EXISTENCE AND CONSTRUCTION OF FINITE TIGHT FRAMES

PETER G. CASAZZA, MANUEL T. LEON

ABSTRACT. The space of finite tight frames of M vectors in RN with prescribed norms {b;}}Z,
and frame constant A corresponds to the first N columns of matrices in O(M) ( the orthogonal
group ) with the property that the norms of the first N elements of their rows equal the values

j=M
a; = bj/v/A. Then a3 <1and 21 a;=N.
]:

i=M

For any sequence {a‘j};’\il of positive real numbers such that a? <1land a? =N, we
i=1

prove existence of such frames. The proof is constructive, giving an embedding of O(N) x O(M)

into the space of such frames. In addition, for any such {a; }jl‘il, all solutions can be factorised

into M*U;I*l) - N*(gfl) parameters and one matrix Ry € O(N), and each different solution

provides a different embedding of O(N) into the space of such frames. In particular, Parseval

frames correspond to sequences {aj}jj‘i1 such that a; = 1/ 4. The results provide an independent

proof of some of the existence results in [CKLT02]. All proofs are constructive. A MATLAB
toolbox implementing all results is freely distributed by the authors.

1. INTRODUCTION

Frames for Hilbert spaces play a fundamental role in a variety of importatnt areas including
signal/image processing [Cas00], multiple antenna coding [GKV98|, perfect reconstruction filter
banks [DGK02], quantum theory [EF01], [S] and much more. For applications, tight frames are
preferred since they alow simple reconstruction formulas. A common problem in applications of
frames is to find a tight frame {¢;}}7, for an N-dimensional Hilbert space Hy with {[|¢;]|}}Z,
prescribed in advance. In [CKLT02] the authors give necessary and sifficient conditions on {a;}}Z,
so that there exists a tight frame {@;}}1, for Hy with [|¢;]| = aj, for all j = 1,..., M. The
main tool used in [CKLT02] is the notion of frame potentials introduced by Benedetto and Fickus
[BF02]. However, this is an existence proof while for applications we need an exact representation
for the frame. In this paper we will give an algorithm for constructing a family of tight frame
vectors {¢;}}1, for Hy with [|;|| = a;, for all j = 1,..., M. This provides an independent proof
of some of the results in [CKLT02] while at the same time allowing exact constructions for the
necessary frames. A MATLAB toolbox implementing all these results is freely distributed by the
authors.

2. DEFINITIONS

Througout the paper we let N < M be fixed positive integers. First we recall the well known
fact that finite normalized tight frames correspond to the first N columns of matrices in O(M),
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the M x M orthonormal matrices. Background definitions and a detailed proof of this fact is
found in [GKO01] and [BF02].

For the purposes of this paper it suffices to recall that {cpj}j”il is a ( finite ) tight frame in RY
with frame constant A if for every vector y € RY

j=M

Sy =Y (v, ¢i)e; = Ay

j=1
The ”analysis frame operator” L of the frame is given by
j=M

Ly = {{y, i) /=i

with adjoint operator L* given by
j=M
v
{an}§:1 - Z%’@j .
j=1

We have the diagram
RY -5 2(M) L5 RM L 2

Then the frame operator S and grammian operator G equal S = L*L and G = LL*, where L is
an M x N matrix and L* is an N x M matrix given by

M

where ¢} are row vectors and ¢; are column vectors. The tight frame condition gives L*L =

Alyyn and the diagonal of the grammian is {|¢1]%, .. ., [leam|*}-
Now extend ﬁ to a matrix U € O(M),
Vi |
2.
U=1| 1 |:
=
9.

: j=M
In [CKLTO02] it is proved that for {a; > 0}/=}" the condition 3~ a? > Na} ( suppose a, is
j=1
the largest a; ) is sufficient for the existence of a tight frame {goj}j-j/[ with ||¢;|]| = a;. The
associated matrix U € O(M) satisfies the condition

j=M
N =

=1

2 2

o; <1

, and H—

VA

VA

where A is the tight frame bound of {gpj};:j/f .
The main result in this paper is then:

I
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j=M
Theorem 2.1. For a sequence {a;}}L, of positive real numbers such that a7 <1 and ) a5 = N
j=1
a matriz U € O(M) exists such that, in squared norms, the first N columns are
a? .
| :

a, |.

