ON A PAPER OF HUDSON.
GEORGIY ARYTYUNYANTS AND DMITRY RYABOGIN

ABSTRACT. We present the detailed proof of Hudson’s result in [1].

1. INTRODUCTION

Let Q € L'(S'), f € L'(R?) be nonnegative functions and let B,(z) be a ball of
radius r with the center at x. Consider the maximal operator

oss) =g s | 109 (GZ5)

It was proved ([2], [3], [4]) that Q € Llog L(S') implies a weak-type (1,1) for Mq.
It is still an open question whether the Llog L(S') condition can be weakened to
L*(Sh). In this note we present the Hudson’s result proved in [1], which shows that
Mg has a weak type (1,1) for some 2 ¢ L'log L(S'). For example, one can take

_ (%2 ~ Xou(®)
) =0(51). 00 -Gt

More precisely, we have
Theorem (Hudson). Let g € L'([0,1]) be monotonically decreasing, such that
0g(0) is monotonically increasing, and let Q(x1,x9) = g(x2/x1). Then

(1) AM{z e R?: Mof(z) > A} < c(llgllio,a + 1) N9l |11

In the proof we include Lemma 2 which represents an independent interest. In
particular, it implies weak-type (1,1) for the Hardy-Littlewood maximal operator.
All results can be generalized to higher dimensions.

2. SELECTION PROPERTY.

The following definition was introduced by Hudson.
Definition. We say that €2 has the selection property if for any measurable set D C
R? (0 < |D| < o0) and any positive measurable function r(x) defined on D, there is
a measurable subset £ C D such that

(2) |E| > a|D,
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T—y dx
3 S(E,Q,r)(y) = / Q( ) <A
Q (5,9,7)(y) )
E mBr(ao)(y)
for almost every y € R2.
Constants here do not depend on r(z), D, E.
Lemma 1. If Q has the selection property, then Mg is of weak type (1,1).

Proof. Let D = {z € R? : Mqf(z) > A}. We may assume that D is bounded.

'r(m) .’L‘)

t—y\ de _ Alflh
/f / Q(m—m>ﬂm>§03 .

EmBr(m) y)

1 1
WSQHS—JMM i <

|

Thus, to prove the Theorem it is enough to show that (2 satisfies the selection
property. We emphersize that the construction of E involves no restriction on 2 €

L'(S') and a ~ 1/||gllz1qo,p)- All geometrical restrictions come from the estimates
Of (3) Wlth A ~ ||g||L1 0’1

3. THE DIRAC MASS ESTIMATE

The main idea of the proof is to replace g by Dirac mass ¢ near the spike. Observe
that in this case

dl’l

4 S, 6,7 = -
(@) (.6.7)(0) o)
{z€d:0<z1—y1<r(21,Y2), T2=Y2}

Claim 1 . If g is replaced by a Dirac mass supported at 0, then €2 has the selection
property. More precisely, for any positive measurable function r(x) defined on a set
D c R? of finite measure there is a set D C D satisfying the following properties

|D| > ¢|D|, S(D,68,1)(y) < C for a.e. y € R
This claim follows from the Fubini theorem and the following one-dimensional
result.

Lemma 2. Let r(t) be any positive measurable function on a measurable set D C
R!(|D| < oc). Then there exists a measurable subset D C D such that

~ 1
) D> D
dt 1
(6) F(y) = =) <C for almostally € R".

Dn{o<t—y<r(t)}
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Proof. We will define set D as a union of sets {D;},. The procedure described
below is a modification of the Calder6n-Zygmund stopping time argument. We con-
struct D; as follows

Di={zxe€D|z€qecQiandr(z)>|q}U

U{r €D |z ¢qé€ Qi_yand r(z) > 27"},
where (;_1 is a system of dyadic intervals which we define by induction.

Set @_; = () and assume that Q, ..., @;_; have already been constructed. Consider
the net of dyadic intervals ¢ with |q| = 2. The construction of Q; consists of two
steps.

Step 1: We choose from the net all those intervals which do not intersect intervals
from ;_; and for which one of the following conditions holds:

(@) g / Fi(z)dz > 1/2,

q

ra= %

Din{o<t—z<r(t)}

[Ding| 1
(b) P > 5

Step 2: We add all neighbors from the net to the intervals chosen before (@Q; ; U {
intervals chosen by step 1 }).

Set @; = Q;—1 U { intervals chosen by step 1 } U { intervals chosen by step 2 }. If
interval ¢ satisfies (a) and (b) we say that it is chosen by (a).

