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“IS PROBABILITY PROBABLE?” *
By Cora Green

We see . . . that the theory of probabilities is at bottom only common sense
reduced to calculation; it makes us appreciate with exactitude what reason-
able minds feel by a sort of instinct, often without being able to account for
it ... It is remarkable that (this) science, which originated in the considera-
tion of games of chance, should have become the most tmportant object of
human knowledge.

P.S. Laplace
*A quote from B. Pascal.

The scientific theory of probability began to evolve in the 16th century as
mathematicians were approached by gambler friends who wanted to know
the odds of winning certain games of chance. The fundamental principles of
the subject were developed by Pascal and Fermat in a series of letters to one
another in 1654. The problem which started this correspondence was a ques-
tion posed to Pascal by a gambler friend. His friend, the Chevalier de Méte,
wanted to know how to divide the stakes fairly in a game which required a
certain number of points to win and which was stopped early (before either
player had reached the required number of points.)

In this note we will discuss some interesting problems with unexpected
solutions. Since your students are often faced with “choices” in their daily
lives which are similar to some of these problems, the lessons learned from
mistakes made here, could stop them from making serious mistakes in their
“choices” outside the classroom.

Problem 1:-Each morning my sock drawer contains 4 socks: 2 red socks and
2 blue socks. Being very sleepy, I take two socks at random from the drawer,
put them on and leave for school. How often will I go to school wearing a
matched pair of socks?

Your students will say that it is “clear” that the answer is: “50% of the
time.” They are now ready to learn their first important lesson about selec-
tion processes as you tell them that they will come to school only 33%4% of the
time with a matched pair of socks. This is easily seen if they think of this as
a two-step process. That is, they pull one sock out of the drawer and put it on.
Now, when they return to the drawer to take another sock at random, there
are 3 socks in the drawer and only 1 matches the sock they have on. So, they
have only a 1/3 chance of getting a matched pair of socks. Perhaps this can
be further clarified by noting that if the drawer contained 8 socks fastened
together in groups of two’s as red-red, red-blue, blue-red, and blue-blue),
then by taking from the drawer a “pair” of two socks at random each morn-
ing, they will have a 50% chance of coming to school with a matched pair of
socks.




A similar problem which often appears at carnivals in disguised form is:

Problem 2: I have 3 cards in a hat. One card has a red dot on each side, one
has a blue dot on each side, and one has a red dot on one side and a blue dot
on the other. I am to draw a card from the hat and place it on a table with-
out either of us seeing the underside. If a red dot is facing up then there is an
even chance that the other side has a red dot also: the card is clearly not the
blue-blue card, so it is either the red-red card or the red-blue card. Similarly,
if a blue dot is facing up then there is an even chance that the dot on the other
side is algo blue. Therefore I offer you an even money wager that I can guess
the color of the dot on the other side. Is this a fair wager?

Although it appears to be a fair bet, the odds are actually 2 to 1 against
you. I will always guess that the other dot is the same color as the dot we can
see. I will win the game if both sides of the card are the same and you will
win if they are different. Therefore, of the 3 cards in the hat, two of them are
“winners” for me and only one is a “winner” for you.

Problem 3: Marvin gets off work at random times between 3and 5 o'clock in
the afternoon. Since his mother lives uptown and his girlfriend lives down-
town, he walks into the subway station and takes the first train going in
either direction. If it is going uptown, he eats dinner with his mother and if it
is going downtown, he eats dinner with his girlfriend. The number of uptown
trains is the same as the number of downtown trains. One day his mother
complains that he has only eaten with her twice in the last 20 days. How can
this be?

It happens that the downtown trains arrive at 3:00, 3:10, 3:20, . . . and the
uptown trains arrive at 3:01, 3:11, 3:21, . . . So, in order to eat with his
mother, he must arrive at the station in one of the one-minute intervals
3:00 — 3:01, 3:10 — 3:11, ... On the other hand, if he arrives at the station
during any of the other 9-minute intervals he will arrive at his girlfriend’s
house.

The next problem is often called the Prisoner’s Dilemma. This problem is
particularly important because it illustrates a commonly made error in
Probability Theory; namely, using the wrong sample space.