We proceed to obtain such matrices. Their construction provides an independent proof of
some of the results on existence of tight frames in [CKLT02].

Any sequence {aj}j”il of positive real numbers such that a? < 1 and Ji/[ a? = N will be
called admissible. For Ry, € O(M) let 1z ; denote the first N terms O%Zi{cs jth row. Then
]i‘w | Tepeill” = N. We will say that Ry, is a solution for the admissible sequence {a;}iL, if
j=1

I71ef6,51

=q;forj=1,...,M.

3. FACTORISATION OF O(M)

The following factorisation is similar, with minor changes, to that described in [Vai93], p. 747.
Every matrix in O(M) is obtained as a product of Givens rotations 6(t, j, k) € O(M),
j < k, where

Lii;o1 0 0 0 0
0 cos(t) 0 sin(t) 0
0(t, 5, k) = 0 0 Ing j koM jra2 O 0
0 — sin(t) 0 cos(t) 0
0 0 0 0 Ipoipos

It is clear that
0(t,j, k) ' =0(—t,3,k)

To begin with, every Ry € O(2) is obtained as

re= (S ) (61) =t

and thus can be stored with one parameter ¢ and a sign =1 ( taking account of the determinant ).
Let Ry € O(M), and we will see how to factor Ry,. Let

th~t=m/2 if Ry (M, M) =0,
and

(3.1) tM = arg(Ra (M, M) — iRy (M — 1, M)) otherwise.
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Then, if T =0t};~', M — 1, M)Ry;, we have that T(M — 1, M) = 0 and T(M, M) > 0 . That
is,

T(1, M)

0

\
S R
} T(M, M)

Now repeat the process on the M —2 term of Mth column of 7', thus obtaining t%_Z. The matrix
S=0 M —2,M)T =0(ty; 2, M — 2, M)o(t3; ', M — 1, M)Ry,
is such that S(M —2, M) =S(M —1,M) =0 and S(M, M) > 0.

| S, M)
g |- | S(M —3,M)
N 0
| 0
| S(M, M)
Iterating the process we obtain t},, . .. ,t%_l such that if

Qu = 0(th, 1, M)O(t3,,2, M) ... 0@t 2, M —2, M)t M — 1, M)Ry,
then
Qu(l,M)=Qu2,M)=---=Qu(M-1,M) =0

and Qu(M,M) > 0. Since Qn € O(M), we now have Qu (M, M) = 1. Also and since
Quv (M, M) =1, it follows that

This means that

() au= (")

for some matrix Ry;—1, and since Qp € O(M), we have Ry, € O(M —1).
Therefore,

R = 0(—tM= M — 1, M)O(—t=2 M — 1, M) ...0(—t2,, 2, M)O(—t},, 1, M)Qu

for some matrix @y asin ( 3.2 ).

Any choice of M — 1 parameters t};,...,t3: * will induce embeddings
(3.3) Gt}w._’t%l : O(M — 1) — O(M)
taking Ry—; € O(M — 1) into

Ot M — 1, MOt =2, M — 1, M) ... 0(t2,,2, M)0(t3,, 1, M)Qu

for Qar asin (3.2). Multiplication by any of the matrices 0(t, j, k) will only introduce changes in
rows j and k. Parameters defined in ( 3.1 ) are defined up to integer multiples of 27. Therefore
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for different ( up to integer multiples of 27 ) M — 1 parameters si,, ..., s}y - we obtain different
embeddings Qs}w_._,sﬁ_l.

The process can be iterated for Rp;—1. And composing such embeddings ( 3.3 ) we obtain
embeddings

O(N) — O(N +1) —> ...O(M — 1) — O(M)

The resulting parametrisation and the embeddings of O(N) into O(M) will play a significant
role and we record them as follows.

