
Real Analysis II

Homework 3

(1) Let f, g ∈ L1([0, 2π]). Assume that these functions are extended
periodically on R. Define the convolution of f and g by

f ∗ g(x) =

∫ 2π

0

f(x − y)g(y) dy.

(a) Prove that f ∗ g ∈ L1([0, 2π]).

(b) Prove that if f, g ∈ L∞([0, 2π]), then f ∗ g is continuous.

(c) Prove that f̂ ∗ g(n) = f̂(n) · ĝ(n).

(2) (a) Let u ∈ C \ R. Find the Fourier transform of the function
f ∈ L2(R), where

f(x) =
1

x + u
.

(b) Let f ∈ L1(R) be a rational function. Prove that there
exist constants C, c > 0 such that

|f (t)| ≤ Ce−c|t|

for all t ∈ R.

(3) (a) Show that there exists a non-zero function f ∈ S(R) such
that ∫

R
xnf(x) dx = 0 for all n ∈ N.

(b) Let f ∈ S(R) be a function with compact support such
that ∫

R
xnf(x) dx = 0 for all n ∈ N.

Prove that f = 0.
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