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ABSTRACT. We show that the conjectured generalization of the Bourgain-
Tzafriri restricted-invertibility theorem is equivalent to the conjecture of
Feichtinger concerning bounded Hilbert space frames: Can every bounded
frame be written as a finite union of Riesz basic sequences? We further
show that these two conjectures are implied by the paving conjecture of
Bourgain-Tzafriri (which in turn is known to be equivalent to the Kadison-
Singer conjecture). We also extend in several ways the Bourgain-Tzafriri
restricted-invertibility principle, showing in particular that it holds on ran-
dom subspaces, which shows that slightly weaker versions of the conjectures
hold. Finally, we show that Weyl-Heisenberg frames over rational lattices
are finite unions of Riesz basic sequences.

1. INTRODUCTION

A frame for a Hilbert space H is a family of vectors {f;}icr in H so that
there are constants A, B > 0 satisfying:

ANFIZ < STHE AP < BIIfIP, for all f € H
iel
If A= B we call this an A-tight frame. For any frame {f;};cs it is immediate
that

sup || fi]| < oc.
iel

For the basic properties of frames we refer the reader to [Ca, Ch, Y]. The
frame is bounded if

inf || fi[| > 0.

i€l

The analysis operator associated to a sequence {f;}icr in H is T : H — £2(I)
given by:

Tf= ((fa f2>)zel
The frame operator is S = T*T and the Grammian matriz is the matrix
of TT*. A direct calculation shows that this is the matrix ((f;, f;))ijer- A
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sequence {f;}icr is a Bessel sequence for H with Bessel constant B if the
operator T* : £?(I) — H given by

T*({aitier) = Z a; i,

el

satisfies: ||7*|| < B. Or, equivalently,

1Y aifill> < B lail’, forall {ai}ier € (D).
iel i€l
Now,
Sf=TTf =Y (f, fi)fi
iel
is a positive, self-adjoint invertable operator on H called the frame operator

for {fZ}ZeI If dim % = N, {e;}Y, is an orthonormal basis of H and A\; > A\, >
- > Ay are the elgenvalues of S then

N
Z)\ = Z Sei ey =Y _|Tf*
=1 =1

Also, Ay < [IS] < |IT))2 = B
A bounded unconditional basis for H is called a Riesz basis for H. That is,
{fi}icr is a Riesz basis for H if {f;}ics is complete in H,

0 <inf [ fi]| < sup||fi]| < oo,
el iel

and there are constants K, Ko > 0 so that for all families of scalars {a; }icr

we have
KD lal < 1D aifil? <K ) lal.
iel iel iel

In this case we call \/K| the lower Riesz basis bound of {f;}:c; and /K, the
upper Riesz basis bound. If {f;}icr is a Riesz basis for its closed linear span we
call it a Riesz basic sequence.

Notation: Throughout the paper {e;} will denote an orthonormal basis for
whatever Hilbert space we are working in.

Feichtinger has made the following conjecture concerning bounded frames
for a Hilbert space H.

Conjecture 1.1 (Feichtinger). Fvery bounded frame can be written as a finite
union of Riesz basic sequences.

In 1987, Bourgain and Tzafriri [BT] proved the following fundamental result
known as the Restricted-Invertibility Theorem:
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Theorem 1.2 (Bourgain-Tzafriri). There is a universal constant ¢ > 0 so that
whenever T : €5 — 03 is a linear operator for which ||Te;|| =1, for 1 <i <mn,

cn

then there exists a subset o C {1,2,---,n} of cardinality |o| > T SO that

1Y aiTes|* > ¢ fagl,

jEo jE€o
for all choices of scalars {a;};co-
In the course of proving our results, we will extend Theorem 1.2 in several

ways showing in particular that it holds on random subspaces.
Theorem 1.2 gave rise to the following conjecture which is still open today:

Conjecture 1.3. For every B > 0 there is a natural number M = M(B)
and a A = A(B) > 0 so that if T : t5 — {5 is a linear operator for which
|Tes|l =1, for all1 < i < n and ||T|| < B, then there is a partition {I;}}%,
of {1,2,---,n} so that for each 1 < j < M and all choices of scalars {a;}cr,

we have:
1Y aiTel* > A Jail*.
i€l; icl;
We also have a finite form of the Feichtinger conjecture.

Conjecture 1.4 (Finite Feichtinger Conjecture). For every B,C > 0 there is
a natural number M = M(B,C) and an A = A(B,C) > 0 so that whenever
{fi}ier is a frame for £5 with upper frame bound B and ||f;|| > C for alli € I,
then I can be partitioned into {Ij}jj‘il so that for each 1 < j < M, {fi}icr, is
a Riesz basic sequence with lower Riesz basis bound A and upper Riesz basis
bound v/B.

