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Abstract

We study Ruelle’s transfer operator £ induced by a C*™t!-smooth expanding map ¢ of
a smooth manifold and a C*-smooth bundle automorphism @ of a real vector bundle £.
We prove the following exact formula for the essential spectral radius of £ on the space

C™® of r-times continuously differentiable sections of £ with a-Hélder r-th derivative:

Tess(L£; CT%) = exp ( sup {h, + A, — (r + a)X,,}> ,
veErg
where Erg is the set of ¢-ergodic measures, h, the entropy of ¢ with respect to v,

A, the largest Lyapunov exponent of the cocycle induced by ®, and y, the smallest

Lyapunov exponent for the differential Dep.

*Ergodic Theory & Dynamical Systems, to appear.



1 Introduction and Results

The transfer operator is important in many questions of dynamical systems and statistical
mechanics. It is particularly helpful for studying the mixing and statistical properties of
measures, investigations of zeta functions and Fredholm determinants, piecewise monotone
transformations, etc. We refer to the books [B, KS, PP, R4] and recent papers [Ba, F, K, Rg],
and the bibliography therein.

Estimates from above for the essential spectral radius of the transfer operator are obtained
in [R2, R3], see also [CL, ChL]. Results on the calculation of the essential spectral radius in
the scalar case are obtained in [CI, Ke] for dimension one and in [H], see also [BH], for higher
dimensions. In the current paper we derive an estimate from below, and, as a result, an ezact
formula in terms of Lyapunov—Oseledets exponents for the essential spectral radius of the
matrix coefficient transfer operator for the multidimensional case in the following setting,
which is due to Ruelle [R2].

Let ¢ be a C*™'-smooth expanding map (small distances are increased by a factor pe, > 1)
of a smooth compact d-dimensional connected manifold ©. We assume that ¢ is not one-to-
one, that is N = card{p~'{f}} > 1. Let £ be a smooth real (-dimensional vector bundle over
0, & ~ R’ and ® be a C**'-smooth bundle automorphism over ¢, that is ®(6) : £ — Eg
and det ®(0) # 0. Forr =0,1,... and a € [0,1] let C*° = C* denote the space of r-times
continuously differentiable sections f of £, and C™%, 0 < o < 1, denote the space of r-times
continuously differentiable sections f with r-th derivative that satisfies a (global) Holder

condition with exponent a. On the space C™* « € [0, 1], consider the matrix coefficient



transfer operator, £, defined as follows:
(LHO)= > ®)f(n), 0O, felC™

nEp—10
Let Erg = Erg(yp, ©) denote the set of all g-invariant ergodic Borel probability measures
on O, and h, denote the entropy of ¢ with respect to v € Erg. For each v € Erg, let A,
denote the largest Lyapunov-Oseledets exponent of the cocycle ®%(0) = ®(pF10) ... .- d(0),
generated by ® and ¢, and let x, denote the smallest Lyapunov-Oseledets exponent of the
differential D*(6), 0 € ©, k =1,2,....

In the current paper we give the proof of the following result announced in [GL].

Theorem 1.1.

Tess(L£; CT%) = pu(r, ), where py(r,a):=exp ( sup {h, + A\, — (r + Oz)xy}>. (1.1)

veErg

Theorem 1.1 gives the following formula for the scalar case £ =1, & : © — R\ {0}:

vEErg

Tess(L; CTY) = exp ( sup {h, + /log |D(0)| dv — (r + a)x,,}), (1.2)
)

and for the one-dimensional case d = 1, © = S*:

Tess(L; CTY) = exp ( sup {h, + /log |D(0)|dv — (r + «) /log 1’ (0)] du}). (1.3)
)

vEErg
(C]

The transfer operator £ shares many common properties with the evolution operator
T defined for f € C™* by the formula (Tf)(0) = P(Pyn?)f (Paifesd), Where Qaifreo 18
a diffeomorphism on © (see [ChL] for a systematic discussion and many applications of
evolution operators, and also related topics in [L]). In particular, using the techniques of the
current paper, one can prove that if the set of the aperiodic points of @gife, is dense in O,
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then

Tess(T; CT%) = exp ( sup {\, — (r + oz)x,,}). (1.4)

veEErg

Formulas of the type (1.1)—(1.4) have a fairly long history that we will now briefly review.
For the scalar case ¢ =1, & : © — R and r = o = 0, and for the spectral radius rg,(-) the

following formula was known, probably, since [R1]:

