DERIVATIVES OF (MODIFIED) FREDHOLM DETERMINANTS
AND STABILITY OF STANDING AND TRAVELING WAVES

FRITZ GESZTESY, YURI LATUSHKIN, AND KEVIN ZUMBRUN

ABSTRACT. Continuing a line of investigation initiated in [11] exploring the
connections between Jost and Evans functions and (modified) Fredholm de-
terminants of Birman—Schwinger type integral operators, we here examine the
stability index, or sign of the first nonvanishing derivative at frequency zero of
the characteristic determinant, an object that has found considerable use in the
study by Evans function techniques of stability of standing and traveling wave
solutions of partial differential equations (PDE) in one dimension. This leads
us to the derivation of general perturbation expansions for analytically-varying
modified Fredholm determinants of abstract operators. Our main conclusion,
similarly in the analysis of the determinant itself, is that the derivative of the
characteristic Fredholm determinant may be efficiently computed from first
principles for integral operators with semi-separable integral kernels, which
include in particular the general one-dimensional case, and for sums thereof,
which latter possibility appears to offer applications in the multi-dimensional
case.

A second main result is to show that the multi-dimensional characteris-
tic Fredholm determinant is the renormalized limit of a sequence of Evans
functions defined in [23] on successive Galerkin subspaces, giving a natural
extension of the one-dimensional results of [11] and answering a question of
[27] whether this sequence might possibly converge (in general, no, but with
renormalization, yes). Convergence is useful in practice for numerical error
control and acceleration.

1. INTRODUCTION

A problem of general interest is to determine the spectrum of a general variable-
coefficient linear differential operator L = Zﬁ\:o a0 ()02, an(z) € RV 2 € RY,
with prescribed behavior of the coefficients as |z| — oo. This arises naturally, for
example, in the study of traveling- or standing-wave solutions of nonlinear PDEs in
a wide variety of applications, as described, for example, in the survey articles [35],
[47], and the references therein. In the one-dimensional case, d = 1, a very useful
and general tool for this purpose is the Evans function [1], [6]-[9], [30], defined as
a Wronskian £(z) of bases of the set of solutions ¥4 of the associated eigenvalue
ODE (L — \)¥ = 0 decaying at * = +00 and & = —o0, respectively, whose zeros
correspond in location and multiplicity with the eigenvalues of L.
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Among the many applications of the Evans function, perhaps the simplest and
most general is the computation of the stability index

' = sgn (d%€(0)) sgn(&(+00)), (1.1)

whose sign determines the parity of the number of unstable eigenvalues A, or eigen-
values with positive real part Re(\) > 0, where d%£(0) is the first nonvanishing
derivative of £(z) at z = 0; see, for example, [9], [30], [47]. (A standard property
of the Evans function is that it may be constructed so as to respect complex con-
jugation; in particular, it may be taken real-valued for z € R.) A problem that
has received considerable recent interest® is to extend the Evans function, and in
particular the stability index, to the more general setting of multi-dimensions in
a way that is useful for practical computations. Here, we refer mainly to numeri-
cal computation, as presumably the only feasible way to treat large-scale problems
associated with multi-dimensions.

Various different constructions have been suggested toward this end; see, for
example, [3], [4], [23]. However, only one of these, the Galerkin approximation
method of [23] (described in Section 4), seems in principle computable, and the
computations involved appear quite numerically intensive. (So far, no such com-
putations have satisfactorily been carried out, though, see the proposed methods
discussed in [18], [27].) It is therefore highly desirable to explore other directions
that may be more computationally efficient.

Here, we follow a very natural direction first proposed in [11]. Specifically, it
is shown in [11] for a quite general class of one-dimensional operators L that the
Evans function, appropriately normalized, agrees with a (modified) characteristic
Fredholm determinant, thus generalizing the classical relation known for the Jost
function associated with Schrodinger operators of mathematical physics; for further
discussion of this problem and its history, see [11] and references therein. A central
point of the analysis is the observation [13] that semi-separability of the integral ker-
nel of the resolvent operator is the key property of one-dimensional operators that
makes possible the reduction of the infinite-dimensional characteristic determinant
to a finite-dimensional determinant expressed by the Jost or Evans function.

The identification of Evans functions and Fredholm determinants yields a natural
generalization of the Evans function to multi-dimensions, since the definition of
(modified) Fredholm determinants extends to higher-dimensional problems. What
is not immediately clear is whether this extension leads to a practically useful,
computable formulation of either the Evans function or the stability index. For,
up to now, the main approach to computation of the characteristic determinant
was to express it as a Jost function or the usual, Wronskian expression for the
(one-dimensional) Evans function.

In the present paper, we extend some of the investigations of [11] in two ways.
First, we derive in Theorem 2.7 a general perturbation formula for analytically-
varying modified Fredholm determinants, by which we may express the stability
index as a product of a finite-dimensional minor (Lyapunov—Schmidt decomposi-
tion) and a finite-rank perturbation of the original characteristic determinant: that
is, directly in terms of Fredholm determinants, without reference to a Jost or Evans

IFor example, this was a focus topic of the workshop “Stability Criteria for Multi-Dimensional
Waves and Patterns”, at the American Institute of Mathematics (AIM) in Palo Alto (Califor-
nia/USA), May 16-20, 2005.
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function formulation. This is carried out in Section 2, with the main result given
in Theorems 2.3 and 2.7.

Second, we discuss in Theorem 3.8 an important case when the finite-rank per-
turbation part, like the original characteristic determinant, may be reduced to
a finite-dimensional determinant whenever the resolvent of the operator L has a
semi-separable integral kernel, in particular, in the one-dimensional case. This
is a consequence of the simple observation that a sum of operators with semi-
separable integral kernels may be expressed as an operator with a matrix-valued
semi-separable integral kernel and evaluated in the same way; indeed, the analysis
of [13] on which this reduction is based is actually presented in the more gen-
eral, matrix-valued setting. We illustrate this procedure in Section 3 by explicit
computations for the example of a scalar Schrodinger operator that arises in the
study of stability of standing-wave patterns of one-dimensional reaction—diffusion
equations, in the process illuminating various relations between Jost functions and
characteristic Fredholm determinants.

To explain our main results in Section 3, we recall that a classical formula by
Jost and Pais equates the Jost function and the Fredholm determinant of a Birman—
Schwinger-type operator (cf. Section 3 for its discussion and definitions). Since the
Jost function is the Wronskian of the Jost solutions W, this result can be viewed as
a calculation of the Fredholm determinant via the solutions ¥, of the homogenous
Schrédinger equation that are asymptotic to the exponential plane waves. We
proved a new formula in this spirit, see (3.99), and computed the derivative of
the Jost function, that is, the derivative of the Fredholm determinant, via some
solutions ¥y of a nonhomogenous Schrodinger equation (cf. (3.127)) that, in turn,
are asymptotic to Uy (cf. (3.100)). We are not aware of any earlier references
mentioning these solutions ¢y .

In addition, we obtain in Section 3 in passing an elementary proof of an inter-
esting formula derived by Simon [37] for the Jost solutions ¥4 (z, -) in terms of
Fredholm determinants.

Of course, the approach of Section 3 applies equally well to the general one-
dimensional case, yielding in principle a similarly compact formula for the stability
index obtained entirely through Fredholm determinant manipulations. However, in
this paper we do not pursue this any further, leaving this topic for future research.

More generally, this suggests an approach to the multi-dimensional case by a lim-
iting procedure based on Galerkin approximation, but carried out within the Fred-
holm determinant framework. More precisely, we propose in place of the standard
approach of reducing to a large one-dimensional system by Galerkin approximation
then defining a standard Evans function, to first relate the Evans function and a
Fredholm determinant, then evaluate the latter by Galerkin approximation/semi-
separable reduction. This offers the advantage that successive levels of approxima-
tion are embedded in a hierarchy of convergent problems useful for error control,
without the need to prescribe appropriate normalizations by hand.

Our main result in the multi-dimensional case, generalizing the one-dimensional
results of [11], is that the sequence of approximate 2-modified Jost functions Fs ;
generated by Galerkin approximation of the 2-modified Fredholm determinant at
wave number J agrees, up to appropriate normalization, with the Evans functions
&y constructed in [23] for the sequence of one-dimensional equations obtained by
Galerkin approximation at the same wave number; see Theorem 4.15. This includes
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the information that the sequence &;, introduced in [23] as a tool to compute
a topologically-defined stability index, in fact determines a well-defined 2-modified
Jost function; that is, an appropriate renormalization Fy j = e®7 & of the sequence
&y converges to a limiting 2-modified Jost function Fy (cf. Theorem 4.9), a fact
that is not apparent from the construction of [23]. The Jost and Evans functions
of course carry considerably more information than the stability index alone.

We obtain at the same time a slightly different algorithm for computing the
stability index, which avoids some logistical difficulties of the existing Galerkin
schemes. We discuss these issues in Section 4, illustrating with respect to the basic
multi-dimensional examples of flow in an infinite cylinder and solutions with radial
limits.

Finally, we note that the ODE systems arising in computation of the Galerkin-
based Evans functions £; become extremely stiff as J — oo, featuring growth /decay
modes of order +J. Thus, numerical conditioning becomes a crucial consideration
for the large-scale systems that result in multi-dimensions (J ~ 100, as described
in [18]). It may well be that, for sufficiently large .J, direct computation of the
Fredholm determinant by discretization may be more efficient than either Evans
function computations or simple discretization of the linearized operator L; see
Subsection 4.1.7. Efficient numerical realization of this approach would be a very
interesting direction for future investigation.

Plan of the paper. In Section 2, we provide a general perturbation formula for
analytically varying (modified) Fredholm determinants. In Section 3, we use this
result together with the reduction method of [13] to compute the stability index in
the case of a one-dimensional real Schrédinger operator. Finally, in Section 4, we
describe extensions to multi-dimensions.

2. A GENERAL PERTURBATION EXPANSION FOR FREDHOLM DETERMINANTS

In this section we describe the analytic behavior of Fredholm determinants
dety (I — A(2)) and modified Fredholm determinants detg (I — A(2)) in a neigh-
borhood of z = 0 with A(-) analytic in a neighborhood of z = 0 in trace norm,
respectively, Hilbert—Schmidt norm. Special emphasis will be put on the case where
[I — A(0)] is not boundedly invertible in the Hilbert space H.

In the first part of this section we suppose that all relevant operators belong to
the trace class and consider the associated Fredholm determinants. In the second
part we consider 2-modified Fredholm determinants in the case where the relevant
operators are Hilbert—Schmidt operators.

2.1. Trace class operators. In the course of the proof of our first result we re-
peatedly will have to use some of the standard properties of determinants, such
as,

dety (I — A)(Iy — B)) = dety (I — A) dety (I — B), A,B € Bi(H), (2.1)
detsy (Iny — AB) = dety(Iy — BA) for all A € B(H,H'), B € B(H',H) (2.2)
such that BA € B1(H), AB € Bi(H'),

and

0 C

detH(IH - A) = det(ck (Ik - Dk) for A= (0 Dk

),H:K+@, (2.3)
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since
(I -C (I 0 Ix —-C
I”A<o Ik—Dk>(0 Ik—Dk><0 I ) (24)
Finally, assuming A, B € B;(H), we also mention the following estimates:

|dety; (I — A)| < exp(||A]lB, (1)), (2.5)
|dety; (I3 — A) — dety (Iy — B)| < |A = Blls,(n)

x exp([[Alls, 30 + |1 Bllsy (1) +1)-

Here H and H’ are complex separable Hilbert spaces, B(H) denotes the set of
bounded linear operators on H, B,(H), p > 1, denote the usual trace ideals of
B(H), and I;; denotes the identity operator in H (similarly, I} abbreviates the
identity operator in C*). The ideal of compact operators on H will be denoted by
Boo(H). Moreover, dety, 3 (Ixy — A), A € B,(H), denotes the (p-modified) Fredholm
determinant of Iy, — A with dety 4 (Ix — A) = dety(Ix — A), A € Bi(H), the
standard Fredholm determinant of a trace class operator, and try(A), A € By (H),
the trace of a trace class operator in H. Finally, + in (2.3) denotes a direct but
not necessary orthogonal direct decomposition of H into K and the k-dimensional
subspace C*. These results can be found, for instance, in [14], [17, Sect. IV.1], [32,
Ch. 17], [36], [38, Ch. 3]. In the following, o(T") denotes the spectrum of a densely
defined, closed linear operator 7" in H, and 0q(T") denotes the discrete spectrum of
T (i.e., isolated eigenvalues of T' of finite algebraic multiplicity).

For the general theory of (modified) Fredholm determinants we refer, for in-
stance, to [5, Sect. X1.9], [14], [15], [16, Ch. X.III], [17, Ch. IV], [36], and [38, Sects.
3, 9].

Hypothesis 2.1. Suppose A(-) € B1(H) is a family of trace class operators on H
analytic on an open neighborhood Qg C C of z = 0 in trace class norm || - ||, (3)-

Given Hypothesis 2.1 we write
A(2) =, Ao+ A1z + O(2?) for z € Qq sufficiently small, A, € B(H), £=0,1.

(2.7)
We start by noting the following well-known result.

Lemma 2.2. Assume Hypothesis 2.1 and suppose (Iry — Ag) ! € B(H). Then,
dety (I — A(2)) = dety (Ig — Ag) — detyy (I — Ag) trag (I — Ao) "' A1) 24+0(27).
(2.8)
Proof. This follows from
dety (I — A(2)) = dety ((Irg — Ao) [In — (Ing — Ao) "t A1z + O(2%)])

=, dety (Irg — Ao) [1 — try (I — Ao) " A1)z + 0(22)]7 (2.9)

where we used the fact that

try (B*
dety(Iy — Bz) = exp [— Z rHl(f)zk} for |z| sufficiently small (2.10)
keEN

with B € B (H). O
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Next we turn to the case where (Iy — Ap) is not boundedly invertible. Before
we state the analog of Lemma 2.2 in this more general setting, we need some
preparations.

