FRAMES WITH A GIVEN FRAME OPERATOR
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ABSTRACT. Let S be a positive self-adjoint invertible operator on an N-dimensional Hilbert
space Hy and let M > N. We give necessary and sufficient conditions on real sequences a; >
az > -+ > apy > 0 so that there is a frame {¢,}"=M for Hy with frame operator S and
llpnll = an, for all n = 1,2,... M. As a consequence we see that for any frame operator S on
Hpy and for any M > N, there is an equal norm frame for Hy with M elements and having S
as its frame operator. A MATLAB toolbox [4] implementing all results is freely distributed by
the authors.

1. INTRODUCTION

A sequence {¢,}"=M is a frame for an N-dimensional Hilbert space Hy if the positive self-
adjoint frame operator

S =

n=M
<§07 §0n>§0n

n=1

is a bounded, invertible operator on Hy. A frame {¢,}"= is a A-tight frame if S = A and

n=M
if \ = 1, it is a Parseval frame . Moreover, Tr S = 3. |l¢a||>. Hilbert space frames have
n=1

played a fundamental role in signal/image processing since the seminal work of Gabor [7]. The
tools introduced by Gabor where formalized into the notion of frames by Duffin and Schaeffer
[5]. Recently, frames have been applied in a wide variety of areas from the Internet [8] and [9],
multiple antenna coding [10], quantum theory [6], and [11] and more. Each application of frame
theory requires a new class of frames designed for the specific application. This often involves
having to find frames with ( prescribed in advance ) norms for the frame vectors. In [2] there is
given necessary and sufficient conditions on real sequences a; > ay > --- > ay; > 0 so that there
exists a tight frame {p, }"=M for Hy with ||p,|| = ay, for all n = 1,2,... M. The condition for
the existence of a A-tight frame given in [2] is that

n=M
A= Zai > Naj.
n=1

One interpretation of this result is that it gives necessary and sufficient conditions on ||¢,|| for
{pn}=" to form a frame for Hy with frame operator S = M. An alternative proof of this
result appears in [3] where an algorithm is given for this construction which runs very efficiently
in MATLAB .
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In this paper we generalize these results to the case where AI is replaced by any positive self-
adjoint invertible operator S on Hy. That is, for a given S and M > N, we give necessary and
sufficient conditions on a; > ay > --- > apr > 0 so that there is a frame {gon};‘j/[ for Hy with
frame operator S and satisfying: ||¢,|| = a,, for alln =1,2,... M.

2. MAIN RESULT

The main result in this paper is:

Theorem 2.1. Let S be a positive self-adjoint operator on a N-dimensional Hilbert space Hy .
Let Ay > Xy > ... Ay be the etgenvalues of S. Fiz M > N and real numbers ay > as > ...apy > 0.
The following are equivalent:
(1) There is a frame {p, ;jw for Hy with frame operator S and ||p;|| = a;, for all j =
1,2,..., M.
(2) For everyl <k <N,

(2.1) Za <Z)‘“ and Za —Z)\

=1

It is well known ( see e.g. [1] ) that there are equal norm Parseval frames with A/-elements
in Hy for all M > N. As a consequence of Theorem ( 2.1 ), we see that there are equal norm
tight frames for any prescribed frame operator.

Corollary 2.2. If S is a positive self-adjoint operator on Hy then for every M > N there is an
equal norn frame {p, }"=Y for Hy whose frame operator equals S.

i=N
Proof. Let \y > Xy > -+ > Ay be the eigenvalues of S and let A = > \;. Fix M > N. If
i=1

=M
n = \/A/M for every n then Z a2 =X and forall 1 <k < N,

i=k = N 1=k i=k
2 _ , 2 . .
> o= —)\ = Z)\ bap N 2N SR 2 A < D A
=1 i=1 i=1 i=1
In the next to last inequality above we have used the fact that deleting some of the smallest
numbers from a set of numbers will increase the average of the numbers.

Hence, by Theorem ( 2.1 ), there is a frame {¢,}"=M with ||p,| = VA/M for all n
1,2,..., M having frame operator S.

Il

To show that (1) implies ( ) in the theorem we will actually prove a more general result.

Theorem 2.3. Let {c,o]} be a frame for Hy with frame operator S having eigenvalues A\
Ay >+ > Ay. If P is an orthogonal projection of Hy onto a k-dimensional subspace, 1 < k
N, then

IN TV

Z Aj <ZIIP%II <ZA

j=N—k+1

Proof. Let {e,}"=Y be an orthonormal basis for Hy with Sen = Men,n=12....N. Let P
be a rank k orthogonal projection on Hy and let {1;}=% be an orthonormal basis for PHy. Tt
is known ( see e.g. [2] ),that
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n=M
1) S {on em) = Ap, forall 1 <m < N
n=1
n=M
(2) > (pn.e)(pn,em) =0forall 1 <l#m < N.
n=1
Now we compute using (1) and (2) above.

n=M i=k n=M i=k

i ||P<10n||2 = ZZ|<¢“P§0n>|2 = ZZ|<wl=9@n>|2 _

n=1 =1 n=1 =1

n=M i=k |m=N n=M i=k m=NI[=N

ZZ Z wzaem Qpnaem ZZZZ wzaem ¢n,€m><¢u€z><%0m€z>
n;len n]\’;zlk n=1 =1 m=1 [=1 .
SO 1w em) P 1{ns )| +ZZ Vis em) (Wi 1) Y (@ns €)(Pns €m) =
m=1 n=1 i=1 1m;£l n=1
m=N i=k " m=N i=k
Z Z |<77bu em Z | Pn, Cm | - Z Z | wu em m-
m=1 ¢=1 m=1 ¢=1

Since {t;}!=F is an orthonormal basis for its span, we have that

Z|<¢i,em>|2§1, forall 1<i<k, 1<m<N

and
m=N i=k i=km=N
ZZ| wzaem| _ZZ ( d)zaem| _ZHd)H
m=1 i=1 i=1 m=1

Combined with our calculations above, we obtain,

m=k m=N 1=k m=N m=N
m=1 m=1 1=1 m=1

m=N—k

We now give two corollaries. The first is one of the implications of Theorem ( 2.1 ).