1o, (L, C°) = exp ( sup {h, + /elog || dz/}>. (1.5)

veErg

Its counterpart, r4,(7; C°) = exp (supVeErg{ Jolog | @] du}) for the evolution operator T was
obtained in [AL, CS, Kil]. In the case d = 1, © = S'| a formula for the essential spectral
radius res(7; C™*), similar to (1.3), that is, with no entropy h,, can be also obtained, cf.,
e.g., [An]. In the important paper [CI] in the case / =d = 1 and a = 0 it was proved that
the essential spectrum of £ on C™? is a disk and a formula for res(L; C*°) was given (cf.
Lemma 2.1 below); this formula can be modified to the form (1.3).

For the matriz case ¢ > 1 the transfer operator on C** was first studied in [T] and [R2].

For r = o = 0 the formula

1o, (£, C%) = exp ( sup {h, + )\V}) (1.6)

veErg

was obtained in [CL, Theorem 3] (see also [L.S, Theorem 4.15], where another type of transfer
operators was considered). Also, it was proved in [LS] that ry, (7, C°) = exp (supVeErg{)\y}> :
We remark that a comparison of the right-hand side of (1.5) and (1.6) shows that the
expression sup,cp,{h, + A} should play the role of topological pressure P(log|®]) [W] in

the case of matrix-valued ®’s. A simple proof of the inequality res(L; C™?) < py(r,0) was



given in [CL, Theorem 2]; unfortunately, the technique of [CL] does not work for o # 0. Note
that the inequality ress(L£; C™) < pu(r,«) in Theorem 1.1 improves the following estimate

due to Ruelle [R2]:

veErg

Tess(L£; CT%) < exp ( sup {h, + /log |P(0)|| dv — (r + «) log pex})
e

and hence, see Remark 3.2 for r = 0 below, yields also an improvement of Ruelle’s estimate
for the radius of convergence of the power series for (—function.

For the scalar case £ = 1 and ®pp(f) = |det Dp(0)|™!, the transfer operator £ is the
Perron-Frobenius operator (Lprf)(0) = 3, c -1 | det Do(n)|~'f(n), 8 € ©, f: 0 — R.
We remark that in the case of the isolated rate of decay [BY, p.358] the right-hand side of
(1.2) with this ®pp gives an estimate from below for the rate of decay of correlations 75(r, ).
The quantity 7o(r, «) is defined (see, e. g., [BY, p.357]) as the smallest number such that
the following holds: for each 7 > 75(r, @) and each pair of test functions fi, fo € C™* we

have

| [roeh): podm—( [ fiam)- ([ fodm)] <o filla | illa) 7 k€N
© (C] ©

Here m is the unique ¢-invariant probability measure on © which is absolutely continuous
with respect to Lebesgue measure on ©. Note that for the topological pressure we have
P(log ®pr) = hm — [glog|Dp(#)|dm = 0. Also, in this case 1 = rg(Lpp) is a simple
eigenvalue for Lpp, and the spectrum o(Lpp; C%*) = {1} U g9, where |og| := sup{|A| :
A € og} is strictly smaller than 1, see [R2, Thm.3.6]. It is proved in [BY, p.358| that if
|00] > Tess(Lpr; C™*) (the case of the isolated rate of decay) then 7o(r, o) = |og|. Thus, in

this case 1y(r, @) is bounded from below by the right-hand side of (1.2) as claimed.



Our strategy of the proof of Theorem 1.1 is as follows. We obtain the inequality
Tess(L£; C™%) < pu(r,a) by refining the Ruelle’s technique from [R2]. The idea is to keep
track of the “local” contraction rate of the inverses for the iteration ¢*, and use Nussbaum’s
formula. The actual implementation of this idea is rather technical (see Lemmas 2.1 and 3.1
below). For the inequality res(L; C™*) > pu(r, «) the difference between the matrix ¢ > 1
and the scalar case becomes more substantial, cf. [R3, Rem.1.2(b)]. To prove this inequality
we develop further the operator-theoretical approach from [CL, ChL]. We study yet an-
other transfer operator, K, ,, acting on the space of continuous sections over an extended
compact space O, ,, and induced by an extension ¥y, of ¢ and ¥, , of ®. We give a gen-
eralization of [ChL, Thm. 8.56] for a > 0, and prove that ress(L; C™*) > 155 (Kp.0; C(Ora))
(Lemma 3.3). The method behind this proof goes back to Mather [M], see also [ChL] for
a detailed discussion of the “Mather localization”, and papers [BJL, Ke, Ki2| where simi-
lar ideas have been used for the scalar / = 1 case. Note that the presence of the Holder
seminorm makes our proof somewhat different from [ChL, Thm.8.56]. Next, we show that
Top(Kr.a; C%(Ora)) > pu(r,a) (Lemma 3.4). This proof is based on the strategy of Bowen’s
proof of the variational principle [Bo] and the proof of [ChL, Thm. 8.5]. A critical new
moment here is the use of our Lemma 2.1 for the estimate for p4(r, a) from above.