We temporarily assume

Ap € B(H) and 1 € a4(Ay), (2.11)

and abbreviate by P, the Riesz projection associated with Ay and the discrete

eigenvalue 1 of Ao,
1 B
Po= o § dC (Ao Cho) ™, (2.12)
T Co
where Cy denotes a sufficiently small counterclockwise oriented circle centered at 1
such that no part of o(Ag)\{1} intersects Cp and its open interior. We denote by

ng = dim(ran(FP)) (2.13)

the algebraic multiplicity of the eigenvalue 1 of Ag. In addition, we introduce the
quasinilpotent operator Dy associated with Ay and its discrete eigenvalue 1 by

Do = (Ao — I) P (2.14)

such that

Do = DoPy = PyDo = PyDoPy. (2.15)
In the following we denote by A(zp;r9) C C the open disc centered at zg € C
of radius 79 > 0 and by C(zp;79) = 0A(z0;70) the counterclockwise oriented circle
of radius 7y > 0 centered at zy. Assuming that the analytic family of operators
A(-) satisfies Hypothesis 2.1, we prescribe an g9 > 0 and choose a sufficiently small
open neighborhood Qg of z = 0 such that all eigenvalues A;(z) of A(z) for z € Qy,
which satisfy A\;(0) =1, 1 < j < vy for some vy € N with vy < ng, stay in the disc
A(1;e0/2). Moreover we assume that €y is chosen sufficiently small that no other
eigenvalue branches of A(z), z € g, intersect the larger disc A(1;&p). Introducing

the Riesz projection P(z) associated with A(z), z € Qg (cf., e.g, [21, Sect. II1.6]),
P(z) = —1 d¢ (A(z) — (In)™ Y, 2 €Qy, (2.16)
2mi Je(1ie0)

then P(-) is analytic in €y and we expand

P(z) o Py+ Pz + O(2?%) for |2| sufficiently small. (2.17)
Moreover, we introduce the projections
Q(z)=Iny—P(2), z€Qy, Qo=1Iy—PFo, (2.18)
and expand
Q(2) = Qo+ Q12+ 0(22) for |z| sufficiently small. (2.19)

Since P(2)? = P(z), (2.17) implies
PyP, + P,Py = P, and hence PyP,Py = 0. (2.20)
Following Wolf [45] we now introduce the transformation
T(2) = PoP(2) + QuQ(2) = PoP(2) + [T — Pollln — P(2)], 2 €0,  (221)

such that
RT(:) = T(:)P(2), QoT(2) = T()Q(2), =€ Q. (2.22)
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In addition, for |z| sufficiently small,

T(2) = In+ (PoPr— PiPRy)z + 0(2?), (2.23)
T(z)™* =, = (RPL = PiP)z + 0(2%), (2.24)

and hence
Py=T(z)P(:)T(2)™", Qo=T(2)Q(=)T(x)"" (2.25)

for |z| sufficiently small. Below we will use (2.25) to reduce determinants in the
Hilbert space P(z)H to that in the fixed Hilbert space Py'H.

Next, we introduce the following notation: We denote by S € B(POH, (C"U) the
boundedly invertible linear operator which puts the nilpotent operator PyDgF,
into its ng x ng Jordan canonical form SPyDyP,S~!, and abbreviate by vy the
number of entries 1 in the canonical Jordan representation of SPyDyPyS~!, where?
0 < 1y < ng — 1. Moreover, we denote by A, the (ng — vo) X (no — vp)-matrix
obtained from SPyA;PyS~! by striking from it the vy columns and rows in which
SPyDyPyS~! contains an entry 1. With this notation in mind, we now formulate
our first abstract result on expansions of Fredholm determinants dety (I — A(2))
as z — 0, with [Iy — A(0)] not boundedly invertible in H:

Theorem 2.3. Assume Hypothesis 2.1 and let 1 € 04(Ap). Then, given the nota-
tion in the paragraph preceding this theorem,

detH(IH — A(Z)) sz [dethH(IQgH — Q()A()Qo) + O(Z)]
x (=1)"°det pyp (PoDo Po + Po[A1 + O(2)] Poz2)
= dethH(IQo’H — QoApQo)detcng—vo (;{1)(—2)"071/0 + O(Znoil/°+1). (2.26)

In the special case where 1 is a semisimple eigenvalue of Agy (i.e., where Dy = 0
and vy = 0) one obtains,

dety (I — A(2)) = detgor (Igen — QoAoQo)det pyr (PoAr Po)(—2)™ + O(z"0*+1)
:0 detH(IH — Py — AO)detPoH(P0A1Po)z"° + O(znO'H),
(2.27)

In particular, if 1 is a simple eigenvalue of Ag (i.e., if ng =1, Dy =0, and vy = 0),
one obtains

detH(IH — A(Z)) z:0 detH(IH — Po — Ao) detpOH(PoAlp())Z + 0(22) (2.28)
Proof. Since

H=PEIAQEM, PEAG) = ADPE). PEAE = 00RO =0
one computes using (2.22), |

dety (g — A(2)) = dety (I — T(2)A(2)T(2) ")
= dety (IH —T(2)[P(2)A(2)P(z) + Q(z)A(z)Q(z)]T(z)_l)
= dety (I — PyT(2)A(2)T(2) "' Py — QOT(z)A(z)T(z)_lQO)

—~ o~

2In particular, vp equals the sum of the dimensions of all nontrivial (i.e., nondiagonal) Jordan
blocks in the canonical Jordan representation SPyDgPyS~1 of PoDgPy. Thus, SPyDoPyS~1
contains v entries 1 at certain places right above the main diagonal and 0’s everywhere else
including on the main diagonal.
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=detp,n (IPO’H — P()T(Z)A(Z)T(Z)ilpo)

x detg,n (IQOH — QoT(z)A(Z)T(Z)_lQo). (2.30)

Using (2.20), (2.7), (2.23), and (2.24), one computes
P()T(Z)A(Z)T(Z)_lpo ziO P()A()PO + P0A1P()Z + P()O(Z2)P0, (231)
QuT(2)A()T(2)"'Qo = QoAoQo + QuO(2)Qy (2.32)

for |z| sufficiently small. Relation (2.32) implies

detgon(Igon — QoT(2)A(2)T(2) Qo) = detgen(Igon — QoAoQo) +O(2) # 0

(2.33)
for |z| sufficiently small, and hence we next focus on the first factor on the right-
hand side of (2.30). Applying (2.14), (2.15), and (2.31) one obtains

detpy (Ipyn — PoT(2)A(2)T(2) "' Py)
zio detPoH(IPOH — PyAoPy — Py [Al + O(Z)]Poz)
= (71)n0detp0H(P0D0P0 + Po[Al + O(Z)]P()Z) (234)

Next, let S € B(POH,(C”O) be the transformation which puts PyDgP, into its
Jordan canonical form ﬁo = SPyDyPyS~! and denote
A (2) =, SPlAL+0()|RS™ = AL+ 0(2). (2.35)
Then,
detpy (Ipy — PoT(2)A(2)T(2) "' Po)
1)"det pyp (PoDoPo + Po[A1 + O(2)]Pyz)

lII

lII

1 nodet(cno (DO + Alz + O( ))

lII

Z)ngfl/odetc7107,/0 (Al + O(Z))

lII

(
o (=
( 1)™ detcno (Do + Ay (2 )z)
. (=
o (=
=, =

2)"0 0 detng vy (A1) + O(z070FL), (2.36)

by applylng the Laplace determinant expansion formula (cf., e. g [43, Sect. 3.3]) to
detcno (Do + Alz + O( )) with respect to the vy columns in DO which contain a
1. Combining (2.36) and (2.33) then proves (2.26).

If 1 is a semisimple eigenvalue of Ay and hence Dy = 0, vg = 0, the first line on
the right-hand side in (2.27) is clear from (2.26). To prove the second line in the
right-hand side of (2.27), we recall that

PyAoPy = PyAg = AgPo = Py and QoAoQo = QoAo = (I — Py)Ag = Ao — P,
(2.37)
and hence,
dety (I — Py — Ag) = dety (I — Py — PoAo Py — QoAoQo)
= dety (—Fo + Qo — QoAoQo)
= (—1)n0detQ0H(IQOH — QoAoQo) # 0. (2.38)
The special case ng = 1 in (2.27) then yields (2.28). O
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Remark 2.4. Since vy can take on any particular value from 0 to ng — 1 and A,
is generally independent of Ay and hence Dy, the power ng — v of z in (2.26) can
take on any value between 1 and ng.

2.2. Hilbert—Schmidt operators. Next, we treat the case of 2-modified Fred-
holm determinants, where all relevant operators are only assumed to lie in the
Hilbert—Schmidt class. In addition to (2.1)-(2.3) we recall the following standard
facts for 2-modified Fredholm determinants dets 3 (Ix — A), A € Ba(H) (cf., e.g.,
[15], [16, Ch. XIII], [17, Sect. IV.2], [36], [38, Ch. 3]),

detg 3¢ (I — A) = dety((Iy — A)exp(A)), A € Ba(H), (2.39)

dety 3¢ ((Iyy — A)(Iry — B)) = detg 3¢ (I3 — A) detg (I — B) e (AB) - (2.40)
A, B € By(H),

dety 7¢ (I — A) = dety(Ing — A) e A € By (H), (2.41)

detg ¢/ (IH/ — AB) = detng(IH — BA) for all A € B(H,H/), Be B(H/7H)
such that BA € By(H), AB € B2(H'). (2.42)

Moreover, in analogy to (2.10) one now has

>\ try (B*
deto 3 (Iyy — Bz) = exp [— Z r}t;)zk} for |z| sufficiently small, B € Ba(H).
k=2

(2.43)
Finally, assuming A, B € B2(H), we mention some estimates to be useful in Section
4: For some C' > 0,

|deta, (I — A)| < exp (CllAl%, 30))- (2.44)
|d€t27H(IH — A) — det27H(IH — B)I S ||A — BHBz(H) (245)
x exp (C[l|Allg ) + [ Bllsory) +11%)

Hypothesis 2.5. Suppose A(-) € Ba(H) is a family of Hilbert-Schmidt operators
on ‘H analytic on an open neighborhood Qg C C of z = 0 in the Hilbert—Schmidt

norm || - ||, x)-
Given Hypothesis 2.5, we write again
A(z) = Ag+ Az + 0(22) for z € Qg sufficiently small, A, € Bo(H), £ =0,1.
(2.46)
We start with the analog of Lemma 2.2.
Lemma 2.6. Assume Hypothesis 2.5 and suppose (Iry — Ag) ™! € B(H). Then,
deto 1 (Iy — A(2)) = deto 3 (I — Ao)

— detQ’H(IH - AO) tI‘H((IH — Ao)_leAl)Z + 0(22)
(2.47)

Proof. This follows most easily from rewriting (2.8) in terms of modified Fredholm
determinants dety 3 (I3 - ), using (2.41), and then approximating Hilbert—Schmidt
operators by trace class (or finite-rank) operators (cf., e.g., [17, Theorem II11.7.1]).
Indeed, one computes using (2.41) repeatedly,

dety 3¢ (I — A(2)) = detyy (I3 — A(z))et(AR)
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= detq((In — Ao) [Ine — (I — Ao) " (A(2) — Ag)] )t (AG)

= dety(Ip; — Ao)detr (Ing — (Ing — Ag) " (A(z) — Ag)) et (A=)

= deta (I — Ao)e™ A0 dety 3 (Iry — (I — Ao) " (A(2) — Ag))
w e~ (I —=A0) M (A(2)=Ao)) trr (A(2))

= detgﬁ(IH — Ao)detng (I’H — (IH — Ao)il(A(Z) — Ao))
¢ et ([T (Tr—Ao) I(A)—40))

= deto 3 (I — Ao)detar (I — (I — Ag) "' (A(2) — Ao))
« e~ trr((In—A0) 7" Ag(A(2)—Ap))
= deto 3 (I3 — Ag)deta 1 (IH — (I — Ag) " tAyz + 0(22))
% eftrH((IHon)_1A0A12+O(22))
=, deta 3¢ (Iy — Ag)detap (Ine — (I — Ao) ' AgA1z + O(z%))
X [1 — trH((IH — AO)_lAOAl)z + 0(22)]
= deto 1 (In — Ao)
— deto p(Ir — Ao)try (I — Ao) "' AgAr)z + O(2%). (2.48)
Here we used (cf. (2.43))
deto (I — B(2)z) = 1+0(2°) (2.49)

z—0
for B(-) analytic in B2(H)-norm near z = 0. O
In exactly the same manner one obtains the Hilbert—Schmidt operator version of

Theorem 2.3. Again we rely on the notation introduced in the paragraph preceding
Theorem 2.3.

Theorem 2.7. Assume Hypothesis 2.5 and let 1 € 04(Ao). Then,

detng(IH — A(Z)) sz [detZ,QoH(IQOH — QOAOQO) =+ O(Z)] e
X (71)n0detpOH(P0D0P0 + Po[Al + O(Z)}POZ) (250)
iO detQ,Qo'H(IQOH — QOAOQO)enOdetCnOWO (/Nh) (7Z)n07u0 + O(ZnoiVOJrl).

z

In the special case where 1 is a semisimple eigenvalue of Ao (i.e., where Dy = 0
and vy = 0) one obtains,

detz’H(IH — A(Z)) ziO detg’QOH(IQOH — QvoQo)e”OdetPOH(PoAlpo)(—z)"o

+O(z"") (2.51)
=, deto i (Ir — Po — Ao)e™ det pye (P AL Pp)2"™ + O (2"F).

z—

In particular, if 1 is a simple eigenvalue of Ag (i.e., if ng =1, Dg =0, and vy = 0),
one obtains

det27H(I7-¢ — A(Z)) ziO detgﬂ-(([')-( — Py - Ao) detPOH(PQAlp())Z + 0(22) (252)
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Proof. Again this follows from rewriting (2.26)—(2.28) in terms of modified Fred-
holm determinants dets 3 (I + - ), using (2.41),

trye(A(2)) = tr ((Po + Qo) T (2) A(2)T(2)~(Po + Qo))
= try (P T(2)A(2)T(2) " o) + tri (QoT(2)A(2)T(2) ' Qo)
= trpn (PoT(2)A(2)T(2) ' Py) + troon (QoT(2) A(2)T(2) ' Qo)
= trpyr (PoAogPy) + O(2) + trogn (QoT(2)A(2)T(2) " Qo)
=, 0+ 0(z) + trQer (QoT(2)A(2)T(2) ™ Qo) (2.53)
and then approximating Hilbert—-Schmidt operators by trace class (or finite-rank)
operators (cf., e.g., [17, Theorem II1.7.1]). Here the fact that trp,»(PyAoPo) =

no follows from the canonical Jordan structure of SPyAgPyS~—' . Explicitly, one
computes

detg,H(IH — A(Z)) = detH (IH — A(Z))etrH(A(z))
= det pyy (Ipyr — PoT(2)A(2)T(2) ' Py)
x deta, gor (Igon — QT (2)A(2)T(2) ™ Qo)

% e trQur(QuT(2)A()T ()~ Qo) ytr3e(A(2))

=, detr(Ipp — RT(2)A(2)T(2) " Po)[deta g1 (Igon — QoAoQo) + O(2)]

eno+O(z)
ziO (—1)n0detp0H(P0D0P0 + PQ[A1 + O(Z)]P()Z))
X [detQ?QOH(IQOH — QoApQo) + O(z)]e™. (2.54)
(I

2.3. Higher modified determinants. It is now obvious how to proceed in con-
nection with higher modified Fredholm determinants det,(-), p € N, n > 3, when
the family A(-) in Hypothesis 2.5 is replaced by one analytic near z = 0 in B,(H)-
norm. We omit further details at this point.