We will show that Conjectures 1.1, 1.3 and 1.4 are equivalent in the sense
that all three have positive answers or all three have negative answers. We
will also show that these conjectures are equivalent to the corresponding con-
jectures about Bessel sequences and that all of these are true if the well known
Paving Congecture holds. Given a subset I of the integers, we denote by P
the orthogonal projection in ¢ onto the subspace spanned by e;, ¢ € 1.

Conjecture 1.5 (The Paving Conjecture [B-Tz|). For € > 0, there is a con-
stant M = M (€) such that for every integer n and every linear operator S on
whose matriz has zero diagonal, one can find a partition {aj}jj‘/il of {1,---,n},
such that

| Po; SPys, || < el|S||  forall j=1,2,---, M.

In an interesting paper [W], Weaver gives several reformulations of the
Kadison-Singer conjecture. One of these, in terms of frames, is the follow-
ing:

Conjecture 1.6. There exists a universal constant B > 2 and a natural num-
ber M such that the following holds. Let {fi}Y., is a B-tight frame for (3
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with ||fil] < 1, for all i = 1,2,---,N. Then there is a partition {I;}}*, of
{1,2,--- N} such that for all 1 < j < M we have

DL FP < (B=DIfIP, for all f €.
i€l
It is possible that all these conjectures have negative answers in general. In
this case it becomes important to know the strongest results available. In this
direction we will show that these conjectures are true - up to a logarithmic
factor. We also show that the finite forms of these conjectures holds for { f;}* ,
if the off-diagonal elements of the Grammian matrix satisfies for some v > 0:

1 . .
(i, [} < logi o’ for all i # j.

We also give a positive result for Weyl-Heisenberg frames over rational lat-
tices. If g € L*(R), a,b > 0 we define for all m,n € Z:

Enpg(t) = ™" g(t)
and

Thag(t) = g(t — na).
If { ErpTnag tnmez is a frame for L?(R), we call this a Weyl-Heisenberg frame.
In Section 5 we show that whenever ab is rational, the Weyl-Heisenberg frame
can be written as a finite union of Riesz basic sequences. In [G1], Gréchenig
shows that frames with a certain “localization property” can always be written
as finite unions of Riesz basic sequences. This includes the case of Weyl-

Heisenberg frames for ab irrational when g lies in a certain modulation space.
The latter assumption is not required in our approach.

2. RESTRICTED INVERTIBILITY AND BOUNDED FRAMES

Now we state two other conjectures which we will see later are also equivalent
to the two conjectures above.

Conjecture 2.1. Every bounded Bessel sequence can be written as a finite
unton of Riesz basic sequences.

Conjecture 2.2. For every B > 0 there exists a natural number M = M(B)
and an A = A(B) so that every Bessel sequence {f;}?_, with Bessel constant
B >0 and ||fi|| =1, for all 1 < i < n can be written as a union of M Riesz
basic sequences each with lower Riesz basis bound A.

To simplify the proof of the main result of this section, we first prove an
elementary proposition.

Proposition 2.3. Fiz a natural number M and assume for every natural
number n we have a partition {I"}M, of {1,2,---,n}. Then there are natural
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numbers {ny < mg < ---} so that if j € I,”, then j € I, for all k > j.
Hence, if I, = {j|j € I,” } then

(1) {L}E, is a partition of N.

(2) If I = {j1 < jo < ---} then for every natural number k we have
{j17j27"'7jk} - Iznk

Proof. For each natural number n, 1 is in one of the sets {I”}*,. Hence,

there are natural numbers n! < nl < nl < --- so that 1 € I,?, for all j € N.
1

Now, for every natural number n}, 2 is in one of the sets {I;”}}1,. Hence,

2
there is a subsequence {n?} of {n;} and an 1 <4 < M so that 2 € I7 | for all

. .. . . 0+1
j € N. Continuing by induction, we gicrla subsequence {n;*'}%2, of {nf}s2,

and an 1 < i < M so that £+ 1 € I, , for all j € N. Letting {n;}32, be
{n}}2, gives the conclusion of the proposition. O

Theorem 2.4. Conjectures 1.1, 1.3, 2.1, and 2.2 are all equivalent in the
sense that either all four of these conjectures have positive answers or all four
have negative answers.

Proof: Conjecture 2.1 = Conjecture 1.1: This is obvious.