Lemma 3.1. If N < M, then
(M-1)

a) Every matrixz in O(M) is parametrised by (M — 1)+ (M —2)+---+2+1= M
' 2
parameters and one sign.
(b) Every matriz in O(M) is parametrised by (M — 1) + (M —2)+---+ (N + 1) =
M(M ). N(]\; Y parameters and a matriz Ry € O(N).
(c) Both of these parametrisations are unique ( up to integer multiples of 2w for the real
parameters ).

Proof. Parts (a) and (b) are the well known representation of matrices in O(M) described above.
For part (c), the sign of the decomposition is the determinant of the matrix. The real parameters
tin ( 3.3 ) are defined up to integer multiples of 27. O

The factorisation reformulates, for storage and computation purposes, the well known fact
that as a Lie Group, O(M) has dimension M(]\Q/ffl) and two components, corresponding to the
two possible values of the determinant.

Whenever we refer to a matrix in O(M) by giving the M % (M — 1)/2 parameters and a
sign we refer to the decomposition of the Lemma 3.1 . For later reference we now record both
factorisations of arbitrary Ry € O(M).

(3.4) Ry =01 M —1, M)t 2 M —1,M)...0(t3,,2, M)O(ts,, 1, M)
O3 M —2 M — 1) 3 M —2, M —1)...0(t3,_,,2, M — 1)0(ty,_,, 1, M — 1)

cos(ty)  sin(t}) po 0
. 0(3,2,3)0(t3,1,3) | —sin(t) cos(ty) 0 1 =11
IM—Q,M—Q IM—Q,M—Q

and if any Qn € O(M) is given by

Qn =0ty N =1, N)0(tN"> N—2,N)...0(t%,2,N)0(ty,1, N —1)
cos(t)  sin(#d) p 0
..0(t3,2,3)0(t3,1,3) | —sin(t]) cos(t)) 0 1 p=r1
Inr2,m—2 Inrom-2

then
(3.5 av=" 0 )
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where Ry € O(N), and
(3.6) Ry =00t ', M —1,M)0(ti 2 M —1,M)...0(t3,,2, M)O(t},, 1, M) ...
O(thi, NN+ 10N LN =1L, N+1)...0(ty, 1, 1, N+ 1)Qn = UQy

where

U =0t M -1, MO 2 M —2,M)...0(t5,,2, M)0(t},, 1, M)

Ot NN+ 1D)0(tN 1, N = 1L,N +1)...0(ty, 1, 1, N + 1)
4. EXISTENCE AND CONSTRUCTION RESULTS

Lemma 4.1. Let Ry € O(M) be a solution for the admissible sequence {a;}}L,, and let Ry be

MM=Z1) - N2 parameters and a matriz Ry € O(N) as

factorised as in ( 3.6 ) by means of
in (8.5 ). For any matrix Sy € O(N), let

SN 0
Pn =
N (0 IM—N,M—N)
Then

Sy =0t M —1, M)t M —2, M) ...0(t5,2, M)O(th,, 1, M) ...
O(tN1, N, N +1)0(tN 1, N —1,N+1)...0(ty 1,1, N+ 1)Py = UPy

is a solution for the admissible sequence {a;}iL,. This provides an embedding of O(N) into the
space of solutions for the admissible sequence {aj}j”il.

Proof. We will show that the values {a;}}Z; depend on the parameters
(41) t%_la t%_2a s t?\l—l—l: t}V—i—l

and are independent of the particular choice of Ry, € O(N).