3. ONE-DIMENSIONAL REACTION-DIFFUSION EQUATIONS AND SCHRODINGER
OPERATORS WITH NONTRIVIAL SPATIAL ASYMPTOTICS

As an elementary illustration of formula (2.28) and a view toward applications
to reaction-diffusion equations, we now illustrate the abstract results of Section 2 in
the context of one-dimensional Schrodinger operators. (For background literature
on reaction-diffusion equations we refer, e.g., to [29], [33], [39].)

To motivate our considerations of one-dimensional Schrodinger operators in this
section, we start with a brief discussion of a simple model for one-dimensional scalar
reaction-diffusion equations of the type

Wy = Wey + f(w), t >0, w(0) =wp. (3.1)
Here, we assume, for simplicity,

fe€C'R), f,f € L*[R), woec H*(R)NC>®(R), wy € H*(R), (3.2)
[0

with w = w(z,t), (z,t) € R x [0, } for some T' = T'(wp) > 0, a mild solution of
(3.1) satisfying w € Cb([() T); L*(R; dz)).
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As usual, Cy([0,T]; L?(R;dz)) denotes the space of bounded continuous maps
from [0, 7] with values in L?(R;dx) and the sup norm
[vll ey (to.7):L2 (Rida)) = sup [v() | 2@iday, v € Co([0,T); L* (R dz)).  (3.3)
s€|0,
We refer, for instance, to [24] for more details in this context (see also, [19, Sect.
3.2]). Also, H™(R), m € N, denotes the standard Sobolev spaces of regular distri-
butions which together with their derivatives up to the mth-order lie in L?(R;dx).
Assuming that U is a stationary (steady state) solution of (3.1), that is, U; = 0,
and hence

U+ f(U) =0, (3.4)
we now linearize (3.1) around U and obtain the linearized problem,
vy = Lv, (3.5)
where L in L?(R;dz) is given by
d2
L=t f(U), dom(L) = HY(R), (3.6)

Since U’ € H?(R) N C*°(R), one infers upon differentiating (3.4) with respect to =
that

L") = ()" + f(U)U" = [U" + fU) =0, (3.7)
and hence, 0 € o,(L). Here o,,(-) abbreviates the point spectrum (i.e., the set of
eigenvalues). Thus, the Schrodinger operator

d2
H=-L=-"073- f/(U), dom(H)= H?*(R), (3.8)
in L?(R;dx) with the potential
V(z)=—-f'(U(z)), =ekR, (3.9)

has the special property of a zero eigenvalue, that is,
0€op(H), (3.10)

and we will be studying the situation where in addition 0 is a discrete (and hence
simple) eigenvalue of H in great detail in the remainder of this section. In particu-
lar, under appropriate assumptions on the the “potential” term —f/(U) in H, the
Birman—Schwinger-type integral operator K (z) associated with H and the complex
eigenvalue parameter z € C will be a trace class operator with K (0) having the
eigenvalue 1. Consequently, the behavior of detyzr;dq) ({12(R;dz) — K (2)) for z in
a sufficiently small open neighborhood of z = 0, which determines linear stability
of (3.1) around its stationary solution U (cf. [19, Sect. 5.1, Ex. 6, Sect. 6.2], [25,
Sects. 9.1.4, 9.1.5]), can be determined in accordance with Theorem 2.3 or alterna-
tively, directly from Jost (respectively, Evans) function considerations, as discussed
in Remark 3.5.
We conclude these illustrations with the following elementary example:

Example 3.1. Letne N, n>2,¢>0, Kk >0, z € R, and consider
fu(w) = —(n — 1)2K2w + (n — 1)nk2e 2/ (07D (r+ D/ (n=1) (3.11)
U, () = c[cosh(kx)] 7", (3.12)
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Then the potential V,,(x) = — f (U, (x)) in the corresponding Schridinger operator
H, = —(d?/dz?) +V,, coincides with a particular family of n-soliton Korteweg—de
Vries (KdV) potentials

Vi(2) = = (Up(2)) = (n — 1)*k% — n(n + 1)x*[cosh(kz)] 2, (3.13)
im V(2) = (n - 1)2k? > 0, (3.14)

and the zero-energy eigenfunction U], satisfying H,(U}) = 0 is given by
Ul (x) = —(n — 1)kesinh(kz)[cosh(kx)] ™" (3.15)
It seems a curious coincidence that V,, should coincide with a particular family

of n-soliton KdV potentials (there are many other such n-soliton KdV potentials,
cf., e.g., [10, Example 1.31]) in this reaction-diffusion equation context.

Motivated by these considerations, we now start to investigate one-dimensional
Schrédinger operators with a scalar potential displaying a nonzero asymptotics as

Hypothesis 3.2. Assume V: R — R is Lebesgue measurable and satisfies

/d:c [V (z) — Veo| < 00 for some Vo > 0. (3.16)
R
Assuming Hypothesis 3.2 we introduce
W(z) =V(z) — Voo, (3.17)
W(z) = v(z)u(z), u(z) =sgn(W(@))v(z), v(a)=|W()"?, (3.18)

for a.e. x € R, and define H to be the (maximally defined) self-adjoint realization
in L?(R; dx) of the differential expression 7 = —(d?/dz?) + V(z), = € R, obtained
by the method of quadratic forms, or equivalently, by using the limit point theory
for self-adjoint 2nd order ordinary differential operators,

Hf =1f, (3.19)
f €dom(H) = {g € L*(R;dx)| 9,9’ € AC1oc(R);Tg € L*(R;dx)}. (3.20)
(Here 7 denotes differentiation with respect to « € R.) This also implies
dom(H'?) = H'(R). (3.21)
We also introduce the self-adjoint operator H(®) in L?(R;dz) associated with the
differential expression 7(9 = —(d?/dz?) 4 Va, x € R, replacing V(- ) by its asymp-
totic value Vo, (in the sense of (3.16)),
HOf=70f  fedom(H") = H*R). (3.22)
By well-known results, (3.16) implies
ess(H) = Oess(HO) = [V, 00),  0a(H) C (=00, Vio), (3.23)

where oess( ) and oq( ) denote the essential and discrete spectrum, respectively.
Applying the Birman—Schwinger principle (cf., e.g., [12, Sect. 3]),

H\I/()\j) = )\j\I/(Aj), /\j < Voo, )\j € O'd(H), \I’()\j) S dOIIl(I’I)7 (324)
is equivalent to

KOMNP(\) = ®())), A < Vi, ®()\)) € LA(R;dx), (3.25)
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with equal finite geometric multiplicity of either eigenvalue problem (3.24) and
(3.25). In particular, in this special one-dimensional context, the eigenvalue A; of
H as well as the eigenvalue 1 of K ();) are necessarily simple. Here we abbreviated

K(z)=—u(HO® — zILz(R;dx))flv, z € C\[Vao, 00), (3.26)
with T denoting the operator closure of 7. We recall that the integral kernel
(HO — ZILz(R;dI))_l(I‘, ') of the resolvent of H(® is explicitly given by

(H®) = 2L an)  (@,0) = (i/2)(z = Vi) 12Vl
’ (3.27)
z € C\[Vao,00), Im((z — Vm)1/2) >0, z,7 €R,

and hence
K(z) € By (L*(R;dz)), 2 € C\[Vi,00), (3.28)
since K (z) is the product of the two Hilbert—Schmidt operators (cf. [38, Ch. 4])

u(HO — ZIL2(R;dx))71/2 and (H©) — ZILZ(R;d:c))il/Q” (3.29)

(no operator closure necessary in the first factor). In addition, ¥(\;) and ®();)
are related by

SN, z) =u(z)¥(N,z), z€R, (3.30)
and we note that ¥()\;, -) is also bounded,
U(A;, -) € L™(R) (3.31)

(in fact, even exponentially decaying with respect to = by standard iterations of the
Volterra integral equations (3.43)). Here the discrete eigenvalues oq(H) = {\;}jes
of H, with J C N an appropriate (finite or infinite) index set, are ordered as follows:

A< Ao <o < Vi (3.32)
Moreover, one obtains
KZ)* = —v(HO = 2I1254m) u, 2 € C\[Vao, 50), (3.33)
and hence
K®)*=SK(2)S™", z¢& C\[Va,0), (3.34)
where S denotes the unitary operator of multiplication by sgn(W(-)) in L?(R;dx),
(Sf)(z) = sgn(W(x))f(z) for a.e. z € R, f € L*(R;dx). (3.35)
Thus,
KN ®(N) =2(\), A < Vio, B();) € LA(R; da), (3.36)
where
EI;(/\]-,m) = C(A)(SP(N))(z) = C(N\j)v(x)T(Aj,x) for some C(A;) € C\{?} )
3.37

To fix the normalization constant C();) we require

(i(AJ)v(b()‘j))Lz(R;dz) =L (338)

This yields
-1

C(\j) = {/Rde(x)W(Aj,x)F = (0¥ (), w¥(A\)) 2 (Ruaa) (3.39)
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and hence

_ -1
(N, x) = {/Rde(x)\Il()\ﬁx)Q} sgn(W(x))®(\;, x) (3.40)

N [/Rdxw(x)\I’(/\J”x)zylv(w)‘l’(kj,x). (3.41)

In particular, the corresponding one-dimensional Riesz projection P()\;) onto the
eigenspace corresponding to the eigenvalue 1 of K ();) is then of the simple form

P(y) = (2(N): ) o (aany 2A9)s Aj < Voo (3.42)
3.1. The Jost—Pais derivative formula. Next, consider the generalized Jost-

type (distributional) solutions

U, (2,2) = etz Vo) P2

3 /ioo de’ sin((z — Vao)'/2(z — 2))
. (2 — Vo)1/2
2 € C\[Vio,00), Im((z — Voo)l/z) >0, z €R,

V(&) = Vo] Ws(2,27), (3.43)

of LU(z) = 2¥(z). Then,
Uy (A z) are real-valued for A < Vo, x € R, (3.44)

and
Uy(Ax) >0 for A < Vo and +x sufficiently large. (3.45)
The Jost function F associated with H is then given by
.7:(2') — Wr('\I/,(Z)AI/jL(z))
2i(z — Voo )12

(3.46)

_ i (2= Voo )%z
z € C\[Vio, 00),
where Wr(f,g)(z) = f(x)g'(z) — f'(z)g9(z), * € R, f,g € CY(R), denotes the
Wronskian of f and g. The limits to the real axis

11{18 F(ALie) = F(A+10) (3.48)
€
exist and are continuous for all A € R\{V}. In addition, one verifies
F(z) — 1L (3.49)
|z| o0

Moreover, one can prove the following result originally due to Jost and Pais [20]
(for Voo = 0) in the context of half-line Schrodinger operators. The actual case
at hand of Schrédinger operators on the whole real line (again for Vo, = 0) was
discussed by Newton [26] and we refer to [13] for more background and details,

f(Z) = detL2(R;dac)(IL2(R;dx) — K(Z)), z € (C\[Voo, OO) (350)

Since we are interested especially in the z-derivative of F(z) at a discrete eigen-
value of H, we now prove the following result, Lemma 3.3. For the remainder of
this paper we abbreviate differentiation with respect to the complex-valued spec-
tral parameter z € C by e (to distinguish it from differentiation with respect to the
space variable z € R).
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Lemma 3.3. Assume Hypothesis 3.2 and z € C\[Vi,00). Moreover, let \; < Vi,
Aj € 0a(H). Then, F(A;) =0 and
. -1
Proof. Consider
UV (z,2) = [V(z)—2]Vs(z,2), V¥(z,2)=[V(z)—2]P%(z,2)—Pi(z,2) (3.52)
(we recall that e abbreviates d/dz) to derive the identities
d

%Wr(\ll,(z,x),\lll(z,x)) =-U_(z,2)V,;(z,2), (3.53)
%Wf(\ll:(z,x), Uy(z,2) =¥_(2,2)0 4 (2,2). (3.54)

Then one obtains for all R > 0,

Wr(W_(2), U (2)) (@) + Wr(V2(2), Uy (2))(2)
= Wr(W_(2), W2 (2))(R) = Wr(P2(2), U4 (2))(=R)
R

=/ da’ %Wr(\l' (z,2") / dx’ —Wr *(z,2), ¥ (2,2"))
R
:/ A’ U (2,2)0 (2,2, (3.55)
-R
Next, we note that
d%Wr( —(2), Uy (2)) = Wr(¥_(2), V3 (2)) + Wr(¥2 (2), U1 (2)), (3.56)

and choosing z = \; < Voo, Aj € 0q(H), one concludes ¥4 (), -) € L*(R;dz) and
hence,

diiwr(\p_(z), V)], = /R de W (O, 2) 05 (g, ). (3.57)

Together with (3.46) and
2i(A; — Vao) 2F(A5) = Wr(_ (X)), U1 (A))) =0, (3.58)
this establishes (3.51). O

Next, we specialize to the case A; = 0 and hence assume
0€oa(H). (3.59)
In this context we then denote

Ty = W(0), ©y = D(0), Dy = B(0), Co = C(0), Ko = K(0), Py = P(0), etc,,
(3.60)
and without loss of generality (cf. (3.44)) we assume that ¥q(x) is real-valued for
all z € R.
We summarize the results for F*(0):

Lemma 3.4. Assume Hypothesis 3.2 and suppose 0 € o4(H). Then, F(0) =0 and

= / da U _(0,z)¥,4 (0, z) (3.61)

F0= 2Volo/2 R
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) <0 if Wi(0, -) has an even number of zeros on R, (3.62)
>0 if Ui(0, -) has an odd number of zeros on R, '
) <0 4f0 us an odd eigenvalue of H, (3.63)
>0 if 0 is an even eigenvalue of H. '

Here the eigenvalues {\;};jcs, J C N an appropriate (finite or infinite) index set,
are ordered in magnitude according to Ay < Ay < -+ < Vi (cf. (3.32)).

Proof. Equation (3.62) is immediate from (3.45) and ¥4 (0,z) = ¢¥_(0, x) for some
c € R\{0} (cf. (3.97)). Relation (3.63) is a direct consequence of the fact that H
is bounded from below, H > A1l12(r4q), the discrete eigenvalues of H are in a
one-to-one correspondence with the zeros of F on [A1, Vo) (the zeros necessarily
being all simple), and the fact that F(z) — 1, z € C\[V,0) (cf. (3.49)). O

|z|— o0

Remark 3.5. Since F(A £ :0) T 1 by (3.49), F(0) = 0 and F*(0) > 0 imply

that H has at least one negative eigenvalue and hence L = —H (cf. (3.8)) has
at least one positive eigenvalue. This implies linear instability of the stationary
solution U in the context of the reaction-diffusion equation (3.1) identifying V()
and —f'(U(z)), x € R (cf. (3.9)). For, it is easily seen by consideration of the
standing-wave equation (3.4), a scalar nonlinear oscillator, that the derivative U’
of a pulse-type solution has precisely one zero, whereas ¥, are nonzero multiples
of the zero eigenfunction U’. For discussion of spectral stability and some of its
applications, we refer, for instance, to [30], [31], [35], [47], [48], and the references
cited therein. An equivalent formula for F* yielding the same conclusions may
be derived in straightforward fashion by Evans function techniques, following the
standard approach introduced in [6], [7], [8], [9]. We recall (cf. [11]) that Jost and
Evans functions, suitably normalized, agree.

