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ABSTRACT. In 1990, Daubechies proved a fundamental identity for Weyl-
Heisenberg systems which is now called the Weyl-Heisenberg Frame Iden-
tity. WH-Frame Identity: If g € W (L, L!), then for all continuous, com-
pactly supported functions f we have:

Zl <faEmanag> |2 =

m,n

2> [ T@ - k) Y ot~ nagli=ra =) a.
k n

It has been folklore that the identity will not hold universally. We make a
detailed study of the WH-Frame Identity and show: (1) The identity does
not require any assumptions on ab (such as the requirement that ab < 1 to
have a frame); (2) As stated above, the identity holds for all f € L?(R);
(3) The identity holds for all bounded, compactly supported functions if
and only if g € L2(R); (4) The identity holds for all compactly supported
functions if and only if 3, |g(z—na)|* < B a.e.; Moreover, in (2)-(4) above,
the series on the right converges unconditionally. We will also see that in
general, symmetric, norm and unconditional convergence of the series in
the WH-frame identity are all different.

1. INTRODUCTION

The WH-frame identity has been extensively used in Weyl-Heisenberg frame
theory and has gone through some small improvements over time. It has been
part of the folklore that the identity does not hold universally. But, until now,
it has been a little mysterious as to exactly where and when one can be sure
the identity holds. In this paper we give a detailed analysis of the WH-frame
Identity.

In 1952, Duffin and Schaeffer [5] defined:

Definition 1.1. A sequence (fn)nez of elements of a Hilbert space H is called
a frame if there are constants A, B > 0 such that

(1.1) ANFIP< D01 < fofa> P < BISIP, forall feH.
nez
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The numbers A, B are called the lower and upper frame bounds respec-
tively.

We will work here with a particular class of frames called Weyl-Heisenberg
frames. For a function f on R we define the operators:

Translation: T,f(z) = f(z —a), a€R
Modulation: E,f(z) = e*™®f(z), a €R

We also use the symbol E, to denote the exponential function F,(z) =
e?™ Each of the operators T,, F, are unitary operators on L?*(R).

In 1946 Gabor [6] formulated a fundamental approach to signal decomposition
in terms of elementary signals. This method resulted in Gabor frames or as
they are often called today Weyl-Heisenberg frames.

Definition 1.2. If a,b € R and g € L*(R) we call (EpmpThag)mnez o Weyl-
Heisenberg system (WH-system for short) and denote it by (g,a,b). We
call g the window function.

For any a,b € R and g € L*(R) for all k € Z we let,

Gi(t) = Zg(t —na)g(t — na — k/b).

neZ

We will be analyzing the WH-frame identity. The form we give here is due to
Walnut [8] (see also Heil and Walnut [7]).

Theorem 1.3. (WH-Frame Identity.) If g € W(L*,L') and f € L*(R) is
continuous and compactly supported, then

Y < fEmThag > 1" = %Z/Rmf(t — k/b)Gy(t) dt

n,mezZ kEZ

=S [ T~ kG0 de
kez VB
The authors would like to thank A.J.E.M. Janssen for interesting discussions
concerning the results in this paper.

2. BOuNDED, COMPACTLY SUPPORTED FUNCTIONS AND THE
WH-FRAME IDENTITY

We start with a simple observation.

Proposition 2.1. If 0 < a,b € R and g € L*(R) is bounded and compactly
supported, then (g,a,b) has a finite upper frame bound.

Proof. First, assume that ¢ is supported on [0, a]. Since g is bounded above
and compactly supported, there is a constant B so that

(2.1) D lg(t—k/b) < B, ae.t.

kEZ
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We define the preframe operator L : £y ® ¢, — L?*(R) by
L( Z a'mnemn) = Z amnEmanaga
m,neL m,neZ

where (e,,,) is the natural orthonormal basis of £, ® £5. We need to show that
L is a bounded operator. By our assumption on the support of g, we see that
(T1a9)nez are disjointly supported functions. Hence,

(2:2) 1L ( Z ) [|* = Z | Z i B a9 |-
m,neL neZ meZ

Applying inequality 2.1 above at the appropriate step, we have

” Z amnEmanag”2 = / ‘ Z amnEmanag(t)‘Z dt

meZ R meZ

1/b
:/ ‘ZamnEmb|QZ|g(t—k/b—na)|2 dt
0

meZ kEZ

1/b
< B/ 1D Gonn By dt
0

mEZL

=B |am>

meZ
It follows from equation (2.2) that

” ZamnEmanag”2 S Z ‘a/mn‘2-

meEZ mMnEZL
Hence, L is a bounded operator.
For the general case, we observe that g can be written as a finite sum, say k,
of translates of functions supported on [0, a] and so the preframe operator is
also bounded in this case by k|| L||. O

Corollary 2.2. If g € L*(R), then for every bounded, compactly supported
function f on R, we have

Z | < f, EmpThag > |> < c0.
m,nes

Proof. By Proposition 2.1, if f is bounded and compactly supported then
(EmbThaf)mnez has a finite upper frame bound, say B. Now

1< EmTnag> = Y | <TopaB_mpfr9> " =

m,nez m,ne”Z

Z ‘e—Qm'mb(z—na) < Emanaf;g > |2 — Z ‘ < Emanafag > ‘2 < B.

m,neL m,nez
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We now present the main result of this section.