Corollary 2.4. Let {goj}j]‘il be a frame for Hy with frame operator S having eigenvalues Ay >
Ay > . AN > 0. If flou]] > [lgall = - > [loml|, then for every 1 <k < N,

j=k =k

2
S lleill? <>
j=1 i=1

Proof. Given k, let P be an orthogonal projection of rank k on Hy so that ¢; € PHy , for all
1 <j<k. By Theorem ( 2.3 ) we have :

2 2 2
S lleil? = D 1Peill” < S IPesll < oA
j=1 j=1 j=1 j=1
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The next corollary is well-known in many areas of mathematics. For example, in PDE’s this is
a consequence of the Rayleigh min/max principle. In stochastic processes this is the Karhunen-
Loéwe theorem.

Corollary 2.5. Let S be a positive self-adjoint operator on Hy with eigenvalues Ay > Ay >
. Any > 0. If P is a rank k orthogonal projection on Hy then

r(PSP) ]Z::

Proof. If {e;}7_, is an orthonormal sequence in Hy with Se; = Aje;, then {@; = \/Aje; 1L, is a
frame for Hy with frame operator S. Hence, PSP is the frame operator for { Py; }]:1 Applying
Theorem ( 2.3 ), for every 1 < k < N, we have

r(PSP) ZHP%H <Z)\

U

Now we complete the proof of the main result by showing that (2) implies (1). We’ll start with

a frame {goj}gj/[ with frame operator S. The vectors used in Corollary ( 2.5 ) can be extended
to a frame on Hy with frame operator S. More generally, since S is symmetric,

S = VAV

where V is an orthonormal matrix and A is a diagonal matrix with diag(A) = (A1, Aa, ..., An).

Let A« n be such that its top IV rows equal A3 and all remaining entries are zero. Let Wy, ar
be orthonormal ( or unitary ), and let ¢; = j—th row of F' = WAV*. Then

F'F = (WAV*)*'WAV* =VAV* = S.
The Gram operator is given by G = F'F*, and
diag(G) = (eal*- - llear ).
Then ( Horn. p. 101) there is an orthogonal matrix Uy« and an diagonal matrix A such that
G =U"AU, where diag(A)=(\,...,An,0,...,0).
Let Visxm be (see Proposition ( 3.1 ) in the appendix ) an orthogonal matrix such that if
T =VAV*, then, diag(T) = (a?,...,a3).

Let ; = j—th row of H = VUF'. Then {% ~Mis a frame since rank(H) = rank(F) = N. Its
frame operator is given by

H*H = (VUF)*'VUF = F*F = S,
and the diagonal of its Gram matrix is

diag(VUF(VUF)*) = diag(VUFF*U*V*) = diag(VAV*) = (a}, ..., a3},).
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3. APPENDIX

Every matrix in O(M) ( the orthogonal group ) is obtained as a product of Givens rotations
0(t,j,k, M) € O(M),j <k, where

;0 O 0 0 0
0 cos(t) 0 sin(t) 0
g(t,j,l{l,M) = 0 0 IM_j_k_QyM_j_]g_Q 0 0
0 — sin(t) 0 cos(t) 0
0 0 0 A

It is clear that
O(t,j, k, M)~ = 0(—t,j,k, M)

gl\D

Proposition 3.1. Let A\, ..., Ay and aq,...,ay be real numbers such that a% > a% >...>q
and for every 1 < k < M,

i=k i=k i=M i=M
(3.1) Za? < Z)\i, and Za? = Z)\i.
i=1 i=1 i=1 i=1

Let A be a diagonal matriz with diag(A) = (A, ..., A\y). Then there is a matriz O € O(M) such
that

diag(ONO*) = (a2, ..., a3).

Proof. We'll prove the proposition by induction on M. If M = 2, let t = arcsin(\/)\l — a2/ — Ao
and O = 0(t,1,2,2). Next, Assume the result holds for M — 1. From the hypothetsis, \; > a?.
Let k be such that A\; > a? for j =1,...,k — 1 and af > \;. Let

t= arcsin(\/)\l —a?/\ — A, and O, =0(t,1,k, M).

Then

a2 0... %0...0
0

01A01< = *

0
where x represents a possibly nonzero entry on kth row and 1st column ( or 1st row and kth

column ). Let A; be the (M — 1) x (M — 1) bottom right box of O;AO7. Then, A; is a diagonal
matrix and, since Tr(A) = Tr(O,AO7),

dmg(Al) = ()\2, ceey )\kfl, )\k + )\1 — a%, )\k+17 ceey )\M)

Now we’ll verify that diag(A;) and ay, ..., ap meet the premises of the lemma.
Ifm <k,

M+t A >(m—1Dx*al>(m—1)%a)>a;+ - +a’,.
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Ifm >k,
Mt A4 A =X+ A+ o N+ M —al N+ Ay =
MA+X+ o+ A —al >a)+ - +a,.

10
O - (0 02> Ol-

where O, is the solution for A, will satisfy the claim. O

Then
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