Conjecture 1.1 = Conjecture 2.2: We will prove the contrapositive. So we
assume that Conjecture 2.2 fails. Then there is a constant B > 0 so that
for every M € N and for every A > 0 there is a n = n(M, A) € N, a finite
dimensional Hilbert space H and a Bessel sequence {f;}" ; in H with Bessel
constant B and ||fi|| = 1, for all 1 < i < n and whenever we partition
{1,2,---,n} into sets {I;}}7,, then there exists some 1 < £ < M and a set of

scalars {a; }icz, with
1D afill> <A lail*.
i€l i€ly

Now, for each k € N, we can choose a finite dimensional Hilbert space Hy and
letting M = k and A = 1/k above we can choose ny = n(k,1/k) and {fF}7*,
satisfying the above conditions. Let H = (3" @H})e, and consider {fF}7* 22
as elements of H. This family is now a Bessel sequence with Bessel bound B
and ||ff|| =1, for all 1 < i <y, k € N. Assume we can partition {ff}74 22,
into M sets of Riesz basic sequences each with lower Riesz basis constant A.
But, for all £ with £ > M and 1/k < A, {fF}*, cannot be partitioned into M

sets each with lower Riesz basis constant > A, and hence {ff}i"*?°, cannot

be partitioned this way. This shows that Conjecture 1.1 fails.

Conjecture 2.2 = Conjecture 1.4. Given {f;} as in Conjecture 1.4, the sequence
{”}c—z”} is a Bessel sequence in £ with Bessel bound g. So Conjecture 1.4
follows from conjecture 2.2.
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Conjecture 1.4 = Conjecture 1.3. This is obvious.

Conjecture 1.3 = Conjecture 2.1. Let {f;}2, be a bounded Bessel sequence
for an infinite dimensional Hilbert space H with Bessel bound B. Without loss
of generaltiy we may assume that ||f;|| = 1, for all 1 < i < oo (Since {f;} is a
bounded Bessel sequence if and only if {Hﬁ—:n} is a bounded Bessel sequence).
For each n, choose an n-dimensional Hilbert space H,, containing the span of
{fi}™, and let {e}_, be an orthonormal basis for H,. Define T,, : H, — H,
by Te? = f;. Then ||T;,|| < v/B and so by assuming that Conjecture 1.3 has a
positive answer, we can find a partition {I7' jj‘il, M = M(B), of {1,2,---,n}
so that for every 1 < j < k, {f; }ic I is a Riesz basic sequence with lower Riesz
basis bound A. By Proposition 2.3, we can partition N into sets {/;}}, and
choose an A = A(B) so that if I; = {j; < jo < ---}, then for every natural
number k we have that {ji, ja, - -, jx} C I'*. It follows that {f;, }5_, is a Riesz
basic sequence with the same lower Riesz basis bound A for all £ € N. Hence,
{f;}jer; has lower Riesz basis bound A, for all 1 < i < M. Also, VB is a
upper Riesz basis bound for all these sets. This shows that Conjecture 2.1 has
a positive answer. Ul

3. RANDOM RESTRICTED INVERTIBILITY

Remark 3.1. Throughout this section, ¢ will denote a universal constant.

Let T be a bounded linear operator on l,. We will be interested in the
coordinate subspaces R?, do C N, on which 7" is an isomorphism. Precisely,
we look at the family K (T') of all finite subsets o of the integers so that the
equivalence

(3.1) %Z llai Tes||” < || Zaz’Tez'HQ < 42 llaiTes||?
1€0 1€0 1€0
holds for any choice of scalars a;. There is nothing special about the constant
4 here, it can be replaced by any constant larger than 1 in all the results below.
Our first impression is that the family K(T') is small. Indeed, for an even
integer n, consider the linear operator 7" on [} defined by T'e; = %e[i /21- Every

subset o € K(T') contains no pairs of the form {2i — 1, 2i}, hence |K(T)| =
3721 <« 2", However, the subsets {1,3,5,---,n—1} and {2,4,6,---,n} both
belong to K (T), and the average of the characteristic functions of these subsets
is a half of the characteristic function of the whole interval {1,2,---,n}.

The main result of this section gives an asymptotically precise lower bound
on the average of the characteristic functions of the sets 0 € K(T). This
extends in several ways the Bourgain-Tzafriri’s principle of the restricted in-
vertibility, as we will see shortly.
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Theorem 3.2. Let T be a norm one linear operator on lo. Then there exists
a probability measure v on K(T) such that

(3.2) v{o|i € a} > c||Te;||>  for all i.

Note that the left hand side in (3.2) clearly equals | K(T) X0 (7) dv(o).

The next two results follow immediately from Theorem 3.1. However, as
we will see, they also imply Theorem 3.1 and so we will actually prove them
independently later and use them to prove Theorem 3.1.

Let u be a measure on N; for simplicity we will denote u({i}) by u(7).
Summing over ¢ with weights u(7)in (3.2), we obtain

o)dv(o) = 7 (i) dv(o) > ¢ D[ Te; 2.
fog ) 10 = 306) [ i) i) 2 e ST

This proves the following corollary.