We claim that U®,D; = D is the desired set. First of all

where

(7) bcpc |J ¢
q€Q4,i=0

The first inclusion is obvious. The second one follows from the following argument.
Fix any z € D. Assume that r(z) > 27 for some i and x does not belong to any
cube from ;_; (otherwise we are done). Then x € Dz-. Since almost all points of Di
are points of density, there is a dyadic interval ¢* > x, |¢*| = 277, j > 4 and such that
|D; N ¢*|/|g*| > 1/2. Since D; C D;, |D; N g*|/|g*| > 1/2. Thus by (b), ¢* C q € Q.

So (5) will easily follow from (7) and

o
(8) > lal<200Dl.
To prove (8), let us divide the system {Q;}3°, into three disjoint subsystems:

K; = { intervals chosen by condition (a)}, Ky = { intervals chosen by condition (b)},
K3 = { intervals chosen by step 2 }. Then it is obvious that
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dlgl<a D0l

q€EK3 q€K1,q€EK>2
Moreover

> ld = jfi > \Q|f5532§3 Y Ding| <

qEK> 1=0 ¢€(Qi\Qi—1)NK> 1=0 ¢e(Qi\Qi—1)NK>

2y > |DnNg| <2|D.

1=0 ¢€(Q;\Qi—1)NK2
On the other hand

Su<y Y W<y Y [Rwis

g€ Ky =0 ¢e(Qi\Qi-1)NK1 =0 ¢e(Qi\Qi-1)NK1
DS [ Fas <2 [ P -
=0 ¢e(Qi\Qi-1)NK1 R

1 -

/ / ﬁda: = 2/ — / dxdt < 2|D|.

r(t) r(t)
Dn{o<t—z<r(t)} D {o<t—z<r(t)}

So we have

Z gl = lal+ D lal+ D gl <

q€Qii=0 geEK1 gEK> gEKs3
<503 lal+ > lal) < 20D
qeEKy q€K>

and it proves (5).

It remains to show (6). At first we observe that F(y) > 1/2 implies y € ¢ € Q;
for some 7 > 0. Indeed, fix any y such that F(y) > 1/2. Since Dj C D]-H we have
F;(y) > 1/2 for suﬂiciently large j. By the differentiability of integrals, there is a
dyadic interval ¢*, such that |¢*|~ 1fF Ydz > 1/2 and |¢*| = 27%, i > j. Now

D; C D; implies |¢*|~ 1fF dx>1/2and()givesq*§q€@i.

Now we decompose F (y) into two parts. The first part will be estimated pointwise,

the second one — by mean. Namely

Fy) = / e / —%:n@+m@,

r(t) r(t
LO{0<t—y<r(t)} HN{0<t—y<r(t)}

where, L = DN [y,y +10?|¢g|] and H = D N [y + 10?|g|, 00). First, let us show that

9) Fi(y) < C.
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To do so, let us split L into two subsets L; and Lo, where L; = DN [y + |—g|, y—+10%|q|]
and Ly = DN [y,y+ |21|] Since r(t) >t —y > |21| forte Lin{t|0<t—y<r(t)},
it is easy to see that

dt 2 2

i / dt < —10%q| < C.

r(t) = lal lq|

Lin{o<t—y<r(t)} Lin{o<t—y<r(t)}
On the other hand if t € Ly then t € ¢ € Q; or t € ¢ € ();+1 because of the step 2
in construction of @;1. In any case, r(t) > |2ﬂ and

FLI (y) =

2
Fr,(y) = / ﬂs- / dt = 1.
Y

Lan{o<t—y<r(t)}
Combining these two estimates, we get (9).
To finish the proof of the lemma, we should show that

(10) Fu(y) <C

To prove (10), it is enough to show that Fi\p,_,(y) < C and Fy,_,(y) < C, where
Hi—y = D;—1 N [y + 10%|g], 00).

Observe that Fi g, , (y) = 0. Indeed, for any ¢t € D\ D;_y, r(t) < 27!, we have
D\ D; 1N[y+10%ql,c0)N{t|0 <t —y <r(t)} =0.

What is left to show is

(11) Fy_, <C.