Theorem 2.3. Let g be a measurable function on R. The following are equiv-
alent:

(1) g € L*(R).

(2) The WH-frame Identity holds for all bounded, compactly supported func-
tions f on R and the series converges unconditionally.

Proof. (1) = (2): We assume that f is supported on [—N, N] and bounded
above by B. For a fixed n € Z we consider the 1/b-periodic function

Hy(t) = f(t — k/b)g(t — na — k/b).

kEZ

Now, the above sum only has 2/NV non-zero terms for each ¢ € R. This justifies
interchanging the (now finite) sums and integrals below.

Z | < fa Emanag > |2 = Z Z | /Rf(t)me—QwimbtdtP

m,n€EL n€EZ MmEZ

1/b
:ZZ|/0 Zf(t—k/b)g(t—na—k/b) dt|?

neZ meZ keZ

1/b
=b! Z/O %:f(t —2/b)g(t — na — £/b) - Zk: f(t—k/b)g(t — na — k/b)dt

1/b
=b! Z;/O ft—2/b)g(t —na —€/b) - Zk: F(t —k/b)g(t — na — k/b)dt

=33 [ F@gtt = na) - 3 6= k/Higle = na = /D

_ %Z/_ng(t —na)- 3 F(t = k/b)g(t = na — kJb)

To finish the identity, we just need to justify interchanging the infinite sum
over n with the finite sum over k. To justify this we observe that:

D1 @)lg(t —na)l[ f(t —k/b)|| f(t —na—k/b)| <

n,.k

B> Y > [g(t—na)g(t — na — k/b)|.

=—N n€ez
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By Holder’s inequality, we have that
> " lg(t — na)g(t — na — k/b)| € L'[0,al,
neEZ

and hence

> " lg(t —na)g(t — na — k/b)| € L'[-N, N].

k=—N n€eZ

Therefore, we justify the needed interchange of sums and sums with integrals
by the Lebesgue Dominated Convergence Theorem.
(2) = (1): We do this by contradiction. If g is not square integrable on R,

then
loll? = / S lo(t = na)f? dt = oo,

nez
Hence, there is some interval I of length ¢ with 0 < ¢ < 1/b so that

/Z|g(t—na)|2 dt = 0.

InEZ

If we let f = xr, then the right hand side of the WH-frame Identity becomes

[ r@F S latt = na)f dt= [ ot = na)l* dt = oo,

neZ nez

So the right hand side of the WH-frame identity is not a finite unconditionally
convergent series. i.e. The WH-frame Identity fails. O

3. COMPACTLY SUPPORTED FUNCTIONS AND THE WH-FRAME IDENTITY

In this section we will drop the hypotheses that our function f has to be
bounded and discover necessary and sufficient conditions for the WH-frame
Identity to hold. The conditions are a little stronger than those required for
bounded, compactly supported functions.

Theorem 3.1. Let g be a measurable function on R. The following are equiv-
alent:
(1) There is a constant B > 0 so that

Z lg(t —na)|> < B, a.e. t
neL

(2) The WH-frame Identity holds for all compactly supported functions f on
R and the series converges unconditionally.
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Proof. (1) = (2): If f is compactly supported, we see immediately that the
sum over k in the right hand side of the WH-frame identity is a finite sum.
So let fo(t) = f(t) if |f(t)| < ¢ and zero otherwise. Now, by Theorem 2.3 the
WH-frame identity holds for all f,. That is, for all £ € Z we have

Z ‘ < f(i;Emanag > ‘2 =

m,neZ

53 [T~ kpGite) i

keZ
Now we will finish the proof in three steps.

Step 1: We show that
Z‘ < faEmanag > ‘2 =

m,n

1/
! Z/O | zk:f(t — k/b)g(t — na — kD) dt.

Step 1 follows from the beginning of the proof of (1) = (2) of Theorem 2.3.

Step 2: We show,

1/b
}H?oz/o | Zk:fe(t — k/b)g(t = na — k/b)* =

1/b
=0 3 [ IS S kR = 3 < 1 T >

m,n

For step 2, choose an N so that for all t € [0,1/b], f(t — k/b) = 0 for all
|k| > N. Hence, for all ¢ € [0,1/b] we have

Z | fo(t — k/b)g(t — na — k/b)|* <

N

Do et =k/BPY D 19t —na—k/b)]

k=—N n k=—N

N
< ) |f(t—k/b)P2NB* € L'[0,1/b].
k=—N
So, Step 2 follows by the Lebesgue Dominated convergence Theorem.
The following step will complete the proof.
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Step 3:
.1 _
fim 7 Z/ Fe@) fo(t — k/b)Gi(t) dt =
/=0 b = IR

1 _

DN RICHORUINOR

b kez VR

For Step 3, note that support f, C support f,; C support f. Hence, for k&
fixed we have:

[ fe@|Tepofe(DNGR@) T F [ Tpf ()| Gr(E)]-
Also, by assumption |Gy (t)| < B?. Since f € L*(R) this implies
11 Tipf (0)]|Gr(t)] € L(R).
Hence, by the Lebesgue Dominated Convergence Theorem,

Jim /R Fe@D fult — k/D)Gi(t) dt =

%/Rmf(t—k/b)(}k(t) dt.