3.2. Fredholm determinant version. We now turn to the connection with the
abstract approach to the asymptotic behavior of Fredholm determinants presented
in Section 2.

Applying (2.28) to (3.50) one then obtains

F*(0) = detp2(r;ae) (I12(Rydz) — Ko — Po) det p 12 (r;dz) (Po K1 Po), (3.64)
where
K(z) = Ko+ FKiz+ 0(2%) (3.65)
with
Ko = —uHO 1y, (3.66)
Ky = K*(2)|,_, = ~uHO 0. (3.67)

3.2.1. FEwaluation of the second factor. We start by determining the second factor
det py 12 (r;de) (PoK1FPo) on the right-hand side of (3.64):

Theorem 3.6. Assume Hypothesis 3.2 and suppose 0 € o4(H). Then,
det p, 22 (Rsda) (PoK1P0) = =1%ol 72 R,y / (0W0, u¥0) L2 (Rsdar) (3.68)

—1
= U|‘I’6||2L2(R;dx) + VooH‘I’0||2L2(R;dx)] H‘I’0||2L2(1R;dx) > 0.
(3.69)
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Proof. First, we choose a compactly supported sequence W,, € C§°(R), n € N, such
that

Wp =V, =V =UpUn, Up= Sgn(Wn)Una Un = |Wn|1/27 n €N, (370)

and

nll»néo ||’Un — /U”LQ(IR;dm) =0. (371)
Given W,,, we introduce the self-adjoint operator sum H,, = HO 4+, in L2 (R; dx)
defined on the domain H?(R) associated with the differential expression L, =

—(d?/dx?)+V,(x), z € R, n € N. Then H,, converges to H in norm resolvent sense
as n — 0o, that is,

lim [|(Hn = 2002 gan) = (H = 2l2@an) || =0, z€C\R.  (3.72)

n—oo

This follows from the resolvent identities,

(Ho — #liaan) = (HO — 2lizgan)

— (HY = 212 (piany) '

1 —1 —
Un [ILQ(R;dx) - Kn(Z)] Un (H(O) - ZILQ(]R;dw)) )
2 e C\o(H,), (3.73)

(H = 2lr2@an) = (HO = 2l2@an)
— (HY - ZIL2(R;dx))_1U[IL2(R;dx) - K(z)rlu(H(O) - ZILQ(R;dm))_ly
z € C\o(H), (3.74)
where
Kn(z) = un(H(O) - zILz(R;dI))_lvn, z € (C\O’(H(O)), n €N, (3.75)
and K (z) is given by (3.26), and the fact that (3.71) implies

lim ||(vn, —v) (H = 2I12R40))

n—oo

T g ey =00 2 € C\o(HO) (3.76)

(cf. the detailed discussion in [13]). Thus, the spectrum of H,, converges to that of
H as n — oo. In particular, for n € N sufficiently large, H,, has a simple eigenvalue
An in a small neighborhood of z = 0 satisfying

An — 0. (3.77)

n—oo

We denote by ¥, the corresponding eigenfunction of H,,, associated with the eigen-
value A, of H,, H,V, = \,V¥,,, n € N. U, is then a constant multiple of the
solutions satisfying (3.43) with z = A,, and V replaced by V,,. We may choose the
constant multiple in ¥,, such that

n]LH;O H\Ifn — \I’O”LQ(R;dm) = O (378)
In addition, we recall that (3.43) also implies that ¥,, and ¥y are exponentially

bounded in x € R with bounds uniform with respect to n € N.
In addition, we abbreviate
®,, = Un\I’ny (I)n = Cnsn(pna (ZI;nv (I)n)L’z(RAdI) = 17 (379)
Py = (3, ) ®,, (3.80)

Spf =sen(W,)f, f e L*(R;dx), (3.81)
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-1

{/dazW N2 (3.82)
:A Ko+ Kin(z— X)) +0((z — A)?), (3.83)
_ —2
KO,n = —Up (H( ) — /\nILQ(]R;da;)) 1’Un, Kl,n = —Unp (H(O) — )\nIL2(R;dx)) Un,y
neN, (3.84)

and recall that

— Un (H(O) - )\n]L2(]R;d:n))_1’Un(bn =, —u, (H(O) - )‘nIL2(R;dm))_1un;§n = (5717
(3.85)

H,, = (HO +W,) ¥, =\, ¥,, —(H® - AnILg(R;dx))”anpn =,, neN.
(3.86)

We note that since uy,, v,, Wy, n € N, are all bounded operators on L?(R;dz), no
operator closure symbols in u, (H(O) — /\nILz(R;dm))_kvn, k = 1,2, are needed in the
following computation leading up to (3.87).

Next, one computes

detp, 12 (Reda) (PnK1,0Pp) = —detp, 12 (r.de) (Pt (H — )‘nILQ(R;dm))_2UnPn)
((I)ny Un (H(O) - )\nILZ(]R;dx)) 72’Unq)n)

= *((H(O) —Mlra@an) n®n (HO = Mali2@an) 0n®n) o
= _On((H(O) - AnILQ(R;dw))_lwn\Ijna (H(O) - /\nILQ(R;da:))_1Wn‘1/n)L2(R;dm)

L2(R;dz)

2
= —Cu| a2 gany " EN. (3.87)
Since
-1
lim C, = Cy = deW(x)\I/O(x)F] , (3.88)
n—oo ]R

one finally obtains,
detp, 12 (R;da) (Po K4 P()) = _detPOLz(R;dx) (POuH(O) _2’UP())

—( Dy, uHO >4,
( )

L2(Rdz)
=~ nll,nolo (‘57“ Un (H(O) - An[Lz(R;dx))_QU”q)n)m(R;dx)
= —nler;OC’ [ ||L2(]R;dw)
= —Coll o172 z.2) (3.89)
1
| [aew@isaP] 1ol (3.90)
= —H‘I’0||:£2(R;dx)/(”‘1’07U‘I’o)m(R;dw) (3.91)

-1
= U|‘I’6||2L2(R;dx) + VooH‘I’0||2L2(R;dx)] H‘IIOHQL?(R;dx) > 0.
(3.92)
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Here we applied the quadratic form equality

0< ||‘I’6H%2(]R;dz) + VOOH\IIOH%Q(]R;dz) = —(”‘I’O7U‘I’0)L2(R;dm)
_ / d W () [ W ()2
R

to (3.90), to arrive at (3.92). O

(3.93)

3.2.2. The first factor: A posteriori computation. Before we proceed to a direct
approach to compute the first factor on the right-hand side of (3.64),

det p2(ride) (L2 (Ride) — Ko — Po), (3.94)

we will next determine detzz2(g;dz)(I12(R;de) — Ko — Po) by using the final answer
(3.51) for F*(0).

Theorem 3.7. Assume Hypothesis 3.2 and suppose 0 € oq(H). Then,
det 12 (mydz) (112 (Rydz) — Po — Ko)

1
= 2‘/010/2/Rd:c V(z) = Voo | ¥4 (0,2)¥_(0, z) (3.95)
-1 _
= —[2V?] 0L O 12 ) (1 ()12 i) + Voo I P2 (07225
X (P (0), U4 (0)) L2 (R;da)- (3.96)

(Here the equations for the + and — sign should be read separately.)

Proof. Combining (3.44), (3.51) (setting A\; = 0), (3.64), (3.68), and (3.89), and
taking into account that for some constants C € R\{0},

Uo(z) =Cr04(0,2), z€R, (3.97)
then yields for the first factor in (3.64),

7*(0)
det . I ar) — Po — Ko) =
€ L2(]R,dz)( L2(R;dz) 0 0) detPOLQ(R;dx)(POKlpo)

1
= G %ol — /R da’ W_(0,2')W (0, ")

VL2
-1 _
= [2V?] 7 10ll 2 sy (00, 0¥0) L2 () (P (0), Wt (0)) 22 )
—1 _
[2V01<3/2] ||\Ili (0) ||L3(R;dm) (U\Pi(o)? U\I’i (0))L2(R;dz) (\II* (0)7 \I/Jr(o))Lz (R;dx)

1
= 7 [ dalv() = vl (0.0 0.0
—1 _
2V T s (0) 2 sy [ (O ey + Vool Wt (0) 22 gy
X (U_(0), ¥4(0)) L2 (R;da)- (3.98)

O

3.2.3. The first factor: Direct computation. Next, we proceed to a direct approach
to compute the first factor on the right-hand side of (3.64), det 2 r;de) (112 (Ridz) —
Koy — Py). This will now be an ab initio calculation entirely independent of the
result (3.61).



DERIVATIVES OF (MODIFIED) FREDHOLM DETERMINANTS 21

Theorem 3.8. Assume Hypothesis 3.2 and suppose 0 € oq(H). Then,

—1 /24
det L2 (iaz) (112 (Riaz) — Po — Ko) = VL2 /Rdx [V (2) = Vo)V~ (), (3.99)

where Yy are defined by

1 +oo
V(o) = Vs 0) = 7z [ da’sinh (VA0 ~ ) V() = Vilsla)
z e R. (3.100)
(Here the equations for the + and — sign should be read separately.)

Proof. Our strategy is to apply formulas (3.9) and (3.12) in [13] to the Fredholm
determinant detyzw;qz)(I12(R;ax) — Fo — Ko) by appealing to the semi-separable
nature of Py + Ky upon an appropriate reformulation involving block operator
matrices. To this end we introduce

fi(@) = (~u(@)e ¥ u(a)Wo(a)), (3.101)
g1(x) = ([2(Voo)1/2]—1v(x)evot”m Cov(x)\yo(x))T, (3.102)
fa) = (—u(@)e"™s u(a)uo(x)) (3.103)
g2(x) = ([2(Voo)1/2]—1v(x)e—vio/2m Cov(x)\lfo(x))T (3.104)

and note that Py + Ky is an integral operator with semi-separable integral kernel

h@)g (@), o' <,

fa(z)g2(2)), o' > . (3.105)

(Po + Ko)(z,2) = {

In addition, we introduce the integral kernel

sinh ( 010/2(.1' —a))

H(x,2") = fi(z)g1(2') = fa(z)g2(2) = u(2) v(a),  (3.106)

V2
and, temporarily assuming that
supp (V — V) is compact, (3.107)
the pair of Volterra integral equations
fita) = hla) = [ do’ BV (3.108)
fa(x) = falz) + da’ H(z,2') fo(a") (3.109)

for a.e. € R. Applying Theorem 3.2 of [13] (especially, (3.9) and (3.12) in [13])
one then infers

det12(rida) ([12(Ryde) — Po — Ko) = detc2 (Iz - / dz g1(z) f1 (JJ)> (3.110)
R

= detc> (12 - /Rdxgg(x)fg(x)), (3.111)
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with I the identity matrix in C2. Introducing \T/i as the solutions of the pair of
Volterra integral equations

Vy(z) = (ejFVolo/z”E —\I’o(:v))

~

+oo
! / dz’ sinh (VY2(x — 2'))[V(2)) — Voo Wi (2)), z€R,

-—7
> (3.112)
a comparison with (3.108) and (3.109) yields
fi(@) = —u(@)V, (2), folz) = —u(z)V_(z) for ae. z € R. (3.113)
Writing
Vi(z) = (V2(0,2) Pu(2)), z€R, (3.114)
(3.112) yields (z € R)
R 1 Foo .
Py (z) = —Vp(z) — ‘/1/2/ dz’ sinh (VY/2(x—a"))[V(2)) — Vao]ha (2'), (3.115)
and
1/ I
Uy (0,2) =TV @ — 72 / dz’ sinh (VY/?(z — 2"))[V(2)) — Voo ] ¥4 (0,27),

(3.116)
in accordance with (3.43) for z = 0. Because of (3.97), Ug(z) = C1 ¥4 (0,2), x € R,
one infers that

Py(x) = C’;llz)i(:tL r eR, (3.117)

with ¢4 satisfying (3.100).
Next, one computes

o (VA %2

exp (VY 2s
’7) [V(2) = Voo ¥4 (0,2) 7M

gi(@)fi(x) = I iz VTVl @ ) g 18)
—ColV (2) = Voo Wo(2)W 4 (0,2)  —Co[V ()~ Vo] ¥o(2) 1 (z)
X o (—V/20) oxp (—VA %) )
92(z) o) = o V@) Vel (0.2) ——— S [V (@)= Vec - ()
—Co[V (2) = Vo] Wo (2) ¥ (0,3) —Co[V (%)= Vo] Wo ()¢ (2)

(3.119)
Using the fact that 0 € oq(H), and hence detyz2rdqz)(I12(R;dz) — Ko) = 0, one
obtains from taking z = 0 in (3.47) and (3.50),
1
detr2(r.da) ({12 (Ridz) — Ko) =1+ 7/ dz V="V (2) = Vo] W4 (0, 2) = 0.
R

2V/?
(3.120)

Thus, (3.110) and (3.111) together with (3.118)—(3.120) yield

deth(R;dz)(IL2(R;dz) — PO — Ko) = —Co / dx [V(.I) — VOO]\IIO(x)\I'i(O,x) (3.121)
R
1

Y

Aiwﬂ%%wwww@wﬂm



DERIVATIVES OF (MODIFIED) FREDHOLM DETERMINANTS 23

(where the equations for the + and — sign should be read separately). Applying
(3.39) for A\; = 0 and (3.97) one obtains

_1 / - N
det 22 (mida) (I12 (Redz) — Po — Ko) = —75— / dr V="V (1) — Vie ]t ()
2VOO C’i R
-1 1/2
= L /Rdx eV TV () = Vio|tp (),

(3.122)

using (3.117) in the last line.
To remove the temporary compact support assumption (3.107) we first note that
by a standard iteration argument, the Volterra equations

1/2, 1/2, 1 +oo /200 o
eiVm 1/&(96) = _eiVm \I/i(o,x) e= 71/2/ dz’ [ei2voo ( ) 1]
2Ves © Ja

X [V(2') = Vaelet """y (), z €R, (3.123)

have unique and bounded solutions on R, which together with their first derivatives
are locally absolutely continuous on R, as long as the condition (3.16) is satisfied.
This follows since there exists a constant C' > 0 such that ’eivsoﬂx\lfi((),x)f <C,
x € R. Thus, the right-hand side of (3.99) remains well-defined under condition
(3.16) on V.

