


about 6 inches from the earth at all points. Now, to drive the point home further,
tell them that if the original string is wrapped around a marble, and you again dis-
cover it is 36 inches too long and spread this evenly around the marble, then again
the string will stand 6 inches from the marble. By using the dramatic, you have
firmly fixed in their minds that the ratio obtained by dividing the c1rcumference
of a circle by the radius is always a uniform constant (27), and therefore, if you in-
crease the circumference of any circle by « units (in our case, 36 1nches) then you
will increase the radius by a/2n (in our case, 36/27 =~ 6 mches)

Even the most mundane results can be made interesting (and hopefully there-
fore memorable) with a littie rewording. The next time you are teaching exponentials
and have the distinct feeling that you haven’t gotten across to the students how
quickly exponentials grow, give them the following problem:

We take a piece of paper which is .003 inches thick and fold it in
half. Now, fold it in half again, and fold it in haif again, and agam and
do this 50 times. How thick is the stack of folded paper?

Your students will be amazed to learn that the paper stack is now over 50 mil-
lion miles high (53,309,655 miles to be exact). It is fun to bet them that if they take
out a piece of paper right now and try folding it, they will find that they can’t fold
the paper in half this way more than 8 times. You will discover they can’t do it
(most won’t be able to do it 8 times). Explaining to them that after 8 folds they are
now trying to fold a piece of paper which has an area of only 1/256 of the area of
the original sheet and which is as thick as half a ream of paper (256 pages) will
help. The next problem will generate some interest in your College Algebra class.

A glass is half filled with wine and another is half filled with water.

From the first glass remove a teaspoonful of wine and mix it with the
water. From the mixture, take a teaspoonful and pour it into the wine. Is
there more wine in the water or more water in the wine?

To build the suspense, you might take a vote to see how the class splits on the
question. They will be surprised when you tell them that there is exactly as much
water in the wine as wine in the water and that they can prove it quite easily using
elementary algebra.

Sometimes it is worthwhile to use apparently trivial and innocent looking prob-
lems to initiate important discussions. Here is one which can be used in almost any
course:

Myrtle is hiding behind a tree from her boyfriend, Tom. As Tom
makes a complete circle about the tree (staying about 20 feet from it)
Myrtle circles it also by keeping her nose against the tree and always
staying out of Tom’s sight by keeping the tree between her and Tom.
Did Tom circle Myrtle?

Some students will say: Of course he did. He circled the tree so he must have
circled Myrtle who was always touching the tree. Others will guess: No, he couldn’t
have. If the tree was not there he would never have seen her back and you can’t cir-
cle something unless you see all sides of it. With a little discussion (and perhaps
some direction from the teacher) the students should begin to realize that the prob-
lem lies in the definitions. What exactly does it mean to “circle” something? This
lesson in not trying to solve a problem until it is well-defined and the definitions
are firmly established is well-worth learning by any student.

Don’t feel that every paradox needs to teach a specific rule. Sometimes it is
worthwhile just to use them to generaie interest or to keep people on their toes. If 1
have five minutes left in a class period and don’t want to start a new topic I might.
throw out one of the following problems:

Which clock keeps the best time — a clock that loses a minute a
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day or one that doesn’t run at all?

The clock that loses a minute a day is correct once every two years while the

other clock is right twice a day. - )

If T go up a mountain at 7 a.m., stay on top overnight and start
back down at 7 a.m. the next morning, is there a point on the trail that
I pass at exactly the same time going up and going down? Remember
that going up I had to rest several times and so it took much longer to
go up than down.

It’s easy to see that such a point exists if you think of having a twin who is
going up the hill at the same time you are coming down. Naturally you will pass
each other at some point no matter what speed you are both traveling.

One day while going up a ski lift at 5 km/hr you are impatient and
decide that you’ll ski down the hill fast enough so that your average for
the whole trip is 10 km/hr. How fast must you ski down?

I hope you are fast since you must ski down the hill in zero time.