Notation: c¢(a,b) - generic constant depending on parameters a,b; k € N; dist(-,-) -

distance in ©; || = |« gt |- | = |- i |- e = I - llowa: Be — the set of r-multilinear

operators; o,,(A) — the approximate point spectrum of A, that is, o,p(A) = {2z € C : for
each € > 0 there exists g. such that ||(z — A)ge|]| < const-€- ||ge]|}. We use bold face to
denote r-tuples of unit vectors, e.g., v.= (vy,...,v:), and bars to denote (r + 1)-tuples of
unit vectors, e.g., V.= (vg, V) = (vo, V1, - .., Up).
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2 Preliminaries

Fix w > 0 small and consider a Markov partition {©1,...,0,} of © with diam©; < w (see,
e.g., [R2, Prop. 2.1, 2.2]). Define, for 4,5 € {1,...,s}, m; = 1 if ¢(©;) D O, and m;; = 0
otherwise. Fix open sets U; D ©; with diam U; < w such that ¢(U;) contains the closure
of U; if and only if m;; = 1 and ©,, N ©;, N...NO;, = 0 implies U;, NU, N...NU;, =10
(see, e.g., [R2, Prop. 2.3]). For m;; = 1 there is a unique local inverse go;jl : Uj — U of the
map ¢ and dist(gpi_jlé’, cpi_jln) < pod dist(6,n) whenever 6,7 € U;. We will assume that w is
so small that each U; belongs to a single coordinate chart on the manifold ©, thus, we will
view U; as a subset of R". We will write 6 to denote the p-preimage of 6 € © that is in
Ui. A k-tuple i* = dy...4 € {1,..., s} is called admissible if 7, = ... = m,_ ., = 1.
For each admissible k-tuple, £ > 1, we set Uy = @;%2 o ga;zzl.?’ o...o@; . (U,) and let
i*0 = 4y...i40 € Up; denote the corresponding preimage of # € U; under ¢*. Since ¢ is
expanding, we have diam Uy < wplt.

We will define the extended compact space O, , and the extensions v, of the map ¢
and {W} } of the cocycle {®"} as follows. Let O, = {(0,¥): 0 € ©,0; € T}',j =0,...,r}

and ©,0 = {(0,v) : 0 € ©,v; € T}, j = 1,...,r}, where 7' is the fiber in the unit tangent



bundle to ©. We define maps ¢y o : Oy g — Or o and ¥y : ©r 9 — O, by

Do(0)vy Dy (B)oy wawr)
ro - 0, yUly - .. Ur) /> 97 ’ Y ’
Ura: (0, v0, 01, v) (¢ [De(@)vo]” [D(@)or]" " [Dp(0)v]
| — (pp, DO M)
Uro: (0,01, .. vx) (909> [Dp(0)v1]" "7 [ Dip(6) vy

Throughout, we use letter n to denote p—preimages of 6, and letter T to denote the corre-
sponding component in ¢—preimages of (6,V). In particular, if (6, v°), (61,¥v"), and (0, V?)

are any given points in O, ,, and * is admissible, then we denote

m=10 W = {[DEOI /DS (2.1)

=0

such that ¢ % (6, ¥') = {(n, @) : i*} and ¢ (6, v') = {(m, u') : i*} for 1 = 0,1, 2.

