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The Irrationality of mand e
BY GINA PHILLIPS

In 1761, J. H. Lambert used continued fractions to give the first proof of
the irrationality of n. Since that time, there have been dozens of books writ-
ten about n; high school students have formed clubs to study it; and in 1967
two French mathematicians, Jean Gilloud and Michele Dichamp, had a com-
puter crank out the first 500,000 decimals of n (which by the way took 444
hours and 45 minutes to compute at a cost of about two cents per decimal —
not including programming costs). It is therefore very disappointing that al-
most no students have ever seen a proof of the irrationality of n, despite the
fact that there are short proofs in existence which require nothing more than
a knowledge of Calculus. In this note, we will review how the irrationality of
n and e can easily be done by alloting only a few minutes of your time in a
calculus course. The style of both these proofs is quite similar and both are
elementary.

(1) The Irrationality of e. This proof can be done immediately after you
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Now let us assume that e is rational and get a contradiction.
If e is rational, then e = _;p_ for some natural numbers m,n with n > 1. Then
by (1) above,
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But,
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Since every number in the sum on the right side of (3) is an integer, it follows
that n! (e — s,) is an integer. But by (2), 0 <n! (e —s.) <1, and so we have pro-
duced an integer between 0 and 1. This contradiction completes the proof of
the irrationality of e.

You might mention that there is a more general result which says that e” is
irrational for all non-zero rational numbers r.

(2) The Irrationality of n. This proof is due to I. Niven and can be done as
soon as the students know how to integrate and differentiate the trigonomet-
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ric functions and know that %li_ngoo —z—, = ( for all real numbers a. If you want
to wait and do e and n together, then this last fact can be established easily

by using the ratio test to show that the series a TZ_O 0 5:—, is absolutely conver-

gent and consequently that the limit of the n* term is zero. It is clear that if
r is a rational number then so is r2. Hence, if r? is irrational then so is r. Thus
it suffices to prove the stronger result that n? is irrational. We will proceed
as above by assumiag that n* is rational and produce an integer between 0

and 1 for a contradiction. So assume n® = % where p, q are natural numbers.

Since lim fg— = (), choose a natural number n so that
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Since for 0 < k < n, 22=1) 0 (0 =kH 1) the (k + 1) ~st coefficient in the

binomial expansion of (a + b}, this is an integer. Hence,
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is a product of two integers and so it also is an integer. If we let g(x) = ¢ x™**
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where ¢ = nin-1) o k(!n k+l) , then for any natural number j, the j* de-

rivative of g(x) evaluated at 0 is,
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That is, g (0) is an integer for every j. Now define

f(x) = x*(1- - x)y
Then for0< x < 1, it follows that 0 < x* < 1and 0 < (1 -x)* <1, therefore
0<f(x)< —r}—, : ©6)
Since 0 < sin x for all 0 € x € 1, (4) and (6) above imply,
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Also, by the binomial therem,
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By (5), fv (0) is asum of n + 1 integers for every j and hence is an lnteger
Since f (1 — x) =f (x) we have that £ (1) is also an integer for every j. Now
define

F() = q o £(x) — 2= 0 £ (x) =20 £0) () —
coe (=1 fem (x)).
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Since r2t" - 0 = g:—:—,‘ for every k, g n** - ® is an integer for every k and

hence from what we know about the behavior of £’ (x) for x = 0,1, it follows
that F(0) and F(1) are integers. Therefore,
F(0) + F(1) is an integer. ®)
We now finish the proof in the following manner. We will use the function
F(x) above to give explicitly an antiderivative for the function np*f(x)sinnx.
Using this antiderivative, we will show that np* fol f(x)sinnx dx = F(0) + F(1).
But the left side of this equality is in (0,1) by (7) while the right side is in an
integer by (8). This contradiction will complete the proof of the irrationality
of n?, and hence n. To compute the required antiderivative we note that
F (X) =q {nZn 2 (k) —q2in - 1) ft4) (X) e (_1)n f2n+2) (X)}
and
wFE)=q {n*"* 2 £ (x) =" £ (x) + - - + (-1 (x)}
imply
F" (x) + ?F(x) = q'n** * 2 f (x).




Therefore, by the product rule for derivatives,
d  F (x)sinnx —nF (x) cosnx
dx { n }
F" (x) + F(x)
k4
= q'm*"* * f(X)sinnx
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nq* % f (x) sinnx

= nprf(x) sinnx. 9
F' (x) sin nx — nF'(x) cos nx, ix e .
Therefore, — is an antiderivative of np*f(x)sinnx and
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np fol £ sinmx dx = E_(_x):_m@s ~F (x) cosmx
0
= F(0)+F(Q).
That is,
np” fol f (%) sinmx dx

is an integer (by (8)) which lies between 0 and 1 (by (7)). This contradiction
completes the proof of the irrationality of .

There is actually a much more general result than the one given here. That
is, it can be shown that cos r is irrational for any non-zero rational number r.
By letting r = n, we see that cos n = —~1 is rational and hence n must be ir-
rational.
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