Corollary 3.3. Let T be a norm one linear operator on ly, and let u be a
measure on N. Then there exists a set o € K(T) such that

(3.3) (o) = CZ (@) Tes”.

Corollary 3.2 was essentially proved by S.Szarek [Sz] with only the upper
bound in (3.1).

In particular, for the counting measure on N, Corollary 3.3 proves the exis-
tence of a set o € K(T) with cardinality |o| > ¢||T||%s (where ||T||us denotes
the Hilbert-Schmidt norm of T). It is known [V 1] that the constant ¢ in this
estimate can be improved to 1 — ¢ for any € > 0 at the cost of replacing 4 in
the definition of K (7') by a number depending on ¢.

An immediate consequence of Corollary 3.3 is

Corollary 3.4. Let T be a linear operator on ly with ||Te;|| = 1 for all i, and

let u be a measure on N. Then there exits a subset o of the integers such that
(o) = ¢/|IT|* and

1
(3-4) llell < Tzl < 2|zl for z € R

This result contains the Bourgain-Tzafriri restricted-invertibility principle,
Theorem 1.2, as is seen by considering the uniform measure on {1,---,n}.

We pass now to the proof of Theorem 3.2, which relies on the methods of
Bourgain-Tzafriri [B-Tz] and of [V 2].

In [B-Tz], a suppression analogue of Theorem 3.2 is proved. By P, we denote
the orthogonal projection in R* onto R”, where o is a subset of {1,---,n}.
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Theorem 3.5 (Bourgain-Tzafriri). Let S be a linear operator on lo whose
matrix relative to the unit vector basis has zero diagonal. For an e > 0, denote
by K'(S,¢) the family of all subsets o of the integers such that ||P,SP,| <
e||S||. Then there exists a probability measure v' on K'(S,¢e) such that

(3.5) V{oli€ o} >ce® foralli.

This implies a weaker version of Corollary 3.4. Indeed, under the assump-
tions of Corollary 3.4 we automatically have ||T|| > 1; let S = T*T — I and
£ = ﬁ > ﬁ. Then for every o € K'(S,¢) and every x € R, ||z|| = 1, we
have

1
I1T2]* = ll=l*| <l ST = 5

Hence (3.4) holds. Now, summing over i in (3.5), we obtain

/K s (o) dv' (o) =zi:u(z') /K " X0 (i) dv' (o)
> (3o w@)es 2 /I

Replacing the integral by the maximum, we conclude:
(3.6) Corollary 3.4 holds with (o) > ¢/||T||*

We will use this weaker estimate in the proof of the actual Corollary 3.4.
One way to do this is to apply the weaker form of Corollary 3.3 due to Szarek
(see the remark above) and then apply (3.6) to the operator T} : 1§ — Iy that
sends e; to H;—ZH’ i € 0. Since ||T1|| < 2, Corollary 3.4 will follow.

We will chose another way, without appealing to Szarek’s result. The proof
of Theorem 3.2 will be organized backwards: Corollary 3.4 = Corollary 3.3
=—> Theorem 3.2. Corollary 3.4 itself will be a consequence of the following
suppression result, which is a “weighted” variant of an unpublished theorem
of Kashin and Tzafriri [K-Tz] (see [V 2]) and a slight improvement of a result
of Szarek [Sz|.

Theorem 3.6. Let T be a linear operator on ls, and p be a probability measure
on N. Then for any 0 < 6§ < 1/4 there exists a subset o of the integers with
wu(o) > 6 and such that
. 1/2
ITP,] < VeIl + e 3 ui)Ted?)
The proof is by now standard, through a random selection followed by the
Grothendieck factorization. The random selection is done in the next lemma.
Let 0 < 6 < 1. Consider random selectors é;, i.e. independent {0, 1}-valued

random variables with E§; = §. Then the linear operator Ps := ), 6;¢e; ®@e; is
a random orthogonal projection in /5.
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Lemma 3.7. LetT be a linear operator on 1§ and let i1 be a probability measure
on {1,---,n}. Then for 0 < 6 < 1/4 a random coordinate projection Ps :=
Yor bie; ® e; satisfies

. n ) 1/2
BB T g —rpvm < ST +2V8( D u@)ITell?)
i=1

where the space L7 (\/1t) is R" equipped with the norm

|zl p(ym) = Z v (1) |z (2)

Proof. This is the Gine-Zinn’s symmetrization scheme,

(37) E“PgT*“lg_,L;L(\/ﬁ) =K sup Z(S“/[L(’L)KTQ,SE)

zeB(ly)

<é sup Z\/ i){(Te;, z)| + E sup 26—6 Vu(D)(Te;, z)

z€B(l z€B(1%)

By Holder’s inequality, the first sumand is bounded by

n

s s (Y lTeayp)” = elmi.