A lawyer left 11 antique cars in his will to his 3 sons with the stipu-
lation that the eldest son gets 1/2 of the cars, the middle son gets 1/4 of
* the cars, and the youngest son gets 1/6 of the cars. As they are ponder-
ing the dilemma how to split 11 cars in half, Professor n drives up in his
car. After hearing the problem he says: “The solution is easy. I'll put
my car with yours to make a total of 12. We’ll give 1/2 of the cars (6
of them) to the eldest son, 1/4 of the cars (3 of them) to the middle
son, and 1/6 of the cars (2 of them) to the youngest son. Now, the terms
of the will have been satisfied and we’ve only distributed 11 cars.”
Thereupon, Professor 7 got back in his car, which was not taken yet,
and drove away. What happened?

Often it is only how you present a problem that makes it interesting or dull.
When you teach probability do you ask the students to find the number of permu-
tations of 14 objects or do you point out to them that the answer shows that there
are over 87 billion different ways that 14 people can sit around a table. What a night-
mare Thanksgiving dinner could become. Or how about the following story to illus-
trate the importance of independence of events for multiplying probabilities.

A History professor friend of mine who flies a lot asked me what
the probability is that there is a bomb on a plane. Given all available

data I told him the chances were about 1 in 1000. He then asked me
what was the probability that there would be two bombs on a.plane. I
told him that assuming the events were independent, it would be the
product of this with itself or one in a million. From then on he carried
a bomb with him whenever he flew since it reduced the chances of
another bomb being on the plane 1 in 1000 to one in a million.

Now let’s consider how we might use paradoxes to motivate a beginning calculus
course. Two of the most difficult topics to grasp are the concepts of infinity and
limits. One interesting example is the infinite motel. '

St. Peter has a motel with an infinite number of rooms, numbered
1,2, 3,.... One night Moses arrives late for a convention to discover
that there are no vacancies in the motel. “Don’t worry” says St. Peter,

“I can find you a room.” Upon St. Peter’s command, everyone left his
room and went into the room with the next highest number. That is,
for each n =1, 2, 3,. .. the occupant of room n goes to room n + 1.
This leaves room 1 empty for Moses. The next year, Moses again arrives
late to the convention to discover that there are no vacancies. Only this
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time, Moses has brought an infinite number of friends with him. St.
Peter says: “Don’t worry. I can find room for you and your infinite
number of friends.” Upon his command, everyone leaves his room and
moves to the room whose number is twice his. That is, foreachn=1,
2, 3, ... the occupant of room n goes to room 2n. Now all the rooms
with odd numbers are empty and since there are infinitely many of
these, Moses and all his friends have rooms.

Tristram Shandy decided to write his own autobiography. How-
ever, he took two years in chronicling the first two days of his life and
lamented that, at this rate, material would accumulate faster than he
could deal with it. As the years went by, he would be further and fur-
ther from the end. of his history. But, if he had only lived forever, he
could have written his entire autobiography. For he would have finished
writing down the first year of his life in 365 years, the tenth year in
3650 years, and the nth.year in (365)n years (mmodulo leap years).

The problem of the frog trying to jump to a door will keep the students argu-
ing for the whole term, but at least they’ll be argning mathematics.

I put a frog one foot from a doorway and tell him to jump to the
door, but he is to do it in the following manner. He is to jump half the
distance to the doorway (1/2 of a foot) on his first jump. Then he is to
jump half the distance to the doorway again (1/22 of a foot). Then he
is to jump half the distance to the doorway again (1/22 of a foot) and
to continue this process. Will the frog ever get to the door?

Yes, the frog can get to the door this way and one merely needs to know that

1=1/2+1/22+1/23 ++« -

That is, after making all his jumps, the frog has traversed the one foot distance
between himself and the door. To get the frog to the door in 1 second, just have
him make his first jump in 1/2 of a second, the second in 1/2? of a second, the
third in 1/23 of a second, . . . .

The students usually refuse to believe the solution to this problem upon its
first presentation, so I try to clarify it with some- further discussion. Note, for ex-
ample, that the problem disappears if the frog decides to jump two feet on his first
jump and sails right out the door. In a sense, however, the problem is really still
there. Because even by making one long jump, in order to reach the doorway, he
must first reach the point halfway between himself and the door and then he must
reach the point halfway from this point to the door, and so on. The only difference
is that now he isn’t stopping at all these points.