Let ¢* be the closest dyadic interval to q from the right with |¢*| = 27**1. Since
forany £ € ¢*, Hi 1 N{t|0<t—y <r(t )} CHi,lﬁ{ﬂ 0<t—¢&<r(t)}, we have

H;—1n{t| 0<t—§<r(t)} 7" H;—1n{0<t—£<r(t)}
Observe that
cdNp=1>0 for any p € Q;_» U {intervals choisen by step 1 during stagei — 1}.

Otherwise, by step 2 ¢ would be covered by some interval chosen on stage [ <7 — 1.
This contradicts the choice of ¢. Thus
So by (12) and (a) in the construction we have

\q |/ / %dﬁ < ﬁq[ﬂ-d&)d& < %

q* H;_1n{0<t—&<r(t)}

Fy, ,(y) <

Corollary. Let
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be a mazimal function, where the sup is taken over all intervals containing x. Then
M is of weak-type (1,1).
Proof. It is enough to show that the left maximal function

M f(x —SUP—/|f )|dy

is of weak-type (1,1). The reasons which are similar to those in Lemma 1 complete
the proof.

|

4. AUXILIARY RESULTS

The following result is an analogue of the Calderén-Zygmund stopping time pro-
cedure. Below [(g) denotes the sidelength of a dyadic cube g.
Claim 2 . Let Q € L'(S"), and let r(z) be any positive measurable function defined
on a set G C R? of finite measure. Then there exist two systems of sets

{Qi}iZ, and {Ei}0s
where Q; is a system of disjoint dyadic cubes with 1(q) > 27, and
Ei= Ugq,_{r€Gngqg:r(x) > 1)} U{r € G\ Qi1 : 7(z) > 27"}
such that the following holds:
(13) G CUZQi,
B> G|
~ 50 ([1Qlzysy + 1)

for any ancestor ¢ of q € Q;, and for any neighbor q of any ancestor of ¢ € Q;, we
have

(14) | U

1 1
(15) = / S(B, Q1)) dy < 3.

We set
Q= U2,Qi, E=U2 E =Ugof{r € GNg : r(z) > l(g)}.

Proof of Claim 2. The construction of Ej, Q; repeats the construction of D;, Q; in
Lemma 2. One has only to replace the condition (a) in the described stopping time
procedure by

1 1
— S(E;,Q,r dy > —.
o[ sEanwi>

q
The proof of (13), (14) is similar to the proof of (7), (8). Relation (15) follows by
reasons which are similar to those presented at the end of Lemma 2 (see the estimate
for Fy,_,).

a
Claim 3 . Let Q € L'(S") and let S(E,Q,r)(y) > 1/2. Theny € Q.
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Proof of Claim 3. Since E; C E;.1, we have S(E;,Q,7)(y) > 1/2 for suffi-
ciently large i. By the differentiation of integrals 1/|¢*| fq* S(E;, Q,7)(y)dy > 1/2
for some dyadic cube ¢* > y with I(¢*) = 27,5 > i. Now E; C E; implies
1/lg*| f,. S(Ej;,Q,7)(y)dy > 1/2 and (a) gives ¢* C ¢ € Q.

O

The proof of the following claim is based on the fact that r(z) ~ [(g) near cube ¢
containing y.
Claim 4 . Let Q € L'(S") and let y € q € Q; for some 1 > 0. Then

(16) S(E N Buoi) (1), 27)(w) < C |0z s

Proof of Claim 4. Remind that
E=Ugo{reGng :r(z) >1(q)},

and

rT—y dx
S(EN B ) 21w = [ o(1-v)
ENB, (4)(¥)NBioi(q) (¥) |x - y| r (37)

Now = € ENB,(;)(y) implies r(x) > I(¢g)/2. Indeed, this is obvious if |z —y| > l(q)/2,
since r(z) > |z —y|. If |z —y| < I(q)/2, then either z € ¢q or x belongs to the neighbor
G of ¢ with 1(¢) > 1(q)/2 (use Step 2). But z € E, so r(x) > 1(q)-

This gives

Iq), - -y
S(E N Buoyg(y),2r)(y) < (7) ? /B . Q (m dz = C|Q|zysy)-
101(q)\Y

|

5. ESTIMATES ON THE EXCEPTIONAL SET

In this section all proofs strongly depend on the geometric properties of g an-
nounced in the Theorem.

The following claim is based on Claim 1 and Claim 2. Let D be any set of finite
measure. We apply Claim 1 to get D. Now, by Claim 2 we get E from D (take
G = D).