We define cocycles {WF  }ren over ¢y q by

Uk (0, v0,01,. .. 0p) = DF(0)| D (0 v[“H\Dcp (0)v;| 7,

and, similarly, cocycles {¥} (}ren over iy setting @ = 0. On the space C°(O,,) of contin-
uous sections over O, , we define the extended transfer operator, K, o, by the rule
(KeaF)(0,9) = Y Wra(n,0)F(n,w),
(1,8 €Yr,a (6,9)
where Vv = (vg,vy,...,vy). Similarly, K, is defined on C°(O,0) by 1o and ¥, with
v = (v1,...,v). The operator K, o appears naturally when we differentiate Lf (see [CI] and
[ChL, Lemma 8.57], and (2.12) below). Using (2.1), it is easy to see that

(K F)(0,%) = OF(i"0)|[ D (i*0)] v0|aHyDgo (i*0)]"Lv;| F (i%6, ). (2.2)

ik



We will need the growth rates R(r, «), p(r,«) and s(r, «), defined as follows:
Ry,(r,a) = oou > 19 M)l [De(n Uo\“H| Do(n)] ™ vyl (2.3)
,V)€EOr o K
ncp—ro

R(r,a) = lim Ry(r,a)"";

k—oo

= D sup [ #8(46)]] - LD i46)] |,
ik

p(r,a) = lim py(r, a)"/*;

sp(r, @) = max Zsup 12 (00 [ I[D" (0]~ 17| [D" ("))~ || (2.4)

""" 01,02

x [dist(i*6,05) /dist (61, 6,) " s(r,a) = lim sy(r, o)/,

k—oo

Here the supremum in (2.4) is taken over all 61,0, € © if @« = 0 and 6; # 6, if & > 0.
We note that v, , is a covering, but, generally, is not expanding. A general formula for the
spectral radius of a transfer operator induced by a covering map ([ChL, Prop. 8.50]) gives:
K C*(Ora)) = Jim ( sup 30 UL o))" (2.5)

ST (nw)evra(0.9)
If (0,¥) € Or and ¥V = (vg, 1, ..., vy), then for each (n, W) € ¢, %(0,¥) we have € p~"(0)
and @ = {[D¢"(n)]"'v;/|[De"(n)] 'v;}5— as in (2.1). By the definition of W}  we then

have:

(D" ()] vg |~ [Dg*(n)] 'y |2

[Dek(n)]~ ;]

f[ ‘Dwk(n)

= <I>’“(77)‘[Dso’“(77)]_1“0r U ‘[Dwk(n)]‘lvj :

We substitute this expression in (2.5), and observe that the summation over all (n,@) €

Y F(0,¥) in (2.5) is the same as the summation over all n € ¢ *(0). Using (2.3), we see that



the right-hand side of (2.5) is equal to limy_..(Rk(r, @))*/*. Therefore, we have proved that
Top(Kr.a; C(Ora)) = R(r, ). (2.6)

We will prove below that, in fact, res(L; C™) = R(r, ).
Lemma 2.1. R(r,a) = p(r,a) = s(r, o).

Proof. By standard calculus, Ry (r,a) < pr(r,a) < si(r,a). To see that s(r,a) < R(r,a),

for each € > 0 we choose a § = §(€) > 0 such that if dist(n;,72) < 0 then

@)l < [@m)lI(1+¢€) and  [[[Do(n)] | < I[De(nn)] (1 +€).  (2.7)

Consider 0; and 60y with dist(f,6;) < 0 as vectors in R™ (up to a constant factor), and let
vi(t) = iy(t), t € [0,1], be the i-th preimage under ¢ of the point y(t) = (61 — 62)t + 09
that belongs to the segment connecting #; and 6,. Taking the inf over all smooth curves x
that connect i6; = ;(1) and i, = ;(0), we have dist(i6;,i65) < f01|[Dgp(’yi(t))]_1f'y(t)] dt <
maxo<;<1 [|[D¢(7i(t))] |- 101 — 2. Since  is an expanding map, we have dist(~;(¢), (1)) <

. By (2.7), we have the inequality maxg<i<1 ||[De(vi(£))] 7 < |[[De(i61)]7||(1+¢€). There-

fore,
[dist(i*61,3%05) /dist (01, 02)] " < [|[Dep(i00)] M| . . . [[[Dep ()] M| *(1 + €)**.
Fix m so large that diam U;» < §. Using the last inequality, we have

Sk+m(r, ) < max c(i™) Z sup || ®(ir01)]| ... [|®(E%0,)||(1 + €)** x (2.8)

q=1,..., r m ik 01,02€U;m

1D (ind)] 15 D o] T [P (b))~ 72 - [Dep (i) 7
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For each i™ fix § = 0(i™) € U;n independent of i*. Since ¢ expands, we have the inequality

dist (i, ... 00,0, ..3:0;) <0 forp=1,...,k [ =1,2. Now (2.7) and (2.8) imply

Seen(r,0) £ 3™ Y0 S+ 92 (00)] 00|

D) HI | [Dep(E0) ™

Since # does not depend on ¥, we have spin(r, ) < c¢(m)(1 + €)*0Fe+)(R))* where we
denote R := lim,, . E}/n and R, = suPpee Y [|"(@"0) ||| [De™(i"0)]) 7|+, n = 1,2,.. ..
The same argument applied for ¢” and ®" gives Sgppm(r, @) < c(m)(1 + €)PU+e+r) (R, )k,
which implies s(r,a) < R.