zeB(Iy) N

To bound the second summand in (3.7), let 6, be independent copies of 6;.
Then (6; — 6) can be replaced by (6; — 8;), which (by symmetry) has the
same distribution as €;(6; — 6.), where ¢; denote Rademacher random variables
(independend random variables takig values —1 and 1 with probability 1/2).
So (6; — 6) in (3.7) can be replaced by 2¢;6;, which can further be replaced
(by the standard comparison inequality) by g;6;, where g¢; are independent
normalized Gaussian random variables. These probabilistic techniques, as well
as Slepian’s inequality below, can be found in [L-T] §3, §6. Hence

|| PsT*|lig— 13w < 6| T|| +2E sup Zgz5\/ )|(Tei, z)|.

z€B(%)
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By Slepian’s inequality, [(T'e;, z)| can be replaced by (Te;, x), and we continue
the estimate as

< 8|7 + Q]EH Zgiéi\/ (i) Te;
1=1
n ' 2\ 1/2
< o||T|| + 2(Ezm(z>n7’ez-n )

= 81Tl +2v5 (Zu ITe) "

The proof is complete. [ ]

The Grothendieck factorization is done in the following lemma.

Lemma 3.8. Let T : [3 — Iy be a linear operator and let p be a measure on
{1,---,n} of total mass m. Then there exists a subset o € {1,---,n} such
that u(o) > m/2 and

IITPallzwz_\ﬁllTlan V)=l

where the space L} (\/1t) is R" equipped with the norm

(4|
oz sy = max 2L
P /i)

Proof. Consider the isometry A : L7 (\/i) — L7, defined as (Az)(i) = 2@l

w(i
By the Grothendieck theorem (see [TJ] Corollary 10.10), the operator TA
L%, — Iy is 2-summing, and its 2-summing norm is bounded as

To(TA™) < dTA™ 1ty = el T i (gt = M.

3

By Pietsch’s Theorem (see [TJ] Corollary 9.4), there exists a probability mea-
sure A on [n] = {1,---,n} so that

”TA 1”Lz A)—l2 < M.
Hence for every z € R,
—1 > . N (2 1/2
Il < M( D AD@)
i=1

and thus
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Since L+ f Me) ) ZZ 1 A(i) = -, Chebyshev’s inequality gives

lt(Z)
—,u{ ‘%)Sm}zl/z

Hence there exists a subset o C [n] with p(o) > m/2 and such that

— < for all 7 € o.

2
m

Thus for every z € R?

ITz||,, < \/%M(i |x(i)|2) 2

This completes the proof. [ ]

Proof of Theorem 3.6. By approximation, we can assume that 7" acts on
I% and 6 > C/n with a sufficiently large absolute constant C'. Then we apply
Lemma 3.7. Since Eu(o) = EY" | 6;u(i) = 6, the classical estimates on the
binomial tails imply that pu(o) > 6/2 with probability greater than 1/2. Then
there exists a subset o C {1,---,n} such that u(o) > §/2 and, by duality,

TP, lza iz < 26|IT|| +4V/6 (Zu Ire) ™.

Next we apply Lemma 3.8 for the operator TP, : LI (/) — I3 with m =
(o) > 6/2. There exists a subset o' C o with u(c’) > 6/4 and such that

c
N T Py |lig—1z < —=lTl2g (ym)—iz

Vi
< Vo7 +C(Zu ied?) "

This proves the theorem. [ ]

Proof of Corollary 3.4. Applylng Theorem 3.6 with 6 = we find a

subset 0 C N with p(o) > 4= and such that
TPl <e.

4||T||2’

= 4||T||

Next, we apply Theorem 3.5; more precisely, its consequence (3.6) for the
operator TP, : Iy — Iy and for the probability measure i conditioned on o,
i.e. for p' defined as p'(n) = p(nNo)/u(o), n C N. There exists a subset
o' C o with u(o’) > cu(a) > ¢/||T||*> and such that (3.4) holds for all z € R”".
This completes the proof. [ ]
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To prove Corollary 3.3, we introduce a splitting procedure. Consider a
family ng, k = 1, - - -, n of disjoint subsets of the integers. This family defines a
splitting of a probability measure A on {1,---,n} and of any sequence (z;);<n
in l5. Namely, put

i<n

Then the splitted probability measure A’ on 7 and the splitted sequence (z},) ke
are defined as

for k € n;.

Splitting will be used to make the norms ||z;|| almost identical. Namely, one
can easily construct a splitting such that

0.9llll < [l ]| < 11}l for all k. € n.

Since 2|2 = Y"1, ||z;]|?> =: h, we have a postiori:
ken k =1

| h
||z} || ~ N for all k € n,

where a ~ b means ta < b < 2a. Moreover, since ||z|| = L for k € n;, we
2 k V'N;
also have
L gl A1
Nilall> - N sl
hence
A2 h A
Ny =2 B A e

Ni N lzi?