Finally, since the right hand side of the WH-frame identity has only a finite
number of non-zero k’s (and the same ones for f and all f;), we have the
equality in Step 3 and unconditional convergence in the right hand side of the
Identity.

(2) = (1): For any f supported on an interval of length 1/b, we are assuming
the WH-frame Identity holds. But, for all such f we have for all 0 # k € Z,

1 [ ——
5 [ T@se - kG di=o
R
Hence, by the WH-frame identity,

> {f EToag)|” = % /R |£()[2Go(t) dt < oo.

m,n€Z

This implies that G is bounded. To see this, let I = [c,d] be any interval of
length < 1/b. Tt suffices to show that Gy is bounded on I. Let

Ao ={t € I:]Go(t)] < n}.

Let T, : L?[c,d] — L?[c,d] be given by T,,f = xa, f-v/Go. The T,, are bounded
linear operators and the family is pointwise bounded by the above. Hence they
are uniformly bounded and so

Tf=f-Go

is a bounded linear operator. But the norm of this “multiplication” operator
is ess sup |Go(t)|-
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O

We remark that we could simplify the proof of Theorem 3.1 if (g, a,b) has a
finite upper frame bound. For in this case we use the frame operator S to get
some of the needed convergence. For example, in this case we would observe:

S < £, BTy > P =< Sf, f >,

m,neZ
while
Zlim < Sfo, fo>=<Sf, f>.
— 00

4. TYPES OF CONVERGENCE OF THE WH-FRAME IDENTITY

For the general case of the WH-frame identity, the situation becomes much
more complicated. Casazza, Christensen and Janssen [3] made a detailed
study of the convergence properties of the Walnut representation of the frame
operator for WH-systems. Proposition 2.4 of [3] shows that the convergence
of the Walnut representation of the frame operator is the same as convergence
of the series on the right hand side of the WH-frame identity. In [3] there are
complete classifications of when the Walnut representation (and hence when
the WH-frame identity) converges symmetrically, in norm or unconditionally.
Each of these cases is different and there are WH-frames for which these modes
of convergence are different.

In [3] Corollary 6.5 it is shown that there is a case where the Walnut repre-
sentation of the frame operator converges unconditionally for all f € L?(R).
This is when g satisfies the CC-condition.

Definition 4.1. We say that g € L*(R) satisfies the CC-condition if there
15 a constant 0 < B so that

Y IGk(t)| £ B ae. t.

kEZ

The CC-condition holds if ¢ is in the Wiener amalgum space W (L>, ¢}):

WL ) ={f € L*(R) : Y IXpnnt1) - 9lloo < o0}

neZ

This gives cases where the WH-frame identity holds for all functions and the
series converges unconditionally.

Theorem 4.2. If g € L*(R) satisfies the CC-condition (In particular, if g €

W (L*®, ")) then the WH-frame identity holds for all f € L*(R) and the series
converges unconditionally.



ANALYZING THE WEYL-HEISENBERG FRAME IDENTITY 9

REFERENCES

[1] I. Daubechies, The wavelet transform, time-frequency localization and signal analysis.
IEEE Trans. Inform. Theory, 36 (5) (1990) 961-1005.

[2] P.G. Casazza and O. Christensen, Weyl-Heisenberg frames for subspaces of L*(R)
preprint.

[3] P.G. Casazza, O. Christensen and A.J.E.M. Janssen, Weyl-Heisenberg frames,
translation-invariant systems, and the Walnut representation. preprint.

[4] P.G. Casazza and M.C. Lammers, Bracket products and Weyl- Heisenberg frames,
Preprint.

[5] R.J. Duffin and A.C. Schaeffer, A class of non-harmonic Fourier series. Trans. AMS
72 (1952) 341-366.

[6] D. Gabor, Theory of communications. Jour. Inst. Elec. Eng. (London) 93 (1946)
429-457.

[7] C. Heil and D. Walnut, Continuous and discrete wavelet transforms, STAM Review,
31 (4) (1989) 628-666.

[8] D. Walnut, Weyl-Heisenberg wavelet expansions: eristence and stability in weighted
spaces. Ph.D. thesis, University of Maryland, College Park, MD, 1989.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI-COLUMBIA, COLUMBIA, MO

65211 AND DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTH CAROLINA, COLUMBIA,
SC 29208

E-mail address: pete@math.missouri.edu; lammers@math.sc.edu