This problem can be given to high school stu-
dents with no knowledge of limits if you develop the

2
above formula pictorially. Draw a square 1 unit ona 12
side and cut it in half. One piece has area- 1/2 (label '
it). Cut the other piece in half. One of these pieces 12
has area 1/2? (label it). Cut the other piece in half 1/2%
and continue. Then the area of the square is 1 and 1/23

you've represented it as a sum of little boxes with )
areas 1/2,1/2%,1/23,+ + «

When you get to simple interest rate problems in calculus, you can ask them to
compute interest rates forever and it won’t stick in their minds as well as the fol-
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lowing problem.
In 1626 Peter Minuet bought Manhatten Island from the Indians
for $24. This is now_ the most expensive piece of real estate in the world
per square foot. But, if the Indians had put that $24 in the bank at
5% interest, today it would be worth over one trillion dollars (this is
more than the gross national product of the whole U.S.A.).
Finally, to keep them busy for a long time, and to give them some incentive to
learn more mathematics to soive such problems, ask the following:

If I drop a map of the U.S.A. from a plane over the US.A., is there
any point on the map which lies directly above the corresponding point
on the ground?

There is exactly one such point.

So far, we have been looking only at examples of the second type of paradoxes.
Now let’s consider some true logical paradoxes. These can be used to initiate some
very deep and important discussions going right to the foundations of Mathematics.
One of the most famous was given by Bertrand Russell.

A barber in a certain town shaves all those men, and only those
men, who do not shave themselves. Who shaves the barber?

Anything he does contradicts the above statement. How about the Robot that
fixes all those Robots, and only those Robots, which do not fix themselves. Or the
catalog which lists all those catalogues, . .

Don Quixote tells of a country with a curious custom. Every visitor
there is asked: Why are you coming here? If he answers truthfully - ali
is well, If he lies, he is hanged. One day a visitor answered the question
by saying: I.came to be hanged.

" This created quite a problem. If they hanged him, his statement would be
true and they should have let him go instead. If they let him go, his statement
would be false and they should have hanged him. The story says they let him go
after discovering the paradoxical situation they were in. (Actually, they should
have given him a paradoxical rope which hangs all those people, and only those
people, who do not hang themselves and let him figure it out),

There are many paradoxes relating to “What is a proof” of a theorem.

I’ll call an object “grue” if it is green until the year 2000 and blue
after that. Now I claim that the following two laws are equally con-
firmed by all visible physical evidence. Law I: All emeralds are green.

Law II: All emeralds are grue.

Can you disprove either law? Suppose I claim that all crows are black. To prove
my claim, I decide to prove the contrapositive statement: All non-black objects
are not crows. A piece of white chalk, a brown cow, a gold wristwatch, etc., are all
non-black objects and are all not crows. Therefore, each of these serves as further
evidence that my conjecture is true. But, do such items actually support the conjec-
ture, or are they somehow irrelevant to it? This question is still being argued by
mathematicians.

There is a new family of paradoxes appearing which involve what are called
“supertasks”.

We have a “super-machine” which can perform an infinite number
of tasks in a finite amount of time. I have my machine turn a lightbulb
on and then off and then on and then off and do this infinitely many
times. The question is, when the machine is done, is the light bulb on or
off?”

Saying that it is probably burned out is not an acceptable answer. If you don’t
believe my machine can accomplish this task, note that I just need to have it turn
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the light on in 1/2 of a second, off in 1/2% of asecond, * * » . Then it will finish its
task in 1 second. ' '

Tom and Mary are one kilometer apart and are walking towards
one another at two km/hr. Fido, their dog, who likes them equally
well, trots at 8 km/hr from Tom to Mary and back to Tom and back to
Mary and so on. Tom and Mary will meet a point P in fifteen minutes.

When they meet, who will Fido be facing: Tom or Mary? While we’re at
it, let’s ask how far Fido has traveled.

It’s interesting to see how many students will try to sum an infinite series to
calculate the distance Fido traveled and how many will note that Fido has been
traveling at 8 km/hr for a total of fifteen minutes and hence has traveled 2 km’s.
There is an interesting story about a famous mathematician, John vonNeumann, in
which he was given a similar problem at a cocktail party. vonNeumann. who had
done much work with infinite series, immediately gave the total distance traveled.
The questioner responded: “I should have guessed that a great mind like yours
would figure out the trick right away.” “What trick;” said vonNeumann, “I just
summed the infinite series in my head.”