Next, similarly to the proof of Theorem 3.6, we choose compactly supported
sequences Uy, v, € L?(R;dx), n € N, such that W,, = V,, — Voo = u,v,, converges
to W =V -V, = wv in L'(R;dz) as n — oo and introduce the maximally
defined operator H,, in L?(R;dx) associated with the differential expression L, =
—(d?/dz?) + V,(z), = € R. Since H, converges to H in norm resolvent sense
(this follows in exactly the same manner as discussed in the proof of Theorem 3.6),
the spectrum of H,, converges to that of H as n — oo. In particular, for n € N
sufficiently large, H, has a simple eigenvalue )\, in a small neighborhood of z =0
such that A\, — 0 . Multiplying V;, by a suitable coupling constant g, € R,

n—oo

where g, e 1, then guarantees that the maximally defined operator H,(g,) in
L?(R; dx) associated with the differential expression L., (g,) = —(d?/dx?)+g, Vy (),
x € R, has a simple eigenvalue at z = 0, in particular, 0 € oq(H,(g,)). (Multiplying
V by g, changes the essential spectrum of H,,(g,,) into [g, Ve, 00), but since \,, — 0
and g, — 1 as n — oo, this shift in the essential spectrum is irrelevant in this proof
as long as n € N is sufficiently large.)

Finally, the approximation arguments described in the proof of Theorem 4.3 of
[13] permit one to pass to the limit n — oo establishing (3.99) without the extra
hypothesis (3.107). O

It remains to show that the two results (3.95) and (3.99) for the Fredholm de-
terminant det > (r;qz) ({12 (R;dz) — Po — Kj) coincide. This will be undertaken next.

Theorem 3.9. Assume Hypothesis 3.2 and suppose O € oq(H). Then the expres-
sions (3.95) and (3.99) for detr2(raq)(I12(R;ae) — Fo — Ko) coincide.

Proof. To keep the arguments as short as possible, we first prove that (3.95) and
(3.99) coincide under the simplifying compact support assumption (3.107) on V —
V. Again, the general case where V satisfies Hypothesis 3.2 then follows from an
approximation argument.
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More precisely, we suppose that

supp (V — V) C [-R, R] for some R > 0. (3.124)
Proving that (3.95) and (3.99) coincide is then equivalent to showing that
R
_ / da [V () — Vi eV oy, / da [V () — Vo] U+ (0, 2)U_ (0, 2).
-R
(3.125)

We start with the right-hand side of (3.125): First we note that

%Wr(wi, U(0)(z) =[V(z) = Voo |4 (0,2)P_(0,z) for a.e. z € R, (3.126)

where we used that
= (z) + V(2)r(z) = [V(2) — Voo ]¥1(0,2) for a.e. v € R, (3.127)
which in turn follows by twice differentiating (3.100), and
—01(0,2) + V(2)¥L(0,z) =0 for a.e. z € R. (3.128)

Thus, one concludes that
/ dz [V(2) — V] U (0,2)T_ (0, 2)

/ do Wi, - (0))(2)

= Wr(¢y, W_(0))(R) — Wr(¢4, ¥_(0))(=R)
= —Wr(0,(0), ¥ (0))(R) — Wr(¢4, ¥ (0))(—R)
= —Wr (¢4, ¥_(0))(=R). (3.129)

Here we employed that

Yy(z) =—-04(0,z) forx > R (3.130)
(cf. (3.100)) and
VY2 F(0) = Wr(W 4, (0), ¥_(0)) =0 (3.131)

since by hypothesis, 0 € oq(H). Similarly, one computes

R
/ dx [V (z) — Voo ¥4 (0, 2) ¥ _ (0, z)

I
—
<
8
&‘&
Z
<
S
B

= Wr(y—, U4 (0))(R), (3.132)

where we used
Y_(x) =—-V_(0,z) forx < —R (3.133)
(cf. (3.100)) and again (3.131). In particular, one concludes that

Wy, Wi (0))(R) = —=Wr(y4, ¥_(0))(—R). (3.134)
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To compute the left-hand side of (3.125) we first note that

%Wr(w:t (), eiV;"/%) + %Wr(\l/i(o, x), eiVolo/QﬂJ)

= —[V(z) — Vao]eT"~ "%, () for ace. z € R, (3.135)

where we employed again (3.127) and (3.128). Thus, one infers that
R 1/2
- [ dnlvie) - Vil (o)
-R
= [ e [ o (0.0, 4)
=/ N - ;

= Wr(z/;_,_(x), evoo/ I) n Wr (77[1+(x)’ eV;’/QI) r——R
—|—Wr<\IJ+(0 2), eV ) —Wr( +(0,2), """ )
_ _Wr(\IJJr(O,x),eV"l"/ZI) + Wr(\IJ+(0 ), e i )
W (vt )| oW 00, 0)

= ~Wr(¢p4, U_(0))(—R) — Wr(4(0), T_(0))(—R)
= —Wr(¢p, U_(0))(—R). (3.136)

Here we used again (3.130) and (3.131) as well as

z=R z=—R

=R =R

r=—R

eVed’T = U_(0,z) forx < —R (3.137)

(cf. (3.116)). Similarly one computes

R
[ V@) - Ve () = W, 04 0)(R), (3.138)
-R
Taking into account (3.134), this completes the proof of (3.125). O

3.3. A formula of Simon. Finally, we turn to an interesting formula for the Jost
solutions Wy (z, -) in terms of Fredholm determinants derived by Simon [37].
To set the stage, we abbreviate Ry = (0, £00) and introduce the one-dimensional

Dirichlet and Neumann Laplacians perturbed by the constant potential V., H (io)’D

and Hj([o),N in L2(Ry;dz) by

d2

H(o) D _ - LV dom(Hj(EO)’D) = HZ(Ry), (3.139)
a2

HON — + Voo, dom(HN) = {g € H*(Ry)|g'(02) =0} (3.140)

T dz?
Next, we recall that

\Ili(z7 0) = detLQ(]Ri;dm) (I + U(H:(tO)7D — Z)_IU), Im((Z — Voo)l/Q) >0, (3.141)

a celebrated formula by Jost and Pais [20] (in the case Vo, = 0). For more de-
tails and background on (3.141) we refer to [13] and the references cited therein.
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Moreover, it is known (cf. [12], [13]) that
V', (2,0) = +i(z — Vm)l/Qdeth(Ri;dm) (I + u(Hj([O),N _ Z)—lz)),
Im((z — Vao)/?) > 0.

We conclude this section by presenting a quick proof of the representation of the
Jost solutions Wy (z,x) and their z-derivatives, ¥/, (z,x), in terms of symmetrized
perturbation determinants, starting from the Jost and Pais formula (3.141) and its
analog (3.142) for ¥/, (z,0):

(3.142)

Lemma 3.10 ([37]). Suppose V satisfies (3.16) and let Im((z — Vi)'/2) > 0,
x € R. Then,

U, (z,2) = eFilz=Vee) /22
x det I ) (HP — 2)7ho(-
2Ry :da) | [12(Ryde)) + (- +2)(HL z) (),
(3.143)
V' (z,2) = +i(z — Voo)l/Qeﬂ(Z*Vw)l/%
x detra e saa) (Traasany) + ul- +2)(HEOY = 270 +2)).
(3.144)

Proof. Denoting V,(z) = V(z + y), z,y € R, and by ¥, 1+(z, -) the Jost solu-
tions associated with Vj,, an elementary change of variables in the Volterra integral
equation (3.43) for ¥, 4 yields

U, 4 (z,2) = e:Fi(Z—Vm)l/Qy\Ifi(z,x + 1),

o (3.145)
Ul (z,2) = eV W (2 0+ y).
Taking = 0 in (3.145) implies

U, +(2,0) = e:Fi(Z_Vm)l/Zy\I/i(z,y), (3.146)
ot (2,0) = eFIETV 00 (2, ). (3.147)

Using the Jost—Pais-type formulas
Wy 1(2,0) = detra,am (14 u(- +y)(HLP = 2)7Mo(- +17)), (3.148)

(200 = i = Voo) 2t 2 g (T + (- + ) (HEY —2)7 "0l ).

(3.149)
an insertion of (3.148) into the left-hand side of (3.146) proves (3.143). Similarly,
an insertion of (3.149) into the left-hand side of (3.147) yields (3.144). O

4. THE MULTI-DIMENSIONAL CASE

In the previous section, we have illustrated within the simple setting of one-
dimensional scalar reaction—diffusion equations how the stability index may be
equally well calculated from an Jost/Evans function point of view, or else, us-
ing semi-separability of the integral kernels of Birman—-Schwinger-type operators,
directly from first principles using Fredholm determinants. We conclude by describ-
ing, again within the reaction—diffusion setting, an algorithm for multi-dimensional
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computations via Fredholm determinants, based on semi-separability of the integral
kernels combined with Galerkin approximations.

4.1. Flow in an infinite cylinder. Consider a scalar reaction-diffusion equation
wy = Aw + f(w), (4.1)

on an infinite cylinder x = (z1,z2,...,24) € R x Q, where A = A, is the Lapla-
cian in the z-variables, @ C R¢"! is a bounded domain, w and f are real-valued
functions,

f € C*R). (4.2)
In what follows we will assume that Q = [0, 27]%~! and consider only the physical
cases d = 2,3. Unless explicitly stated otherwise, we will always assume that
periodic boundary conditions are used on the boundary 9 of Q (viewing Q as a
(d — 1)-dimensional torus in the following) if d = 2,3. For z € R x Q we will always
write £ = (x1,y), where ;1 € R and y = (x9,...,24) € Q, and similarly, 2’ =
(xf,...,2)) = (21,y), v = (25,...,2)). We will abbreviate dz = dzidzs ... dzq
and dy = dxs . ..dzg, and frequently use the fact that the space L?(R x €;dx) =
L? (R; dml;LQ(Q;dy)) = L? (Q;dy;LQ(R;dscl)) is isometrically isomorphic to the
space /2 (Zd_l; L?(R; dml)) via the discrete Fourier transform in the y-variables:

w(x) = Z wj(z1)e? Y,z = (r1,y) ERxQ, (4.3)
jezd—1
where
w;(x1) = (27r)1*d/ dyw(xl,y)e*ij'y, r1 € R. (4.4)
Q

4.1.1. Galerkin-based Fvans function. We first review the Galerkin approach de-
scribed in [23], in which a standard Evans function is defined for a one-dimensional
truncation of the linearized operator about a standing-wave solution in a series of
remarks.

Remark 4.1. Under our standing assumption of periodic boundary conditions on
09, there exist planar steady-state solutions U = U(x1), where U is the solution
of the corresponding one-dimensional problem (3.4) described in Section 3. Lin-
earizing about U, cf. (3.1)—(3.9), denoting V(z1) = —f'(U(z1)), and taking the

discrete Fourier transform in directions s, ..., x4, one obtains a decoupled family
of one-dimensional eigenvalue problems
d? ,
0= (L; = N6 = (o~ i = A= V() ), (45)
L1
indexed by Fourier frequencies j = (ja,...,Jd) € Z%=1, each of which possess a

well-defined Evans function and stability index. At j = 0 and A = 0, there is an
eigenfunction U’(z1) associated with translation invariance in the x-direction of
the underlying equations; for other j, there is typically no eigenfunction at A = 0.
Asymptotic analysis as in [1], [30] yields a trivial, positive stability index for |j|
sufficiently large, so that computations may be truncated at a finite value of |j].

Remark 4.2. In the above example, the operators L; are real-valued (i.e., map
real-valued functions into real-valued ones), hence a stability index makes sense.
For more general, non-selfadjoint operators, one may expand in sines and cosines
to obtain a family of real-valued eigenvalue equations for which a stability index may
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again be defined. This principle extends further to generalized Fourier expansions
in the case of general €, requiring only real-valuedness (in the above sense) of the
original (multi-dimensional) operator L.

Remark 4.3. More generally, consider a standing-wave solution U = U(z) that is
not planar, but only converges as x1 — £00 to a constant state U,,. We assume

(z1 = U1, Ml gsrziy) € (L' N L) (R; day). (4.6)

This writing means that the map x; — U(z1, -) from R into the fractional Sobolev
space H/2(Q) is both an L'- and L*-function with respect to the variable ;.
Linearizing about U, denoting by ¥ = ¥(z) the corresponding eigenfunction, and
taking the Fourier transform in directions xo, ..., z4, one obtains a coupled family
of one-dimensional eigenvalue problems

2 “ ~ ~
- <d —lif* - A)qu = (V(y, ) 1)) (@), jez™ (4.7)

dz?
Here * denotes convolution in 7,
Y(x) = Z Vi(x1)e? Y, x=(z1,y) € R x Q, (4.8)
jezi—1

and V (21, j) denotes the value of the Fourier transform of V(zy, -) in the variable
y = (x2,...,24). Following the approach of [23], one may proceed by Galerkin
approzimation, truncating the system at some sufficiently high-order mode |j| < J,
to obtain again a very large, but finite, real-valued eigenvalue ODE in z1, for which
one may define in the usual way an Evans function and a stability index.

Remark 4.4. While we focus primarily on periodic boundary conditions on 92
throughout this section, one can treat other boundary conditions such as Dirich-
let, Neumann, or more generally, Robin-type boundary conditions in an analogous
fashion. The key fact used in (4.3) and (4.4) is the eigenfunction expansion associ-
ated with the discrete eigenvalue problem of the self-adjoint Laplacian in L?(Q; dy))
with periodic boundary conditions on 0€2. The latter can be replaced by analogous
discrete eigenvalue problems of the Laplacian with other self-adjoint boundary con-
ditions on 0f).

4.1.2. Fredholm determinant version. We now describe an alternative method based
on the Fredholm determinant, in which the Jost and Evans functions are prescribed
canonically as characteristic determinants, but computed by Galerkin approxima-
tion: that is, we approximate the determinant rather than the system of equations.

Specifically, consider again the general situation of Remark 4.3 of a solution U
of (4.1) decaying as 1 — +0o to some constant state Us. As in (3.9), we denote
V(z)=—f(U(x)), x € Q x R, and assume that

Voo = —f'(Us) > 0. (4.9)
We define the Birman—Schwinger operator K (z) similarly to (3.26), (3.22) as
K(z) = —u(Hgg — ZILQ(RXQ;dm))_lv, z € C\[Voo, ), (4.10)

with Hg(loj) the self-adjoint realization of the differential expression —A, + V, in

L?(R x Q;dx) with periodic boundary conditions on 952, and
u(@) = sgn(V (@) = Vao)u(@), v(z) = [V(z) = Vao|/? (4.11)
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for a.e. x € R x Q.
For later reference, we define also the asymmetric rearrangement of K(z) by the
formula

K(z) = f(HS(ZO’L — ZIL2(]R><Q;dx)) wv
= —(HS) — 2L2@xsan) (V= Vao), 2 € C\[Vao,0). (4.12)
Then, under the assumption
(1= [IV(21, -) = Vooll oo (sayy) € (L' N L) (R; day), (4.13)

we have the following result generalizing the one-dimensional case [11, Lemma
2.9]. Fix z € C\[Vi,o0). Passing to adjoint operators, if needed, with no loss of
generality we will assume below that Im(z) > 0 and fix the branch of the square
root such that Re((Vao + [5]? — 2)'/2) > 0 for each j € Z9~!, a choice consistent
with the choice of @ in (4.95).