Let r; be the Ith row of Ry for I =1,..., N. Then (r, r;) = 6,x. Let z; be the first N terms
of the jth row of Ry, for j = 1,..., M. Multiplication by a Givens rotation will replace the first
N terms of any row by a linear combination of {r;}}£,. At the end of the process

I=N
L J
Tj= E AT
=1

where the coefficients )\; depend only on the M(];"_l) — N(]\;_l) parameters in ( 4.1 ) and are

independent of the r; given by Ry. Since the vectors r; are orthonormal,

I=N =N =N
lz11” = (g, 25) = QAT 7. ) N oy =Y ()
I=1 I=1 I=1
Thus under replacement of Ry by another matrix in O(N) the values of ||z;||* do not change.
Again from ( 3.6 ) it follows that the parameters in ( 4.1 ) induce an embedding of O(N) into
the space of solutions for the admissible sequence {aj}j”il. O

Remark 4.2. The equations giving )\{ in terms of ( 4.1 ) are in practical terms unmanageable.
(M=1) _ N(N-1)
2 2

They are given in terms of the M parameters.
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Theorem 4.3. Let N < M be fized. If {aj}j”il s an admissible sequence, then

(a) There is a solution for {a;}}.,
(b) Moreover, there is an embedding from O(N) x O(M — N) into the space of all
solutions for {a;}}Z,. The embedding will take the pair of matrices Ry € O(N) and

Ry_n € O(M — M) mnto
Ry 0
v
( 0 RM—N,M—N)

where the matrix ¥ is determined by the admissible sequence {a;};Z;.

Proof. The proof is just an algorithm. Let ¥ = I, s We start with the matrix O € O(M) given

by
_(Ry 0
o= (% nu)

where Ry and Rj,_y are arbitrary matrices in O(N) and O(M — N) respectively. The fact that
there is no other requirement on Ry and R,;_y will provide the clue for the proof of the second
claim of the lemma. We will construct matrices O™ € O(M) forn = 1,...,M — 1. We will
denote

Oje,; = first N terms of jth row of O" and
Opight; = last M — N terms of jth row of O"

Once the values a?,...,a%,_, have been attained the problem is solved since each O™ is an
orthogonal matrix. The solution will be OM~1. Let

t; = arg(ay + iy/1 — a?)
and rename
U =0(ty,1, M)WV.
Let
O' =0(t,,1, M)O
Then O! = ¥O, and

1 2 9 1 2 2
[Oeseal|” = ai, and oz | =1~ af.
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1
right,j 10T

are described by the diagram:

Also oy, 5, remains orthogonal to oy, ; for j > 2 and o, 5, remains orthogonal to o
j < M — 1. The values of the squared norms of o}, ; and o,

right,j
2 2
(o)
1| 0
: | :
1 | 0
P | -

o | 1
A
o | 1

‘ 2

Now one of the following applies:
(CASET) 1< a?+a3, or
(CASE II) 1 > a2 + a2

In CASE 1, take 5 a solution of

. o 11— ag 2 1
sin(ty)” = " and O° = 0(t9,2, M)O
1
Then
|02, pall* = [|cos(t2) 0l s + sin(t2)o g | 2 [[eos(t2)olepus || + |sin(t2)olesu ]| =

cos(ty)? Holleme2 + sin(t,)? Holleft,M” @ cos(ty)? +sin(t)?(1 — a?) =

. 2/ 2 1‘“% 2 2
1 —sin(ty)“(a) =1 — 01 =4
1

where equality (1) holds because oy, , and oy, 5, are orthogonal and equality (2) holds because

Olos12 18 a unitary vector ( in Ry ). The values of the squared norms of o7, ; and 02, ; are
described by the diagram:

( a? | 1—a?
as | 1— a?
T 0
: | z
o 0
_____ [ —
0 1
\
0 p
\2-?-a | @4ai-1)

Now for j = 3,..., N, we have ofeﬂ,j = olleft’j ( they come from Ry ) so they are unitary and
they remain orthogonal to olzeft, s since the latter has been obtained as a linear combination of
Opest,; for j < 2.
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Similarly, for j = N +1,..., M — 1, we have 0Z;,, ; = 0pigns; ( they come from Ry ) so they
are unitary and remain orthogonal to 07, 5, since the latter is just a scalar multiple of oy, 1
In CASE 11, take ¢, a solution of

