof we have seen is in
29].

Theorem 6.3. For any 0 # g € C", the collection {M*T* g} ez, is an equal
norm tight frame for C™ with tight frame bound n?|| f||?.

Lawrence, Pfander and Walnut [29] examined the linear independence of
discrete Gabor systems.

Theorem 6.4. If n is prime, there is a dense open set E of full measure (i.e.
The Lebesque measure of C* \ E is 0) in C™ such that for every f € E, every
subset of the Gabor system {M‘T*g}, ez, containing n-elements is linearly
independent.
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7. WAVELET FRAMES
For an introduction to wavelets we recommend the books [25, 34].

Definition 7.1. An orthonormal wavelet is a function 1 € L* (R) such that
the system {1 (v) = 219 (Px — k), j,k € Z is an orthonormal basis for
L? (R).

Since wavelets are orthonormal bases they are also unit norm Parseval
frames. There is a complete characterization of wavelet functions [25, 34].

Theorem 7.2. A function 1) € L? (R) is an orthonormal wavelet if and only
if [l =1,

(1) Z ]1& (2j£) =1, forae £€R
jEz
and
(2) Zw (7€) v (2 (E+q) =0, forae R
>0

whenever q is an odd integer and 1 (€) = fﬂéwgb (7) e 2™y [25]

If we relax the requirement that translates be orthogonal, we have a gener-
alization of wavelets to wavelet frames. That is, we only require our system
of functions to form a frame for L?(R). Again, there is a classification of all

functions giving Parseval wavelet frames due to Hernandez, Labate and Weiss
26].

Theorem 7.3. Let P be a countable indexing set, {g,}pep a collection of
functions in L*(R™) and {C,},ep be the corresponding collection of matrices
in GLy(R). Suppose that

1 1 .

forall f € D ={f € L? (]RM) : f e L™ (RM) and suppf is compact},
where C) = (CL)™'. The system {Tc,xgp |k € RM, p € P}, where for y € RM
T,f=f(—vy),isan equal norm Parseval frame for L*(RM) if and only if

(4) Z Wm Gy (€ +0) = Gag foract eRY,

for each o € A, where § is the Kronecker delta for RM.
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8. FILTER BANK FRAMES

Results on filter bank frames can be found in [15, 28]. The results are due
to Casazza, Chebira, and Kovacevié [7].

Definition 8.1. Given k,N,M € N, a Filter bank frame for (5(Z) is a

frame for 5(Z), say {om}mez, satisfying the following:
1. For0<i<kN —1andj¢{0,1,...,kN — 1} we have that ¢(j) = 0.

2. Forj =0,1,....M =1 and 1 € Z, pin+; = Tinpj, where Tin 1is
translation by iN.

Notation 8.2. Throughout this section we will let {e;}icz be the natural or-
thonormal basis for l5(Z).

Proposition 8.3. Let N < L — 1 be natural numbers and let {wj}ﬁal be a

frame for the span of {ei}f:_ol with frame bounds A, B. Let @nri; = Ting; for
al0<j<M-—1andalli € Z. Then {p;}icz is a frame for l5(Z) with frame
bounds A| £], B[%].

Proof. Let ¢ € l5(Z) and compute

> Ko em)? =

mEeZ

M—
Z . Pint )|

Eu

(o, Tins) |2

iyl

o
m
N

<

Il
o

iN+L—1

Y e

n=1

B3| et

ne”L

IER

The lower frame bound follows similarly. ([l

INg
®

IN
_|_|N

2= 2

= B

Next we see when we can get a tight frame from a filter bank frame.

Proposition 8.4. Let 0 < L < N be natural numbers and Let {goj}jj\ial be a
frame for span {e;}EN+E | with frame operator S having eigenvectors {e; } <4 TE
and respective eigenvalues {\}EN Y. Let iy j = Ting; for all0 < j < M—1
and all v € Z. The following are equivalent:

1. The family {p;}icz is a A\-tight frame for lo(Z).
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2. We have

\ S o AiNtm: 1 0<m<L
S Avem ¢ L<m <N

Proof. Let ¢ € {5(Z) and compute

> e om)? = ZZ\ . Qint+s)|

meEZ i€Z j=0

= Y (o v

i€Z j=0
(i+K)N+L
2
= E E A 1N|90 |
1€Z n=0
KN+L

= > > Alen +iN)P

i€Z n=0

S (zx) N )

m=0 i€Z \j=0

+ Z Z (Z )\jN+m) |o(iN +m)[?.

m=L+1i€Z \ j=0

The result follows immediately from here. ([l

Since a filter bank frame is an equal norm frame if and only if we start with
an equal norm frame before translation, the next corollary also classifies which
filter bank frames are equal norm tight frames.

Corollary 8.5. Let {goj}jj\igl be an A-tight frame for the span of {e;}EN*t
for 0 < L < N. Let pinyj = Tingj, for all0 < j < M —1 and all i € Z.
Then {@;}icz is a A-tight frame for €5(7Z) if and only if L = 0. Moreover, in
this case A = (K + 1)A.

Proof. Since {p}M ;! is an A-tight frame, every orthonormal basis consists of
eigenvectors of the frame operator for this frame. By Proposition 8.4, {¢;}icz
is a frame with {e;};cz eigenvectors for the frame operator having eigenvalues

ZA (K+1)A, for e;nym, 0<m <L,
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and
K—-1
ZA:KA, for e;nym, L+1<m<N.
=0
It follows that this is a tight frame if and only if L = 0. O
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