Lemma 4.5. Assume (4.13). If dimensions d < 3 then K(z), K(z) € Ba(L*(R x
Q;dz)) for each z € C\[Va,00). Moreover, the condition on the dimensions is
sharp.

Proof. The operator Hy, (© i’, since constant-coefficient, decouples under the Fourier
transform i 1n the Varlableb Ta,...,rq. Consequently, the integral kernel of the resol-
vent of HQ,p’ denoted by (Hs()i) — ZIL?(RXQ;d$))_1($7$l), may be found explicitly
by a Fourier expansion and, using (3.27), can be expressed as a countable sum of
scalar integral kernels:

—1
(HS()O;) - ZILQ(]RXQ;dm)) (QT,ZL'/)
= % Z (2 — Voo — U‘2)—1/261‘(2—Vm—|J'\2)1/2|-"61—96’1Ieij~(y—y/)7 (4.14)
jeza—1

= (21,y),2 = (21,y) e RxQ,

where y = (72,...,24) € Q, y' = (¥h,...,2}) € Q, and j € Z?~! denote the Fourier
wave numbers in these directions. Using Parseval’s identity, we obtain for any fixed
' € R x Q that

H( Q p — 2l2mxe; d@))_l( ’ ’xl)Hiz(RxQ;dz)

1 4 ' i,
1 2 /Rd“‘("”— Vio — |j]2) "1/ 2eiz= Voo =1il") /2|21 —al|

-1
=1 3 e Ve T (sind(argz ~ Ve = i) . (415)
where Im((2 — Voo — [5]|?)"/2) > 0 for z € C\[Vi,00) due to Im(z) > 0. Since
arg (z — Voo — |j|?) — 7 as |j| — oo, there is a constant ¢ = ¢(z) such that

||(Hégia_ZIL2(RXQ;dI))_1( ||L2(]R><de) ¢ Z (Voo +131%) 3/2’ (4.16)
jezd—1
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hence is finite if and only if d < 3. We recall the formula for the Hilbert—Schmidt
norm of the Hilbert—Schmidt operator K with integral kernel K(z,2’) (see, e.g.,
38, Thm. 2.11], [46, Sect. 1.6.5)):

1Kl By (2 Rx0:dz)) = (-5 )l L2 (Rx Q) x (RxQ)sdadar) - (4.17)

Using (4.17) and (4.16) to estimate the integral kernels of (4.10) and (4.12), one
infers

1K (2, -5 )2 (Rx ) x (Rx):ddary
(0) -1 2
< ‘u()H(Hﬂ,p - ZILz(RXQ;dJC)) (- ')HL2(]R><Q;dx’) L2(]R><Q.dz)HU”LDO(RXQ;dy)
<c Z (VOO+|]|2)_3/2 ’ ||UH%2(R><Q;d$)||U||2L°°(]R><Q;dw’)’ (418)
jeza—1
1K(z, -, ')”%2((R><Q)><(R><Q);dacdx’)
< (EHED — 21 ! ’
< IESS — Teenan) ™ CoMgesnan OO Lo
<e Y Ve 13772 - wlFe o), (4.19)

jezd—l

and finds that K (z) and K(z) are Hilbert—Schmidt operators for d < 3, as claimed.
In the decoupled case, where u = u(z1), v = v(z1), these estimates are sharp,
showing that in general K(z), K(z) are Hilbert—Schmidt only for d < 3. O

Definition 4.6. Assume (4.13). Generalizing the one-dimensional case (3.50), we
introduce in dimensions d = 2,3, a 2-modified Jost function defined by

]:2(2’) = det27L2(RXQ;dm) (ILQ(]RXQ;dI) — IC(Z)), PSS (C\[Voo, OO) (420)
By the determinant property (2.42) one then obtains
]:2(2) = detZ,LQ(RXQ;dw) (ILQ(RXQ;dz) - K(Z)), KAS (C\[VOO7 OO), (421)

which could equivalently have been used to define Fa(%).

Remark 4.7. Similar to Lemma 4.5 calculations show that K(z) belongs to suc-
cessively weaker trace ideal classes as d increases, for which a higher-modified Jost
function may be defined as a higher-modified Fredholm determinant. We restrict
our attention here to the main physical cases d = 2, 3.

Remark 4.8. Comparing with formula (3.50) for the non-modified Jost function
given in the one-dimensional d = 1 case (when K(z) and K(z) are trace-class
operators), (2.41) implies the relation

dety, 12 (Ridwy) (U122 (Ridzy) — K (2))

or (K(2)) (4.22)
= detr2(Ridey) (L2 (Ridey) — K (2))e 22 Rz :
Thus, (4.20) differs from (3.50) by a nonvanishing analytic factor e"r2mazy) (K(),
and hence for practical purposes the use of dety r2(r;dz,)(-) and detr2(gr;qq,)(-) in
(4.20) for d = 1 are equivalent. For d > 1 we make a related comment in Remark
4.14.
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4.1.3. Galerkin approzrimations. Next, we approximate F»> by a Galerkin approx-
imation, working for convenience with the asymmetric version (4.20). We will
augment (4.13) with the more restrictive, but still typically satisfied, condition

(z1 = [V(21, ) = Vool garo () € L (R; dan). (4.23)
As in (3.17), we introduce
W(z)=V(x) = Voo, z€RXQ, (4.24)
and expand W into a Fourier series in variables y = (2, ..., z4) so that
Z Wm(gcl)eim'y7 r=(x1,y) ERx Q. (4.25)
mezd—1

Substituting (4.14) into (4.12), we obtain an expansion of the integral kernel of the
operator K(z):

e WartiP =) et iy
K(z,z,z) Z ' AT EESEE (V(z") —Vxo)e (4.26)

]EZd 1

ijoy € — (Voo t1i1?=2)" /2|21 - zh| —im -y’
- Z € Voo ¥ |]|2 — 2)1/2 Wj m(x1)€ . (4.27)

JmezI=t
Introducing
F(@) = —27 e (Vg |57 — )2V
Fz) = -2 YV + |j]? — 2)"2e= (Veotlil?=2) P21
4.28
gi(a) = em = (1 (a) — Vog)e™ Y, -
; 2, 1/21 —iia
g(a’) = eVt (V () — Vig)e™ Y,
we obtain from (4.26) an expansion of K(z,z,z’) as a countable sum
IC(Z T x/) — ZjEZd71 f{(x)g{(x,)? xll > Z’l’ (4 29)
Yjenar [3(@)ga (@), w1 >y,

of scalar integral kernels that are semi-separable in z7.

Truncatlng (4.27) at some finite wave number J or, equivalently, Fourier expand-
ing fk, g}, in (4.29) in variables y and y’ and truncating the resulting series at some
finite wave number J, we obtain a sequence of Galerkin approximations

(Voo+|]|2_z)l/2|w1 —zh]

Ki(z,2,2") = - E ¢iiv & 2 1/2 ”J m(@)e™ ™Y (4.30)
Iml,|j|<J (Voo+|]| 7;;) /
2, eij'y(ff)j(ﬂﬁl)(9{)_m(:v’1)e*im-y'7 7, > 71,
Iml,|51<J _— N (431)
‘ ‘Z‘ ‘ eIV (f3) (@) (95)_,, (@)e™ ™Yy >,
m|,|j|<J

—

where (f{) denote the Fourier coefficients of

feny) = 3 (F),em v = (f),e7 . (4.32)

mezZd—1
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and
- — _\k+1 2\ 1/2,
(91),,(21) = Wjgm(@))el "0 Vet =200 g — 1 2, (4.33)
denote the Fourier coefficients of the function
gha) = D Vet = Py (e v =12, (4.34)

We denote by K 7(z) the integral operator on L?(R x §; dz) with the integral kernel
(4.30), (4.31).

Theorem 4.9. Let z € C\[V,0). Then under assumptions (4.13) and (4.23),
Kj(z) € Bo(L*(R x Q;dx)) for dimensions d = 2,3. Moreover, for d = 2,3, K,(z)
converges in the Hilbert-Schmidt norm to KC(z) at rate J@=4/* as J — oo and
hence the sequence Fo j(z) defined by

Fo,7(2) = dety 12 (Rxide) {12 (RxQ:de) — K (2)), (4.35)
converges to Fa(z) = dety 12 (Rx0de) ([L2(Rxsdz) —K(2)) as J — oo at rate Jd=4/4,

Proof. Using (4.27) and (4.30), one obtains

K(sm, ') — Ky (22, 2) (Z Y Z) (4.36)

l71=0|m[=J+1  |j|=J+1|m|=0
_ (O . _ _ 2_ 1/2 _ A _ . 7
« (2 Yell ¥ (Vg + |4]? — 2) 7Y/ 2™ (Voo kLIl =2) Pl Illeim(xll)e im y)

By the triangle inequality and Parseval’s identity one therefore infers

iHIC(Z) - ICJ(Z)”%2((R><Q)><(R><Q);dac><dm’)

J o] 2
< 2
|5]1=0 |m|=J+1 L2 (RxQ)X (RxQ);dzdz’)
00 o} 2
2
L2((RxQ)x (RxQ);dxdz’)

[71=J+1|m|=0

Ly oy et 2
Wi () (4.37)
|71=0 |m|=J+1 ( Voo +1i[? = 2)1/2 " L2(RxR;dz da)
> 3 |G | (433)
+ W;_ Ty 4.38
V +|.7|2 1/2 o L2 (RxR;dzidx))

l7l=J+1 [m|=0

We will now estimate (4.37) and (4.38) separately. Using arguments similar to
(4.15)—(4.16), one observes that the sum in (4.37) can be estimated as follows:

J

(437) =)

|7]=0

s 2
Z ||Wj*m(')HL2(R;dx'l)
L2(R;dz1) |m|=J+1
<e S Vet D230 W) 7 aant)
jezi-—1 Im|=J+1
=W = WillZ2 @ w0 (4.39)

e (Voo tlil?=2)" /2| - |

2(Voo + 15]* = 2)1/2
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In the last equality we used that the series > ja-1 [j | =3 converges due to 1 < d < 3,
and Parseval’s identity for W — W, where

= Z Wm(xl)eim"y, z=(z1,y) € R x Q, (4.40)

Im|<J

is the truncation of W. By the Sobolev embedding W?3/22(Q) «— W3/44(Q) (cf.,
e.g., [19, Theorem 1.6.1], [42, p. 328, Eq. (8)], [44, Sects. .4-1.6]) and a standard
Cauchy—Schwartz argument, one infers for each z; € R,

W (@1, ) = Waler, Wequay = > Wile)[? = Y P2 W ()| 1)~

[7]>J l3|>J
e 2\ 2 1/2
< ( S P )] ) ( ) |j|3>
[71>J |F]>J
2
LIS SS |.7|—3)
F1
< CHW(xla .)”?—[3/2(9)‘]((174)/2, (4.41)

Here we used standard notation W*2(.) = H*(-) for Sobolev spaces. Thus, by
(4.39),

2 (d—4)/2
(@3T) SCUWIE, o rneny . (4.42)

Likewise, similarly to (4.15)—(4.16), one observes that the sum in (4.38) can be
estimated as follows:

s = 3 [ S Tl
4.38) =
2 ,\1/2 j—m( L2 (R;d!,
ljl=J+1 Voo + 141 = 2)"/ L2(Ridz1) || =0 ()
= 12\ —3/2 — ([T 2
l7l=J+1 |m|=0
< cl Z |j|_3 HWH%Z(RXQ;da:’) < C2Jd_4||W||%2(R><Q;dz/)' (443)
ljl=J+1

Combining (4.37), (4.38), (4.42), (4.43), and using [46, Section 1.6.5] as in (4.17),
one arrives at the estimate

1K = K132 (mxyx @x@)dzdz) < 2NV 72 @quary (CLTO™H72 4 CoJ974), (4.44)

yielding the claimed result. O

Next, we take a closer look at properties of the integral operator K ;(z) in L?(R x
Q; dx) with integral kernel given by (4.30), assuming at first that

Wi-m € L*(R;dxy), m,j € Z, [ml,|j| < J. (4.45)
Using the fact that L?(R x ;dx) decomposes into
L}(R x Q;dx) = L*(R; dxy) ® L*(Q; dy), (4.46)
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we will exploit the natural tensor product structure of the individual terms K, ;(z)
in

Ki(z) = Z Km,;(z), z&C\|[Va,o0), (4.47)

[ml,51< T

where K, ;(2), m,j € Z471, |m|,|j| < J, are integral operators in L?(R x Q;dx)
with integral kernels given by

, o e Vel =) e —af] R
Fomilos0) = = Sy =y el

2 € C\[Voo,0), m,j € VA |ml, 4] < J.

(4.48)

With respect to the tensor product structure (4.46), the operators K, () decom-
pose as
Kinj(2) = Am,j(2) ® Bm,j, 2 € C\[Voo, 0), (4.49)

where the operator

Am,j(z) = (_ (d2/dx%) + (Voo + 1% — ZﬂL?(R;dzl))_le—m» z € C\[Vio, 00),

(4.50)
in L?(R;dx;) has the integral kernel
) o= (Voo Hli1?=2)" 2o -2 __ .
Aps(eanat) = =G Win(el). (45D
and B, ; in L?(Q;dy) has the integral kernel
Brj(y,y) =€ Ve ™V, (4.52)
In particular, each B,, ; is a rank-one and hence trace class operator on L2(Q; dy),
B € Bi(L*(Qdy)). (4.53)
Next, A, ;(2) is a Hilbert-Schmidt operator on L?(R;dz1),
A j(2) € Bo(L*(R;dzy)), 2 € C\[Vao, 00), (4.54)
if and only if (cf., [38, Thm. 2.11], [46, Sect. 1.6.5] and (4.17))
W;_m € L*(R; day). (4.55)

In addition, applying [38, Theorem 4.5, Lemma 4.7], A,, ;(2) is a trace class oper-
ator on L?(R;dx1),

Ay, i(2) € By (LQ(R; dz1)), 2z € C\[Vio,0), (4.56)

if and only if
Wj_pm € 0 (L*(R;ydzy)). (4.57)
Here the Birman—Solomyak space ¢! (L2 (R; d:vl)) is defined by

Z( . d$1|f($1)|2)1/2<oo}, (4.58)

neZ

(M (L*(R;ydxy)) = {f € L (R)

with @, the unit cube in R centered at n € Z. We recall that (cf. [38, Ch. 4])
LI(R; (1+ |1:1\)5dx1) ; o (LZ(R; dxl)) g Ll(R; dzy) N LQ(R; dzy)

4.59
for all 6 > 1/2. (4.59)
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We note in passing, that the symmetrized version A,, ;(z) of A,, ;(z), given by

N . 1.
Am,j(z) = ujfm( - (d2/d(E%) + (VOO + |.7|2 - Z)ILQ(R;drl)) Vj—m,

(4.60)
z € C\[Vio, 00),
where
(1) = g0 (Womn (@) 0jm(@1), Ojom(z1) = |[Wimm(@)]® (4.61)
for a.e. 1 € R, is a trace class operator under the weaker assumption
W;_pm € LY(R; day). (4.62)

Given these preparations, we can now summarize Hilbert—Schmidt and trace
class properties of K (z) as follows:

Lemma 4.10. Assume z € C\[V,0). Then,

(i) Kj(2) is a Hilbert-Schmidt operator on L*(R x Q;dx) if /Wj_m € L%(R;dz1) for
allm,j € Z, |m|,|j] < J.