2
sin(ty)? = : i2a2 and let O* = 0(ty, M — 1, M)O'!
1

Then

2 2 _ 1 . 1 2 @ 1 2 . 1 2 _
Horz'ght,M—1H = HCOS(tQ)Oright,M—l +Sln(t2)0right,M|| = HCOS(tQ)O'right,M—lH + HSln(tQ)oright,M” =

2 . 2 .
c08(12)? [0t gmentr ||” + sin(ts)? [ 0Lignenr|| £ cos(ts)? + sin(ts)?a? =
2
1 —sin(ty)? +sin(tg)%a? = 1 +sin(ty)?(a? — 1) = 1+ 161722(0,% ~1)=1-a}
-0
where equality (1) holds because oy, ps—1 and oy, 5 are orthogonal and equality (2) holds
since oiight’ 11 18 a unitary vector (in Ry n ). The values of the squared norms of o7, 1, and

ofight’j are described by the diagram:

( af | 1-af \

1 | 0

1 | 0

VR R

1 | 0

_____ | o
0 | 1
|

0 | 1

az | 1—a’
\l—of - | @t /

Now for j = 2,..., N, we have ofeﬂ’j = olleft,j ( they come from Rj;_n ). Hence, they are

unitary and they remain orthogonal to of,, ,, since the latter has been obtained as a linear
combination of o, ; for j < 2.

Similarly, for j = N +1,..., M — 2, we have 0, ; = 0y;,p,; ( they come from Ry ). So
they are unitary and remain orthogonal to ofight’ u Since the latter has been obtained as a linear
combination of oy, ; for j > M — 2.

In either case, by renaming

U = H(tg, m, M)\I/
where m is given by the CASE used, we have
0*=v0

After k applications of CASE I and [ applications of CASE II we obtain the matrix O*++1 The

k+i+1 k-+i+1 : - M
values of the squared norms of o};" and o1} are described ( up to reordering of {a;};Z; ) by
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the diagram:

( ag | 1—a§ \
G%H | 1_ai+1
1 | 0
1 | 0
__________ | o
0 | 1
0 | 1
|
CLi+l+1 I 1_az+l+1
a§+3 | 1 a§+3
2ak+2 2 | 2 1—a,§+2
\k+1_a1_“‘_ak+l+1 | a1+'.'+ak+l+l_k/

Now the two cases correspond to :

In CASE I, take tj ;42 a solution of

1 —a?
sin(t 2 _ k4142 and Ok+l+2 = 0(t ,k + 2’ M Ok+l+1
( k+l+2) a% 4 a a%_}_H_l —k ( k+1+2 )

In CASE 1II, take )12 a solution of

2
) a

sin(tgii40)” = k+1— a2 k_+l,+_2_ a2 and O*'™*? = O(tgy1p0, M — 1 — 1, M)OMHH!
1

T Ykti+1
In either case, by renaming
U = 0(tptir2, m, M)V
where m is given by the CASE used, we have
O'+i+2 = ().

Now it remains to prove that CASE I eventually takes place whenever £k < N — 1 and when
k=N — 1 only CASE II can apply.
Suppose k < N — 1. Then £+ 1 < N — 1. At the same time

af+ -+ Ay tay >N -1
giving
k—i—l§N—1§a%+---+ai+l+1+aﬁ4,l

so CASE I will eventually apply .
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If k =N —1 and CASE I applies at some step,

This could only happen if N = af + - -+ af,, 9, S0 Ggyi43 = -+ = ap—1 = ap = 0. In this case
Ot is a solution for {a;}}%,. It is clear from the construction that
oM~ =vO.
Finally, the parameters ¢y, . .., ty_; and the matrix ¥ were determined by the norms a2, ..., a3,_,

and so is W. Replacement of O by any other

, R 0
o= (1wl
M—N

would have lead to another solution
oMt = w0

It is clear that multiplication by a unitary matrix is an injection. The claim is thus proved. [

It must be pointed out that the embedding of O(N) x O(M — M) into O(M) does not fill out
the space of solutions. Using alternative algorithms it is possible to construct solutions which
do not belong to the image of the embedding, that is, can not be factorised as

wo=u (" 0 )

RMfN
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