Let 7" : I} — [l be a linear operator defined as T'e; = x;, ¢ = 1,---,n. The
splitting of 7" is defined as the linear operator 7" : I] — Iy acting as T"e; = },
k € n. An easily checked but important property is

1l < I7°]-

Proof of Corollary 3.3. By approximation, we can assume that 7" is an
operator from [} into l,. Then, by the discussion above, for any probability
measure A on {1,---,n} there exists a splitting n = J,.,, m, |n| = N, such
that that the splitted measure A’ on 1 and the splitted operator T" : IJ — I,
satisfy:

s (D) I < TN < 1,

: (2) For k€ n, [T'ex]| ~ /%, where h = | T3,

. BBV ~ b A
2 (3) For k€ mi, N(k) ~ % - e
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We apply Corollary 3.4 to the operator S : I7 — [y defined as

T’ek
Sep= —F_ ken
F T Te] K
Note that
||| N
S| < < 4/ —.
151 < max 7 5 < 24/

Therefore there exists a subset ¢’ C n such that
h
(3.8) o'e K(S) and MX(o') > o

Now the crucial fact is that for every i the set ¢’ N7); contains at most one
element (denoted by k; if it exists). This is because for a fixed i, the vectors
(Seg, k € n;) are all multiples of one vector; while, since ¢’ € K(S), the set
(Sex, k € o') can not contain colinear vectors, as they would fail the lower
bound in (3.1).

Let o ={i | o' Nn; #0}. Then o € K(T), and

o , h A(i
X(o") :ZA(/@-) ~ Nzﬁ
This and (3.8) imply
A(i
(3.9) > ﬁ > .

The conclusion of the Corollary follows by applying (3.9) to the probability
measure \ defined as

A — HITed?

iy )| Tes] >

=1,---,n.

Actually, (3.3) and (3.9) are easily seen to be equivalent. Indeed, one can
get (3.9) by applying Corollary 3.3 to the measure p defined by pu(i) = %
Proof of Theorem 3.2. This argument is a minor adaptation of [B-Tz]
Corolary 1.4. K(T) is a w*-compact set. For each integer i, define a function

m; € C(K(T)) by setting
Xo(7)
(o) = X K (T).

Let H be the convex hull of the functions (m;). Fix a # € H and write it
as a convex combination 7 = ), A\;m;. By Corollary 3.3, or rather by its
consequence (3.9), there exists a set 0 € K(T) such that 7(o) > ¢. Looking at
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o as a point evaluation functional on C'(K), we conclude by the Hahn-Banach
theorem that there exists a probability measure v € C(K(T'))* such that

v(m) = / (o) dv(o) > ¢ forall m € H.
K(T)
Applying this estimate for 7 = pi;, we obtain

/ Xo (i) dv(0) > c||Tesl,
K(T)

which is exactly the conclusion of the theorem. [ ]

While Theorem 3.2 seems to be unable to yield the conjectures under dis-
cussion, it proves that every bounded frame (and actually very bounded Bessel
sequence) has many Riesz basic subsequences.

Theorem 3.9. If {f;}2, is a Bessel sequence with Bessel constant B > 0
and || fil| = 1, then there exists a probability measure v on the set K of all
Riesz basic subsequences of {f;} with Riesz basis constant 2, such that the

measure v of the subsequences in K that contain any given element f; is at
least b = b(B) > 0.

Finally, we state a conjectured “paving” analogue of Theorem 3.2 that would
clearly imply Conjectures 1.1, 1.3, 2.1 and 2.2.

Conjecture 3.10. Let T be a linear operator on Iy such that ||Te;|| =1 for
all i. Then there exists a partition {oy}k<m of the set {1,---,n}, where M
depends only on the norm of T, and such that o, € K(T) for all k.

To see the relation to Theorem 3.2, assume that this conjecture is true, and
let v be the probability measure on K (7') that assigns each o(k) measure 1/M.
Then

v{olieo}>1/M for alli.

If moreover M ~ 1/||T||?, then this clearly implies Theorem 3.2 for operators
T such that ||Te;|| have same value for all i.

4. THE PAVING CONJECTURE

Kadison and Singer raised the problem, which is still open, whether every
pure state on D, the C*-algebra of the diagonal operators on [y, admits a
unique extension to a (pure) state on L(ly), the C*-algebra of all bounded
linear operators on ls. The problem of Kadison and Singer reduces to (and is
equivalent to) the Paving Conjecture (see also [D-Sz]).