(ii) K s(2) is a trace class operator on L*(R x ;dx) if /Wj_m € (1 (L*(R; dxy)) for
allm,j € Z, |m|, |j] < J.

Proof. Since the sum in (4.47) is finite, it suffices to prove the Hilbert—Schmidt and
trace class properties of /Ky, ;(2) for fixed m, j. Since by (4.49),

(K. (2)| = [ Am,; (2)| @ [Bm 1, (4.63)

where as usual, |T| = (T*T)'/2, the singular values of Ky, ;(2) (i.e., the eigenvalues
of |KC,,,;(2)]) are square summable, respectively, summable, if and only if the sin-
gular values of A,, ;(z) are square summable, respectively, summable, since B,, ;
is a rank-one operator and hence has precisely one nonzero singular value. This
follows from the well-known fact that the spectrum of a tensor product A; ® A,
in Hy ® Ha of bounded operators A; in the complex separable Hilbert spaces H;,
j = 1,2, is given by the product of the individual spectra (cf., e.g., [32, Theorem
XII1.34]), that is,

O'(A]_ & Ag) = O'(A:[) . U(AQ)
= {)\ S C‘)\: A1 g, )\j S O'(Aj), j= 1,2}.
Thus, one can apply (4.54), (4.55), respectively, (4.56), (4.57). O

(4.64)

Of course, the condition on W in the Hilbert—Schmidt context in Lemma 4.10 is
much weaker than condition (4.23) since only finitely many Fourier coefficients Wk
of W are in involved in the former, while the stronger condition (4.23) is used to
prove the convergence of ; in Theorem 4.9.

Remark 4.11. More generally, any useful approximation of Hg?; may be em-
ployed, not necessarily an eigenfunction expansion or one attached to a Fourier
basis. In particular, in the case that V is not constant in zs,...,z4, one may
proceed alternatively by Galerkin approximation to approximate Hg(zoz) as the limit
of operators with semi-separable integral kernels corresponding to the (no longer
decoupled) truncated operator H, SJ’L,K, in a spirit similar to [23]. Likewise, it is not
essential to assume that V' has common limits at z; = 400 and x; = —o0; one may
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consider also “front-type” solutions with lim,, 4+ U(x1, - ) = Uy, though this in-
troduces some additional technicalities in the analysis connected with invertibility
of H 5(20) .
P

4.1.4. Connection with Galerkin-based Evans functions. At this point, adopting the
point of view of [23], we consider K as an operator with a matrix-valued integral
kernel, and acting on the subspace £ of L?(€2; dy; L*(R; dz1)) spanned by Fourier
modes with wave-number of modulus less than or equal to J, that is, on

Ly= {w(x) = Yt (x1)e™ Y |ty € LP(R; dxl)}. (4.65)
Im|<J
We let N; denote the number of these modes. Using Lemma 4.10, one verifies that
Ks(2) € Bo(L*(R x €;dz)) and thus

deto r2mxide) ({2 Rxde) — K(2)) = deta g, (I, — K(2)) (4.66)
is well-defined. Equivalently, since the Fourier modes form an orthonormal basis,
and hence the determinant is invariant under the Fourier transform, we compute
(on the subspace L? (R; dzy; (CNJ) of L? (R; day; 0? (Zd_l)) isomorphic to £ via the

Fourier transform) instead of (4.35) the Fredholm determinant
detQ,Lz(R;dzl;CN-l) (ILZ(]R;dzl;(CNJ) - ,CJ(Z))7 (467)

where Ia](z) on L? (]R; dzy; CNJ) is defined in terms of its integral kernel

(2, 2)) (‘e(voﬁlj“’z)lﬂ'“w”w ( ,)) (4.68)
J\2,21,T7) = ; j—m\¥ '
! 2(Voe + 1312 = )12 TV i<
B {menGRxa» ) > @1,

4.69
Fy(21)GY (), =1 > o, (4.69)

as an operator with a single, matrix-valued semi-separable integral kernel, where
F;, and Gy, denote the Nj x N; matrices

(F)mg = () e (G = (9) e k=12, (4.70)
and G = ((Gy);,m) denotes the transpose of the matrix Gy = ((Gg)m.;), k = 1,2.
We briefly pause for a moment and recall the principal underlying idea here: The
operator IC; acts on the space L? (]R; dxy; L2 (S dy)) and leaves invariant its sub-
space £y which, in fact, is isomorphic to L?(R; dxy1; LY, (€ dy)), where L3, (;dy)
is the subspace of L%(;dy) spanned by the N; exponentials {eiy'j}mg}. Via
the Fourier transform, L?VJ (; dy) is isometrically isomorphic to C™7 viewed as
a subspace in ¢2(Z471). Indeed, if j € Z?! and |j| < J, then the Fourier
transform maps the element e ¥ of the basis of L?(Q;dy) into the sequence
§; = {6mjtmeza € £3(Z%71). Indexing a basis in C7 by means of the in-
dices j € Z%71, |j| < J, we fix an isomorphism between C™i and the subspace of
(%(Z4=1) spanned by d;, |j| < J, and thus between CYi and L?\,J(Q;dy). Clearly,
via the Fourier transform, the operator XC; on L? (]R; dzy; L?VJ (; dy)) then becomes
the operator K s on L2 (R;dw1; CN7). In particular, if K; (and hence K) is also
of trace class, then the traces of X ; and K 7 are equal as will be used below in the
proof of the second equality in (4.76). It is the operator KC; which finally is an
operator with a semi-separable integral kernel.
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Remark 4.12. The vector-valued case w € R™ may be treated similarly, with V
now a positive-definite n x n matrix, and Fj,, Gj, € R*VoxnNo,

Our objective is to relate the truncated 2-modified Jost function (4.35) and the
Evans function for the eigenvalue problem (4.7). We rewrite (4.7) in matrix form
as

d® : ,
(— 0a2 + Volen, + diag {|]|2}|j|<J —zlon, + WJ)\IJ =0, (4.71)
1

where j is the Fourier wave number, |j| < J, ¥ = ¥(x;) is an C/-valued function
on R, diag {|j|2}\j|<J is a diagonal matrix of dimensions N ;X N, and W +VoIon,
is the matrix representation of some chosen truncation of the convolution operator
V% . This choice is to be followed consistently in both Galerkin-based and Fredholm
computations. Specifically, if ¥ = (TZJm)‘m‘g s for the eigenfunction 1 in (4.7), then

Wilzy) = (Wj,m(xl))‘jly‘mw, 2, €R, (4.72)

where W\g(xl) are the Fourier coefficients of W(x1, -) = V(x1, - ) — V. Introducing
the self-adjoint operator H; in L?(R; dz1; CN7),

d? . .
Hy= —E%—&—VOOILz(R;de;CNJ)—&-dlag {|j|2}‘j|<J+WJ, dom(H ;) = H?*(R;CN7),

(4.73)
we note that the asymptotic operator for the operator H; in (4.73), viewed as a one-
dimensional matrix-valued second-order differential operator in L? (R; dxy;CN7 ), is
given by

d2

0 . . 0
Hy = da? + Vool L2 (Riday ey + diag {|J|2}\jI<J’ dom(Hy") = H* (B;CY),
(4.74)
and thus the operator
= -1
Ki(z) = —(HY = 2L2mycv0) Wi, 2 € C\a(HT), (4.75)

is the Birman—Schwinger-type operator (cf. (4.12)) for the pair of the truncated
(0)
operators H; and Hj .

Lemma 4.13. Let z € C such that z ¢ U(HSO)>. In addition, assume that Wj,m €
Y (LA(R; dz1)) NC(R) for allm, j € Z, |m|,|j| < J. Then the operator ’6](2) is of
trace class on L?(R; dxy; CN7), the operator K ;(2) is of trace class on L?(Rx); dz),
their traces are equal and given by the following expression © ;(z):

©,(2) = trr2xeuae) (s () = 01 paniovy (R (2) (4.76)
-2 x W (x 12 _ ) 1/2
R </]R><Qd Wi )> ]Z;(V“ +157 = 2) 7 (4.77)

Proof. By Lemma 4.10 (i), Ks(2z) and each Ky, ;(2) in (4.47) is a trace class opera-
tor on L?(R x ; dz). In addition, each of the integral kernels of K (z) and Ky, j(2)
is continuous on the diagonal. Thus, [2, Corollary 3.2] applies and hence

L2 (RxQ;da) (ICJ(Z)) = Z trr2(RxQ;de) (’Cm,j (Z))

Iml,l7l<J
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1 = 1 "y
—— de W dy ' G—m)y
I S e I T

Iml,lil<J

1 —~ 1 de1
9 Z Adxle—nn(xl)<vm+|j|2_Z)1/2 (2m)* Om

Iml,l51< T
1((27T)d1/dl’1 Wo(ml)) Z !
2 R e~ (Voo + [j]2 — 2)1/2
lF1<J
= —1(/ dz W(ac)) > ! (4.78)
2\ Jrxa UKJ(Vo<>+|j|2*2)1/27

proving (4.77).

Finally, denote by P; the orthogonal projection in L?(R x €;dx) onto £; and
by Q; = I 2(rxq;dz) — Py the complementary projection. Since £, is a reducing
subspace for K,

KsPr=P;K;, (4.79)
one can write Ky in L?(R x Q;dz) in terms of the 2 x 2 block decomposition
Kil, (2) 0
K(z) = ( ’”“(;7’” . (4.80)

with respect to the decomposition
L*(R x Q;dx) = P;L*(R x Q; dx) & Q;L*(R x Q; dx)

, (4.81)

Since K J’ran(,PJ) is unitarily equivalent to K 7(2) via the Fourier transform, (4.80)

implies that K;(z) and K (z) are trace class operators at the same time, and it
also implies equality of the following traces:

trr2(RxQ;dx) (Ky(2)) = trg, (/CJLan(pJ)(Z))

A (4.82)
= trL2(]R;dz1;(CNJ') (IC'](Z)) ’

proving the second equality in (4.76). O

Remark 4.14. We emphasize that the sequence {©;(z)}s>0 diverges as J — oo
for d > 2. The latter fact does not permit us to use in the subsequent analysis the
non-modified Jost function F;(z) = detr2rxqde) ({12 (Rx2:dz) — K7(2)) and pass
in (4.93) to the limit as J — oo; instead, it forces us to work with the 2-modified
Jost function F» s(z) defined in (4.35).

Denote by £; the Evans functions for the one-dimensional approximate system
(4.7) obtained by Galerkin approximation/Fourier truncation at the level |j| <
J, for simplicity of discussion normalized as described in [11] to agree with the
corresponding (one-dimensional) 2-modified Fredholm determinant. Following the
approach of [11], we recall that the Evans function £;(z) is defined as a 2N; x 2N ;
Wronskian

£5(2) = det(Y) = det(Vy, ..., Vo), (4.83)
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where the (2N x 1)-vectors y1+ s Von, are bases of solutions decaying at xy =
400, respectively, at x1 = —oo, of the first-order system equivalent to the second-
order differential equation (4.71), lying in appropriately prescribed directions at
spatial infinity. The solutions are chosen in [11] in a way that £; does not depend
on the choice of coordinate system in C*¥’ and does not change under similar-
ity transformations of the system. Specifically, let us introduce the (2N; x 2N)

matrices
(0 Igeny, B 0 0
A= (h 0 ) , R(:El) = (WJ(LBl) 0) , x1 €R, (484)
where, for brevity, we denote
h(z) = (Voo — 2)Icn, + diag {[5°} < ;- (4.85)

Now dY/dxy = (A + R(z1))Y is the first-order system equivalent to the second-
order differential equation (4.71). We introduce on the space L? (R; dzy; (C2NJ) the
first order differential operators GE,O) = (d/dz1)—Aand Gy = (d/dx1) — A— R(x1)
and the respective Birman—Schwinger-type integral operator

Kj(z) = —((d/dz1) — A) "' R(z1). (4.86)

According to the main result in [11], the Evans function £;(z) is equal (up to the
explicitly computed factor e~©7(*) that is non degenerate and analytic with respect
to 2) to the 2-modified Fredholm determinant of the operator 12 g.q,,;c2v.) —Ks(2)
on L? (R; dxy; C*Ns ) corresponding to the first-order system mentioned above. As
we will see next (cf. also [13, Theorem 4.7]), this 2-modified Fredholm determinant is
equal to the 2-modified Fredholm determinant of the operator Iy 2 g,qy,,cvs) — I/C\(z)
on L? (R; dxy; (CNJ) corresponding to the second-order operator H ; in (4.71). Thus,
we obtain evidently that the Evans function £; coincides with the following (non-
modified(!)) Fredholm determinant (that is, with the Jost function):

0 —1
fJ(Z) = detLg (R;dll;CNJ) (]L2(]R;dw1;CNJ) + (HS ) — ZILQ (R;dwl;CNJ)) W]) . (487)

Thus, we have the following main result, extending the one-dimensional theory
of [11]. One of its main points can be explained as follows: Zeros of the Evans
function &; or, equivalently, of the Jost function F;, are the eigenvalues of the
operator H y. The eigenvalues are also zeros of the 2-modified Fredholm determinant
F3,7. The modified and nonmodified determinants are equal up to the nonzero
exponential factor €®7, where ©; is the trace described in (4.77). From this point
of view the use of the nonmodified determinant F; (or £;) and the 2-modified
determinant F» ; are equivalent, as far as finding the eigenvalues of H ; is concerned.
However, the nonmodified determinants have an advantage because the sequence
{F2.7} converges to F» as J — oo, while the sequences {F;}, {€s}, and {O;},
all diverge. Thus, for the truncated problem, the use of the 2-modified Fredholm
determinants appears to be more natural than the use of the Evans function.

Theorem 4.15. Let z € C such that z ¢ U(HSO)) and assume that Wj_m €
(Y (L2 (R; dz1))NC(R) for allm, j € Z, |ml|,|j| < J. Then the Galerkin-based Evans
function £;(z), the Jost function F;(z) = detp2(rx0sdz) (L2 (Rx0:d0) — K5 (2)), and
the approzimate modified Fredholm determinants for the operators in (4.75) and
(4.86) are related as follows:

Fo,7(2) = dety 12 mxQde) (L2 ®x2dz) — K1 (2)) (4.88)



40 F. GESZTESY, YU. LATUSHKIN, AND K. ZUMBRUN

= det2,L2(R;dz1;(C2NJ) (IL2(R;d:El;(C2NJ) — E.] (Z)) (489)
=e97)g;5(2) (4.90)
= %7 det 2 & x 00) (I12 (R x ) — K (2)) (4.91)
— OIE F (), (4.92)

where © j(2) is the trace of the operator K;(z) given in formula (4.77).