Claim 5 . Let y € q € Q; for some i and let
(17) P={r€F:y <z <yp+2l(q), 71 >y +21(q)}

Suppose also that g € L*([0,1]) and 0 g(0) is an increasing function. Then
(18) S(P,2,7)(y) < cllgllro,-

Proof of Claim 5. Observe that x € P N B,(;)(y) implies
20q) <z —y1 < |z —y| < r(x).
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This , together with the fact that 6 g(6) is increasing gives

(19) 7‘(106)9 <ii - zi) : 2ll(q) I (90; lqu)D) '
By (19) we have

S(P,Q,7)(y) = / I (ﬁizf) rjé:) = 251((1) / ! (gC;lqu)D) Tc(li)'

POBT(Z)(:‘/) PnBr(w)(y)

Now we apply the Fubini Theorem to the right-hand side of the above inequality and
observe that it does not exceed

y2+21(q)
1 / <$2 — y2> d / dz;
- 7= €T _ .
21(q) 2 )" (o, @)
Y2 {z1>y1+2l(q): zEPNB,.(1)(v)}

Since P C E C 13, the inner integral is bounded by Claim 1. It remains to make a
substitution xo — yo = 21(g) 6 in the outer integral to get

y2+21(q)

S(P,Q,7)(y) < — / g (’”2 _yQ) dzy = c/1 9(6)ds.

21(q) 21(q)

Y2

The following statement is an analogue of (10).
Claim 6 . Lety € q € Q; for some i and let g € L*([0,1]) be decreasing. Then

(20) S(H,Q,r)(y) < Cllgllrom),

where H = E \ (P U Bigyq)(y)).
Proof of Claim 6. Let H;_; = HN E;_;. We show

N: S(H\ Hi—1,92,7)(y) < Cllgllzroy-

:2 S(Hifl, Q, r)(y) S C ||g||L1([0’1]).

N. By the definition of E; ;, we may assume that r(z) < 27°*' = 2/(g). On the
other hand, by the reasons which are similar to those in the proof of Claim 4, we
have I(q) < r(z). This gives X.

3. We claim that

1) S(Hi1 Q1)) < ey [ S, mE) a

where ¢* has the same center as ¢, and {(¢*) = 3I(q).
The above relation reads as follows:

Ty — Yo dx 1 To — & dx
[ o(E=) mmsemle [ o(322) s

H;1 nBr(m)(y) H;—1 nBr(a})(f)
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By Fubini Theorem,

To — Yo dx dx 1 Lo — &
/ g(xl—yl) wcf mm w S g(m—&)d&

Hi ﬁBr(m)(y) Hi—1 q* mB’I‘(iE)(a“)

Thus, to show (21) it is enough to prove that for every x € H;_1 N B,()(y), we have

T2 — Yo 1 Ty — &
(22) g (331 - yl) =¢ \q*\ / g (331 - 51) &

q* NB, (z) (:L‘)

In fact, it is enough to prove the last inequality with K instead of ¢*, where K C ¢*:
K| > clg].

Fix any x € Hj_; N By(z)(y). Define K(z) = {£ € ¢*, lying above the line [, }.
Since g(#) is decreasing observe that

g (332 _yZ) <g (”7"2 _52) Ve € K (2).
T — Y% 71— &

Now let K = Nzen;_, nB, @) K (7). By elementary geometry [K| > c|g*|. This gives
(22). Thus we proved (21).

It remains to show that the mean in the right-hand side of (21) is finite. Let N(q)
denote the set of dyadic neighbors of g of the sidelength I(g). Then observe that

¢ C M = N(father of ¢) U father of q.
Hence there is a cube ¢ € M such that
(23) = [ sEaan©de <o [sEonne
q q
We claim that the mean in the right-hand side of (23) is bounded by 1/2. Indeed,
observe that

GgNp=10 Vp € Q;—2 U {intervals choisen by step 1 during stagei — 1}.

Otherwise, by step 2 ¢ would be covered by some cube chosen on stage | < ¢ —1,
which contradicts the choice of q. This means that

1 1 1
— e — .0 -
‘q‘ /S(HZ 1 ’7‘)(5) dg S |q| fS(EZ 1, 57‘)(6) dé- < 2

by (a). The proof of J is finished.

6. PROOF OF THE THEOREM

By Claim 3 it is enough to consider y € @); for some 7 > 0. We have
S(E,Q,r)(y) = S(E N Buyg(y), 2,m)(y) + S(P,Q,r)(y) + S(H, Q1) (y)

where P and H are as above. Now claims 4,5, and 6 complete the proof.
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