Proposition 4.1. The Paving Conjecture implies Conjecture 2.2.
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Proof. Let {f;}? , be a unit norm Bessel sequence with Bessel constant B.
Define the linear operator 7" on [ by setting Te; = f; for all i. Then ||T|| < B.
Consider the operator S = T*T — I. Then the (i, j)-entry of the matrix of S

1S
(Sei,ej) = {é{i’fj% zij’

By the Paving Conjecture, there exists a number M = M () and a partition
(0k)k<m of the set {1,---,n} such that

1B, SP,,|| < e||S]| for all k.

Applying this with ¢ = 1 > %

515 = 3570 Ve obtain:

1
| Py, S Py || < §||x|| for all k.

Now,
(P, ,SP,,z,z) = (P, (I"T —I)P, x,x)
= ((T"T —1)P,,z, P, x)
= (I"TP,xz, P, z) — (P, z, P, x)
= (IPpa,TPyz) — || P,
= || TPz|* — || Pyl
Hence

1T Py ll? = 1 Pol| _ [(Pr SPyz, )|
] ]l

< |[Pr,SPrya] < gl
In particular,
IT P, z||* = ||Pr|?| < %”P%:E”Q for all z.
Thus,
SN @I < TP @) < 1P @), for all o

By the definition of T, this implies that { f;}ic,, is a Riesz basic sequence with
Riesz constant v/2. The proposition is proved. [ ]

The Paving Conjecture is known to be true for various classes of operators 7’
on [%; see [B-Tz] for references. In particular, the Paving Conjecture is proved
for the operators whose matrices have small entries, O(1/log' ™ n) for some
v > 0.
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Theorem 4.2 (Bourgain-Tzafriri). Let S be a linear operator on 1§ whose
matriz has zero diagonal and all entries are bounded by 1/log"™ n for some
v > 0. Then S satisfies the conclusion of the Paving Conjecture: there exists
a partition (og)k<m of the set {1,---,n}, where M = M(v,¢e), and such that

1
||PUkSP0k|| < 5”‘5’“ fOT all k.

Actually, the partition (oy) constructed by Bourgain and Tzafriri is random,
i.e. oy is the image of the interval {1,---,n/M} under a random permutation
7 of the interval {1,---,n}; for such a partition, the conclusion holds with
probability close to one.

Theorem 4.2 implies the positive answer to Conjecture 2.2 for well separated
sequences.
Corollary 4.3. Let {f;}", be a Bessel sequence with Bessel constant B > 0
and with || fi|| = 1 for all i. Assume that

1 .
[(fir F)] < log ' n for all v # j.

Then the sequence {f;}_, can be written as a union of M = M(B,~) Riesz
basic sequences each with Riesz constant K = K (B, 7).

Proof. This follows from Theorem 4.2 with an argument analogous to that
of Proposition 4.1. [ ]

5. WEYL-HEISENBERG FRAMES

In this section we will show that Weyl-Heisenberg frames over rational lat-
tices can always be written as finite unions of Riesz basic sequences. Grochenig
[G1] obtained this result under extra assumptions on the generator g.

Theorem 5.1. Let g € L*(R) and 0 < ab < 1 with ab rational. If {EpTra9}mnez
is a Weyl-Heisenberg frame for L?(R) then it can be written as a finite union
of Riesz basic sequences.

Proof. After a change of variables we may assume that b = 1 and a = IE)
with p, ¢ € N. We first reduce the problem to the case of integer oversampling.
Notice that

{EmTéng}m,nEZ = Uﬁ;é{EmT%(nm_k)g}m,nEZ
= Ui;(l){Engn—ng}m’neZ

Since each of the families { £, Ts,,, 1 g}mmez is a Bessel sequence (and a frame
for k = 0) we conclude that {E,,T1,,9}m nez is a frame. In the rest of the proof

we show that {E,,T1,,6}mnez is a finite union of Riesz basic sequences. Since
q
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{EmT:;n 9}mmnez C {EmT1,,9}mnez the conclusion of the theorem follows from

here.
We use a result by Ron and Shen [R-S], stating that {E,,T,9}mnez is a
Riesz basic sequence. Now,

{EmT%g}m,nEZ - UZ;B{EmTWIq_*‘kg}m,REZ
= UZ;%){Eanjugg}m,neZ
-1
= UZ:O Ug':o {Eqm+an+§g}m,neZ

By the commutator relations between the translation and modulation op-
erators, {Egmni;1, . k9}mmnez is a Riesz sequence (with the same Riesz basis
q

constants) as { EgnTngtmnez) for all j, k, from which the result follows. O
Remark 5.2. The proof of Theorem 5.1 shows that a frame {Engng}m,neg
is a union of pg® Riesz basic sequences.

6. CONCLUDING REMARKS

It is possible that all these conjectures have negative answers. In this case
it will be of interest to know the strongest results available. We will look at
these now.

First we will show that bounded Bessel sequences can be decomposed into
a finit union of linearly independent sets. For this, we need a result of Chris-
tensen and Lindner [CL].