Proof. Since K ;(z) is of trace class on L2(R x Q;dx), ©5(z) is the trace of K (),
and Fy(z) is just a notation for detr2rxq;de) ({12 (®x01dz) — K7 (2)), the equality of
(4.88), (4.91) and (4.92) trivially follows from (cf. (2.41))

deta, 12 (Rxidz) ({12 (RxQde) — K(2))

4.93
= detL2(]R><Q;dz) (ILZ(RXQ;dI) _ ICJ(Z))etrL2(IR><SZ;dm)(]CJ(Z))' ( )

To show that the modified Fredholm determinants in (4.88) and (4.89) are equal,
we will utilize an idea from the proof of [22, Proposition 8.1] (see also a related

result in [13, Theorem 4.7]). We introduce the following operator matrices acting
on L2 (R; dx; (C2N~’):

_ h1/2 I _ _ h—1/2 h—1/2
T =271/2 (W 1)7 T7'=2 W( g L (4.94)
- —I I 0

where I = I} >, qq,,cvsy and h is defined in (4.85). In addition, we use the related
similarity transformation in (4.84) and (4.86) to define the following matrices and
operators

AV =TAT RO (2y) = TR(@)T™', KW(2) =TK,;(z)T~".  (4.96)

A short calculation reveals:

AW = diag { — n'/2, n1/2Y, (4.97)

RW(zy) =27'W;ERY/2, (4.98)
Sy _ ot (—((d/dxy) + B2, —-1/2 3 -1/2

KW (z) =2 ( (d)dr) — /210, (h h=1/2) . (4.99)

Changing the order of multiplication of the operators blocks in (4.99), one infers

-~ " 1/2y-1 -
e ey (GO L) = (s = . a0

Thus, using the standard determinant property (2.2) and recalling (4.75), we con-
clude that (4.88) and (4.89) are equal,

dety 12 gz, 20y (Ip2 Reday 020 ) — Ks(2))
= dety 12(Rida,;c2M0) (IL2(R;dx1;C2NJ) - EL(ID(Z»
= dety r2(iazy ;N0 ) (Tr2Ridey oV ) — ((d*/d*a3) = h) ™" W)
= dety g2z o) (T+ (K = 21) W)

= detQ,L2(R;dml;CNJ) (IL2(]R;drc1;(CNJ) - ’CJ(Z))
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= dety 12 (Rx0da) ({12 RxQidz) — K (2))- (4.101)

Finally, to show that (4.89) and (4.90) are equal, we apply the similarity trans-
formation (4.96) and replace the differential equation d)/dz, = (A + R(z1))Y by
dY/dzy = (A +RM(21)))Y. We will now use one of the main results of [11]. Since
the real part of the spectrum of h'/2 (for h defined in (4.85)) is positive due to our
convention Im(z) > 0, the unperturbed equation dY/dz; = AMY, due to (4.97),
has the exponential dichotomy on R with the dichotomy projection @ defined in
(4.95). Therefore, according to [11, Theorem 8.37], under assumption (4.13) we
have the formula

~(1 S (2
detQ,L2(R;dx1;C2NJ) (IL2(R;d$1;C2NJ) — IC‘(] )(Z)> = 66']( )gJ(Z), (4102)

where © () is defined as follows:

- &S] 0
@J(Z) = /0 d.l?l tI‘C2NJ [QR(l)(.ﬁl)} - /_ d.Tl tI'(czNJ [(I(CQNJ - Q)R(l)(xl)]

(4.103)
Using (4.95) and (4.98), it follows that ©;(z) = © ;(z), completing the proof. [

Remark 4.16. We have a similar result in the vector-valued case mentioned in
Remark 4.12 also in the front-type setting discussed in Remark 4.11.

4.1.5. Alternative computation. For its own interest, and for reference in the fol-
lowing subsections, we mention an alternative method of computing F» ; directly
from the reduction of [13], where the Jost function has been computed, without
carrying out the full analysis of [11] relating this to the Evans function. Comparing
(4.69), and [13, (1.17)] with o = 1, we have the following representation:

.7:27J(Z) = dethN‘, <ICNJ — / dzry dx'l GQ(JEl) (I(CzNJ 4+ j(xl, l‘&))FQ(l‘&)),
R2

(4.104)
where
T(wr,2y) = Clon)Ulm) " U(h)B(a)), (4.105)
B=(c¢] -GJ)', c=(R R), (4.106)
Gl G R

A= , 4.107
(—G;F1 ~Gy I ( )

and U is any nonsingular solution of the first-order system
() = A(x1)U(x1). (4.108)

d.’l?l

The formulation (4.108) is not numerically useful, since the off-diagonal ele-
ments of A are exponentially growing with rate of order e’l*1l. However, noting
that G| 5(x}), respectively, Fy »(x1) factor as diag {eﬂvmHj‘zfz)mzl1 Wy}, respec-
tively, diag { (Voo + [4]? — z)_l/Qei(VOO‘*“74‘2_2)1/2””1 }, we may reduce (4.108) by the
coordinate change V = DU, with

(
e
(Voo + 1312 = 2)1/27 (Voo + 1jI? — 2)1/2

Voo tlil?=2) 221 o= (Voo +1i*=2)" 22
}, (4.109)

D= diag{
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to a bounded-coefficient system (cf. (4.85)),

dZiml) = Ay(21)V(21),

1

A ( B h1/2 +h71/2W‘](x1) h71/2WJ(IIC1) (4.110)
PTUT L wan) kY2 - 2 W () )

of a form readily solved by the same techniques used to solve the first-order eigen-
value ODE for basis solutions )y, in (4.83). Indeed, this can be recognized as
essentially the same ODE.

Remark 4.17. Likewise, one might start with the Evans formulation (4.71), writ-
ten as a first order system, and try to precondition by factoring out the expected
asymptotic behavior, to obtain essentially system (4.108). That is, the operations of
preconditioning (viewing the Fredholm formulation as an analogous precondition-
ing step of factoring out expected spatially-asypmptotic behavior) and reduction
to ODE essentially commute, at least in this simple case.

4.1.6. Stability index computation. Following the approach of Section 4.1.5, compu-
tation of the multi-dimensional stability index can be carried out in the same way,
with no additional complications. For, exactly as in (3.64) of the one-dimensional
case (but using (2.52)), one has the formula

F3(0) = deta r2mxsdr) (Tr2®x0:d0) — Ko — Po) det py 12 x0.de) (Pok1 Po), (4.111)

with Ko = K(0) = fo(zoi) 1uv and K; = IC.(Z)|Z:0 = fo(zoi) zuv. (One can
remove the closure Symbois in the last two expressions since all bperators involved
are bounded.)

The second inner-product-type factor is straightforward to evaluate, requiring
only approximation of the eigenfunctions of the operator I — Iy and its adjoint
corresponding to the zero eigenvalue, which in many cases are known from the
outset. We recall that in the present case, the eigenfunction ® of the operator
I—Kyis dU/dx1; here U is the standing wave, see Section 4.1.1. The eigenfunction
® of the operator (I —Kp)* may be deduced by the fact that the original differential

operator L is self-adjoint; specifically, (I — (Hgf;)fl(v — VOO)><I> = 0 implies, by
self-adjointness of (I + (H§£;)71> and (V — Va), that & = Hg(gi)(ID is indeed the

required eigenfunction: (I + (Héovz))fl(v — Voo)> d =0.

The first factor in (4.111) on the other hand is the characteristic determinant of
a rank-one perturbation at z = 0, so can be approximated as in Section 4.1.5 using
Galerkin approximation/semi-separable reduction by a finite dimensional determi-
nant. Precisely, combining the steps of Sections 4.1.2 and 4.1.5, one reduces the
computation at the J-th Galerkin level to the evaluation of a 2(N;+1) x 2(N;+1)
determinant, obtained by solving a 2(N; 4+ 1) x 2(N; + 1) ODE system

db(ifl) = A(z)U(z1), U(z;) € C2NsHDX2AN+1) (4.112)
1
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where, similarly to (4.108),
i GIF,  GlF
-GJF, -GJF,)’
Fo=(F @), Gi=(c HD®),

(4.113)

and @ is the eigenfunction of the operator Ky corresponding to the eigenvalue 1,
that is, Ko® = ®. Making the change of coordinates Y = DV, D = diag{D, 1}, see
(4.109), we obtain a system dV(z1)/dz; = Ay(z1)V(z1) with bounded coefficient
matrix gb that can be numerically solved by standard techniques used to compute
the Evans function.

By comparison, if one follows the existing Galerkin methods, working with an
approximate truncated system at level J, one must face the difficulty that zero
eigenvalues for the exact system perturb to small but in general nonzero eigen-
values of the approximate system, making difficult a straightforward numerical
computation without further analytical preparations. On the other hand, the usual
analytic preparations (see [1],[30]) involve solving variational equations about the
zero-energy eigenfunction and also projecting out the zero eigenmodes from other
modes to obtain a well-conditioned basis. These do not appear to be real obstruc-
tions to the computation, but are at least complications. Perhaps for this reason, to
our knowledge no such computation has so far been carried out, or even proposed
in full detail.?

The formulation of the above multi-dimensional stability index algorithm we
thus view as a useful practical contribution of the present work, and its numerical
realization as an important direction for further investigation.

4.1.7. Numerical conditioning. Last, we examine the question of numerical condi-
tioning. By Theorem 4.15, one way to compute the approximate Fredholm deter-
minants Fp ; is to carry out a standard Evans function computation as in [23].
However, from a numerical perspective, this might be missing the point. For, note
that the principal, constant-coefficient diagonal, part of the coefficient matrix of
(4.71) has entries |j|? leading to spatial growth rates +|j| of order up to J. Com-
puting the Evans function thus involves solution of an ODE that becomes infinitely
stiff as J — oo.

We suggest as a possible alternative, discretizing the kernel K; in variables x1,
x} and directly evaluating the determinant of the resulting M N; x M N; matrix,
where M is the number of mesh points in the z; («)) discretization required to
give a desired error bound. Noting that M is essentially dimension-independent for
simple first-order quadrature (since matrix norm |W;| is bounded, by Parseval’s

Voot 32— /2 s
identity, while the first derivative of diag { € E;m1‘7;|271)1/‘2 2

see that there should be a break-even point at which the cost of order (M N;)3 of
evaluating the discretized determinant should be better than the cost ~ N(J)N3
of evaluating the Evans function, or, equivalently,

N(J) > M?, (4.114)

is of order one), we

where N (J) denotes the number of mesh points required to evaluate the 2N; x 2N
Evans ODE to the same tolerance. For a first-order A-stable scheme, N(.J) ~ M J?

3However, see the interesting analysis [28] in the somewhat different spatially periodic case.
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(note: this is determined by truncation error, which is estimated as proportional to
second derivative of the solution as the square of the norm of the largest eigenvalues
+J), yielding break-even at J ~ M, where typical values of M are of order ~ 100
[18].

Though hardly conclusive, this rough calculation suggests at least that direct
Fredholm computation is worthy of further study; we recall that J ~ 100 is the
order studied in [23]. Alternatively, one might compute the Evans function not
by shooting, but by continuation-type algorithms as suggested by Sandstede [34],
viewing the eigenvalue equation as a two-point boundary-value problem, avoiding
stiffness by another route; however, so far as we know, such a scheme has not yet
been implemented. See [18] for further discussion of this approach.

4.2. Functions with radial limits. Finally, consider standing-wave solutions U
of (4.1) on the whole space R?, possessing radial limits in the following sense:
Introduce spherical coordinates z = (r,w), r > 0, w € S9! and let U(R,w), be
the restriction of U to the sphere of radius R. Then considered as a function of the
angle w € S971 U(R, -), has an L*(S%!; dwg_1)-limit as R — +oo.

Remark 4.18. Assuming the hypotheses of Subsection 4.1, there exist radially
symmetric solutions U(| - |), where U is the solution of the corresponding one-
dimensional problem with the second derivative replaced by the spherical Laplacian.
Linearizing about U and expanding in spherical harmonics, one obtains a decoupled
family of one-dimensional eigenvalue problems, similarly as in Remark 4.1, each
of which possess a well-defined Evans function and stability index. In this case,
there is no zero-eigenvalue at the zeroth harmonic (constant function), but there
is a zero-eigenvalue of order d at the level of the first harmonic, with associated
eigenfunctions dU(| - |)/dz;, j = 1,...,d, corresponding to translation-invariance
of the underlying equations. These may be treated similarly as in Remark 4.1.
(However, we note that this involves an Evans function on the half-line [0, +00),
which involves some modifications and will be analyzed elsewhere.)

Remark 4.19. In the general case, Galerkin approximation in spherical harmonics
yields a finite-dimensional system for which an Evans function and stability can
again be defined, similarly as in Remark 4.3.

4.2.1. Fredholm determinant version: radial case. In the simplest situation that U
has a single limit as |x| — +o00, the operator Hg(z% is again constant-coefficient, and

the procedure of Section 4.1.2 leads again to expansion of H, 5(20,; in a countable sum

of operators with semi-separable integral kernels corresponding to the restrictions
to different spherical harmonics. In the general case, we may proceed instead by
Galerkin approximation as described in Remark 4.11.

Remark 4.20. The common feature of the problems discussed is the presence of a
single unbounded spatial dimension (axial for cylindrical case, radial for the radial
case), along which the semi-separable reduction is performed. In principle, one
could treat still more general problems by truncation/disretization of a continuous
Fourier integral. In this setting, the reference to a concrete object in the form
of a Fredholm determinant might become still more useful for numerical valida-
tion/conditioning, as compared to ad hoc constructions like those in Remarks 4.1
and 4.3. However, it is not clear that there would be a computation advantage to
doing so.
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4.3. General operators. We recall from [11], that it was necessary for general
first-order operators to relate the Evans function and a 2-modified determinant
already in the one-dimensional case, since the Birman—Schwinger kernel is for first-
order operators only Hilbert—Schmidt (indeed, this is one of the key insights of [11]).
Likewise, for more general operators involving a first-order component, in particu-
lar those arising in the study of stability of viscous shock solutions of hyperbolic—
parabolic conservation laws appearing in continuum mechanics [47], it is necessary
in dimensions d = 2 and 3 to relate the Evans function to a higher modified Fred-
holm determinant, since the Birman—Schwinger kernel is no longer Hilbert—Schmidt.

Flow in a cylindrical duct has been studied for viscous shock and detonation waves
in [40], [41].
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