Problem 4: Three prisoners, A, B, C, have equal chances of being paroled.
The Parole Board decides to parole two of the three. Prisoner A decides to
talk to the warden about the releases. Realizing that the warden will not tell
if he, A, is to be released, he decides to ask for the name of one prisoner other
than himself who is to be released. The warden agrees to answer A’s question,
but points out that A’s chance of being released will be reduced if he has the
answer. The warden argues that A currently has 2 chances in 3 of being re-
leased, but if A is told, for example, that C is to be released, then A’s chances
of being released will go down to 1/2 because then either A and Cor Band C
will be released. So A decides not to reduce his chances of being released by
talking to the warden. There must be some mistake in the warden’s argument
since the parole board has already decided and talking about the decision
won't change it. What is the error?
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The problem, as we mentioned earlier, is that the warden has the wrong
sample space. He thinks his experiment has three possible outcomes: The
released pairs being AB, BC, and AC. But the warden has added an event — -
his response — to the problem. The sample space for this new problem with
probabilities of occurrence, are:

1. A and Breleased; warden says B, probability 1/3
2. A and C released; warden says C, probability 1/3
3. Band C released; warden says B, probability 1/6
4. Band Creleased; warden says C, probability 1/6

So, if the warden responds to A’s question by saying that C will be released,
then the probability of A’s release is the probability from outcome 2 divided
by the sum of the probabilities from 2 and 4, which is: /3 =9/3

173+ 1/6

Here are some “quickies” you can ask the students just to keep them on
their toes:

Problem 5: If an elimination tennis tournament is held for 100 players, how
many matches will take place?

Since each match has one loser and each “loser” loses only one match, and
there are 99 “losers” in this tournament, there must be 99 matches.

Problem 6: The probability of getting 4, 5, or 6 heads in 10 flips of a fair coin
is .66. What is the probability of getting between 400,000 and 600,000 heads
in one million flips of a fair coin?

Would you believe that the probability is greater than .99999999?

Problem 7: There are 150 people in a room and I offer to bet you even money
that at least two of these people have the same birthday. Is this a fair bet?

The answer is no, because the odds are 4,100,000,000,000,000 to 1 against
you. To see this, let us find the probability that in a room with n people, no
two have the same birthday. Since there are 365 possibilities for each per-
son’s birthday (neglecting leap year), there must be (365)" possibilities for the
birthdays of n people. For n people to have birthdays on different days, there
are 365 possible days for the 1st person’s birthday; 364 days for the second;
363 for the third; etc. Thus the probability that no two people have the same
birthday in a group of n people is:

P, = (365)(364)(363)...(365—n + 1)

(365)"

The chart below gives the value of 1 — P, for various values of n. Note that
with only 23 people in a room, there is better than a 50 — 50 chance that at
least two of them will have the same birthday.

Number of People Probability of at least Odds for a
in the room two with the same birthday fair bet
5 027
10 117
15 253
20 411 70:100
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Number of People Probability of at least Odds fora

in the room two with the same birthday fair bet
21 444 80:100
22 476 91:100
23 507 103:100
24 538 117:100
25 569 132:100
30 706 241:100
40 891 819:100
50 970 33:1
60 994 170:1
70 1,200:1
80 12,000:1
90 160,000:1
100 3,300,000:1
125 31,000,000,000:1
150 4,100,000,000,000,000:1

As a homework problem, ask your students the following problems (see

(3D).

Problem 8: What odds would you give on a bet that at least two Presidents of
the United States had the same birthday?

Note that you would win the bet since Polk and Harding were both born
on November 2.

Problem 9: What odds would you give on a bet that at least two of the Presi-
dents of the United States have died on the same day of the year?

Note that you would win this bet also since Jefferson, Adams, and Monroe
all died on July 4.

While you are on this subject, make sure you introduce your students to
Pascal’s Triangle. Pascal was a 17th century French philosopher and mathe-
matician who (for a time) was interested in roulette and other games of
chance. Although the “Triangle” was known long before Pascal’s time (in
[2], David says that Chu Shih Chieh in 1303 printed the Triangle in his book
“Precious Mirror of the Four Elements,” and even then Chieh called it an
“ancient method.”) it is usually named after him because of the ingenious
use he made of it in probabilities. The Triangle is constructed in the follow-
ing manner: Each line in the Triangle is obtained from the line above it by
putting 1 at each end, and under each pair of numbers on a line, (that are
side by side) we put their sum.




This triangle gives the probability of getting any combination of heads and
tails on a given number of tosses of a coin. The first line is for tossing one
coin, the second line for two coins, etc. The first number in the line is for all
heads, the next number is for one less head and one tail; the next number is
for one less head and one more tail, etc. For example, the total of the num-
bers in line 6 is 64. So by tossing 6 coins (or 1 coin six times) the chances for
all heads or all tails are 1 in 64; 4 heads and 2 tails (or the reverse) 15 out of
64; 3and 3, 20 out of 64. The Triangle also has many other interesting proper-
ties which your students can discover. For one, the numbers in the n* row
are the coefficients in the expansion of (x + y)* by the binomial formula. For
(x+y)=1x+5x% + 10-x%* + 10-x2y° + 5-xy* + 1-y*

The next problem requires the students to have a knowledge of geometric
series. The surprising outcome makes it well worth introducing series first
if necessary.