Proposition 6.1. Let K € N, I a finite subset of N and let {f;}icr be a
sequence of nonzero elements in a Hilbert space. The following are equivalent:
(1) I can be partitioned into K disjoint sets I, I, - - - , Ix so that each family
{fitier; (3 =1,2,---,K) is linearly independent.
(2) For any nonempty subset J C I we have

/]
K.
dim span{f; :j € J} ~

Proposition 6.2. Every Bessel sequence {f;}ic; with Bessel bound B and
Ifill > ¢ > 0, for every i € I can be decomposed into at most |B/c*| + 1
linearly independent sets.

Proof: We proceed by way of contradiction. Let {f;}icr be a sequence with
Bessel bound B and ||f;|| > ¢ > 0 which cannot be decomposed into | B/c?| +1
linearly independent sets. By Propositions 2.3 and 6.1, there is a finite subset

J C I so that
7] oL
dim span{f;: j € J} — “¢?

|+ 1
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Now, {f;/|lfjll : j € J} is a frame for its span with upper frame bound
B; < LC%J + 1. Denote the corresponding frame operator by S. Now, the sum
of the eigenvalues of S equals |J| and since S has exactly dim span{f; : j € J}
eigenvalues (counted with multiplicity), it follows that the largest eigenvalue
Amaz Must satisfy:

J| B
Moz > — - > | — 1.
~ dim span{f; : j € J} |‘62J+
But, Amqz < By and so By > | 5| + 1, which is a contradiction. O

Next, we will observe that, up to a logarithmic factor, the generalized
Bourgain-Tzafriri invertability theorem (and hence the (finite) Feichtinger con-
jecture) is true. We first note that we can iterate Theorem 1.2 to obtain:

Corollary 6.3. There is a universal constant ¢ > 0 and a function d = d(||T|)
so that whenever T : €5 — (% is a linear operator for which ||Te;|| = 1, for
1 < i < n, where {e;}", is an orthonormal basis for {5, then there is a
partition {I;}#% ™ of {1,2,---,n} so that for each 1 < j < dén n and all
choices of scalars {a;}icr; we have:

1) aiTel” > ¢ |aif”
i€l i€l
Proof: Let ¢ be as in Theorem 1.2, b = W < 1 andlet d = m By
Theorem 1.2 we can find a set I C {1,2,---,n} with |I;| > bn and satisfying
inequality (1.1). Let J; = {1,2,---,n}—1I;. Choose an (possibly into) isometry
U, : Rng T — span {e;}ics,. Then UT : €' — £3' satisfies Theorem 1.2 so
there is a set Iy C J; with |I5] > b(1 — b)n and satisfying inequality (1.1).
Continuing, there are disjoint sets {Z;}%% ™ with |I;| > b(1 — b)’~'n and each

7j=1
I; satisfies inequality (1.1). It follows that (1 — b)%" " < & and
din n din n
) 1 — (1 _ b)dﬁn n 1
Z|Ij|2nd2(1—b)’:nb y >n[1—ﬁ]2n—1.
j=1 7j=1
This completes the proof of the Corollary. [l

Using Theorem 1.2, Casazza [C] showed:

Theorem 6.4. There is a function g(v,w,z) : R® — R* with the following
property: Let {fi}5_, be a frame for an n-dimensional Hilbert space H, with
frame bounds A, B, ||fi|| =1, for all1 < i<k, and let 0 < e < 1. Then there
is a subset 0 C {1,2,---,n} with |o| > (1 —€)n so that { fi}ics is a Riesz basis
for its span with Riesz basis constant g(e, A, B).

Vershynin [V 1], [V 2] removed the assumption in Theorem 6.4 that the
frame elements be bounded above and below and got the conclusion that there
is a “large” subset of the frame which is an unconditional basis for its span.
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Precisely, he proved that for every frame {f;} in H,, and any ¢ > 0 there exists
a set o of cardinality |o| > (1 — €)n, such that {f;/||fil|}ics is a Riesz basic
sequence whose Riesz basis constant depends on ¢ only.

Again we can iterate the proof of Theorem 6.4 to obtain:

Theorem 6.5. There is a universal constant K > 0 and a d = d(A, B) so
that whenever {f;}%_, is a frame for an n-dimensional Hilbert space H with
Ifill = 1 for all 1 < i < k and frame bounds A, B then there is a partition
{Ij}?‘;”l” of {1,2,---,n} so that for each 1 < j < dfn n, {fi}icr, is a Riesz
basic sequence with Riesz basis constant K.

Theorem 6.5 says that, up to a logarithmic factor, the generalized Bourgain-
Tzafriri invertability theorem (and hence the finite Feichtinger conjecture) is
true.
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