Now let’s continue the above problem and have Tom and Mary walk backwards
to where they started and have Fido reverse his steps. Where does Fido end up? A
little thought will tell you that Fido can end up at any point between Tom and
Mary regardless of where he started. Suppose for example, we want Fido to end up
at an arbitrary point A between Tom and Mary. Just start the problem over with
Fido at point A and Tom and Mary 1 km apart. When Tom and Mary mest, Fido is
at point P again. In reversing his steps, regardless of where Fido staried originally,
he can take the reverse path that gets-him back to point A.

The following is a very recent paradox.

Dr. Beta comes to earth with the ability to predict how any human

will choose between two alternatives. He puts two boxes, A and B, in
front of people. Box A is transparent and contains a $1,000 bill. Box B
is opaque and is either empty or contains one million dollars. Dr.
Beta tells his subject: “You have two choices: (1) You may take
both boxes. But, if I expected you to do this, box B is empty and
you’ll get only $1,000. (2) You may take only box B. If I expected
you to do this, box B contains one million dollars.” His subject ar-
gues as follows: P’ve watched him do this experiment with millions
of people. Every time, the subject took both boxes and has gotten
only $1,000. So, I'll take only box B and become a millionaire. “But
wait” says his friend, “That isn’t logical. At this point, the one million
dollars is either in B or it isn’t. You can’t change that fact by choosing
only B. You should take both boxes and be assured of getting at least
$1,000.”

Finally, we have the paradox of the unexpected hanging. This paradox has in-
trigued mathematicians for so long that a whole segment of a book has been written
on it [9].

A man has been sentenced to hang with the following stipulations:

He must be hung within seven days, he must be hung exactly at noon,
and the day on which he is to be hung must be a complete surprise to
him. Having nothing to do in his cell, he tries to figure out when he
will be hung. He realizes quickly that they cannot hang him on the 7th
day. If they haven’t hung him by the end of the 6th day, then there is
only one possible day left to do it, the 7th day, and he would know it
so it couldn’t be a complete surprise. But then, they can’t hang him on
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the 6th day since, if they haven’t hung him by noon of the 5th day, he
already knows they cannot hang him on the 7th day, so it must be
the 6th day and it isn’t a surprise. Continuing this argument, he decides
they cannot hang him on any of the daysand have it a complete surprise. -

As it turns out, they hang him the first day and it was a complete surprise since
he didn’t think they could do it. It is interesting that no paradox occurs if we
change the first stipulation to: he may be hung within seven days. The paradox also
disappears if we change the third stipulation to: It must be a complete surprise ex-
cept if it happens on the last day. There are other variations of this problem where
someone places a row of 5 boxes in front of you and says: One of these boxes con-
tains a ball. I want you to open one box at a time starting at the left. It must be a
complete surprise to you which box has the ball in it.

We often come across paradoxes in our daily lives without realizing it. The
mathematician who says: “Everything a mathematician says is a lie”, has created
a paradox. Or the sentence which reads: This sentence is false; or the button which
says: Ban Buttons; or the sign on the bathroom wall which says: Down with graffiti;
or the bumper sticker which says: Eliminate Bumper Stickers; or the sign which
says: Don’t read this; or the statement: All rules have -exceptions; or the state-

ment: All knowledge is doubtful.

Since you are probably asking yourself whether all of this is really true, I give
you the opportunity to figure it out for yourself by solving the following paradox:

1. Everything in this article is true.
2. Something in this article is false.
3. Two of the three statements in this box are false.

To solve the paradox, consider question (3). Since exactly one of (1) and 2)
is true; is it possible for (3) to be either true or false?

In this article we’ve barely scratched the surface of the area of paradoxes. We
haven’t done any paradoxes of set theory or examples of paradoxes of type (D or
more advanced paradoxes. Perhaps I can consider these in a later article. I would
greatly appreciate anyone’s sending me their favorite paradoxes to add to my col-
lection. By-the-way, have you ever heard of the Banach-Tarski Theorem? It states
that it is mathematically possible to put the sun in our solar system into your vest
pocket without expanding or contracting any single part of it. But alas, we are out
of time and it will have to wait for another day.
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