Problem 10: Three people A, B, and C are going to have a dual at 100 paces.
Since all of them visit the rifle range frequently, we have a good idea of the
probability of each of them hitting their target. For A it is 0.3, for Bit is 1.0
(he always hits his target) and for C it is 0.5. The rules of the dual are as
follows: A, B and C will stand at the corners of an equilateral triangle, 100
paces on a side. A will shoot first and he may shoot at either B or C. Then B,
if he is still alive, will shoot second (at anyone who has not already been hit),
and C will shoot last and then A will shoot again, etc. You are A and you are
ready for your first shot. What should you do to maximize your chances of
winning the dual?

Clearly, you do not want to shoot at C. For if you hit C, then B will have the
next shot, he is a perfect marksman, and he has no one to shoot at but you! So
you must shoot at B. Now, there are two possibilities: you hit B or you miss
B. First, let us assume that you missed B. B knows that A and C must shoot
at him to have any chance at all of winning the dual, so he will shoot the per-
son with the highest probability of hitting him — namely C. Since B is a per-
fect shot, C will be hit, and A now has one shot at B before B kills A to win
the dual. Since A is a 30% marksman, we conclude: A has a 3/10 chance of
survival in the dual if he misses B, Next, suppose that A hits B. Then C has
the next shot and C and A will shoot alternately until one is hit. Now, A’s
chances of winning the dual are:

(:5)(.3) + (BP(T)(.3) + (5P(T.3) + ...
(:5)(.3) is the probability of C’s missing A with his first shot and A’s hitting C.
(:5)(.7)(.3) is the probability of C missing A, then A missing C, then C missing
A again, and A finally hitting C. So each term in our series represents a
sequence of misses by both C and A ending in a final hit by A. Using the
formula for the sum of a geometric series, the sum of our series is seen to be:

(5)3) = 3
1-(5)(7) 13
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So we conclude: A has a 3713 chance of survival in the dual if he hits B. We
see then that A cannot shoot at C, and if he shoots at B, his chances of win-
ning the dual are less if he hits B than if he misses B. So the necessary action
is clear: A must shoot his gun into the ground on his first shot. He will then
shoot at B on his second shot. C is just out of luck on all counts.

The next problem will help clear up the difference between continuous
and discrete probability.

Problem 11: If the probability of A occurring is 0, does that mean that A
never occurs?

The answer is no; A may occur anyway. To show this to students, have
them think of all the numbers in [0,1] as being in a hat and I reach into the
hat and draw one at random. What is the probability that I drew 0 out of the
hat? The probability that the number I drew out was between 0 and 1/2 is
clearly 1/2. By dividing [0,1] into 3 sets of equal length, say [0,1/3], (1/3,2/3)],
(2/3,1], we see that the probability the number I drew out was between 0 and
1/3 is 1/3. Similarly, for any n, the probability that the number I drew out of
the hat was between 0 and 1/n is 1/n. Since 0 is in every one of these inter-
vals, the probability that I drew 0 is less than 1/n, for every n, and hence this
probability is 0. With obvious modification, we can see that the probability
of drawing any particular number between 0 and 1 out of the hat is 0; and yet
I still drew a number.

Finally, we consider an interesting problem relating probability and ele-
mentary algebra. Although we will need to find an area using caleulus, the
problem can easily be done by any student who knows how to find areas by
integration.

Problem 12: What is the probability that the quadratic equation
X+ 2bx+c=0
has no real roots?

To start, let us assume we've chosen a pair (b,c) randomly from a square of
side 2B centered at the origin in the plane. For our equation to have real
roots, we need to have b? — ¢=0. We begin by graphing the parabola b* = c.

We want to find the area of the shaded region S, and compare it to the entire
area E, (inside the square). But by standard calculus considerations.

B
Sq = 4B —/ (B—b? db
-VB

\\fﬁ
= 4B — (Bb—b*/3)

-VB
1B = | (BVE - B7) - (SR + B2

= 4B - [ (4/3)B3/2]
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So,

S = 4B -@43)B2 = 1 - 1

E, 4B 3vB
If we take the limit as B goes to infinity, we see that the probability of our
equation having real roots is: ‘
lim (-1 )=1 -
B—e  3/B

Therefore, the probability that the equation in problem 12 has no real roots
is 0.

b2=c

(-B, B (-8 ,B) /B, B)

( B, B)

..

N

(_B) —B)

Figure 3

W¢'ll end with a homework problem for the reader.

Problem 13: Two urns contain the same total number of balls (some black,
some white). From each urn are drawn n balls (n>3) with replacement. Find
the number of drawings and the composition of the two urns so that the
probability that all white balls are drawn from the first urn is equal to the
probability that the drawing from the second is either all whites or all blacks.

Now you know (for the solution see [4]) what Fermat’s last theorem looks
like to a probabilist.
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