It remains to show that R(r,a) > R. Fix e € (0,1) and for each § € © let Gy =
{vp}_, denote an e-net in 7,'. For each § € © and * choose w = w(i*,0) € 7' such that

I[De*(i*0)] 71| = |[De*(i*0)]1w|, and find v = v, € Gy, h = h(i*,0), such that |v —w| < e.

Then
R < s 3 [0 Dt U o e +
su i i _— v—w
A Op — ¥ ‘U} _ U’
+sup > [|OF(*0)|[[[De" (i*0)] ot < €T Ry + Ry(r, ).
[n
Thus, (1 — &) Ry, < Ri(r, ), and the lemma is proved. O

For F' € C%*(O,p) we denote || F||o = supy,_, sup, [|[F (61, v) — F(bs,v)| dist (61, 62) ",

such that |[fl[ra = D" fllco@p0) + 107 fla-
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Lemma 2.2. If f € C™%(O), then

1£5 fllva < Ko D" Flla + ()| I, (2.9)
1£5 fllea = 1Ko D" flla = c(k)[f 0. (2.10)
15 fllea < se(r, @)ID" flla + c(k)] f]Ixo- (2.11)

Proof. Similarly to [ChL, Lemma 8.57], the chain rule implies
(DFLEf)(0,v) = (Ko DT £)(0,v) + (L f)(0, ), (2.12)

where L;f contains only the derivatives of f up to the order r — 1. Thus, ||L¥f|l.0 <
(k)| flleo and || L flla < c(k)||fle0- Since [|£F fllra = [|DFLE f|la, we have (2.9) and (2.10).

To finish the proof of (2.11), for §; # 02 and any v we estimate
I(Ke oD ) (01, v) = (Ko DT )(02,v)|| < a(6hr,02) + b(61,65),
where, recalling (2.1), we denote

a(01,02) = Y |5 () I[De" ()]~ IT1 D" f () (w') = D f (12) (u?)

b(61.62) = || @) [0 )1 051 = @) [T 1D (o)) 05| 1l

Since ®F and Dy"* are a-Holder, we have that b(0;,0;) < c(k)dist(0y,02)*]| f|lr0. Since
D~ f(m), I = 1,2, are multilinear operators, | D* f(n;)(u') — D~ f(n2)(u?)|| is dominated by

g Y ([ ] luphluy = w2I(] ] lual)-

Jj=1 p<j p>j

s + D" f (1)

||Drf(771) - Drf(Tb)

Since Dg* is a-Hélder, we have the inequality |uj —u3| < (k) dist(n1,72)*. Also, ||D* f(n1)—
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D f(n2)llB. < |D* flla dist(n1,m2)*. Using the definition of s (r, ), we have that ||}, D f|o

is dominated by the right-hand side of (2.11). O

Lemma 2.3. There exists a constant a = a(d,r,a), a € (0,1), such that for each ny € O,
each neighborhood U > g, and each U = (ug,us,...,uy), [uj| =1, j =0,1,...r, one can
find a scalar C**-smooth function [ such that the following holds: supp 5 C U, ||B|lro0 < 0,

1Bllr.a <1, and

lim 77*D"B(no + Tuo) (uy, ..., uy) = a. (2.13)

T—0

Proof. Without loss of generality we will assume that U is so small that &/ C R9, and that
no = 0. We will choose 3(0) = 3y(0)3:(|0]), 6 € RY. Here 5 : R, — [0,1] is a “flat”
Crtl_cutoff function such that 3,(7) = 1 for 7 € [0,0] and Bi(7) = 0 for 7 > 2b, and
SUPg< <oy |DFB(T)] = O(b™%) as b — 0, k = 0,...,r + 1. Parameter b will be selected small
to make sure that supp3 C U, ||Bllro < 0, and ||B|re < 1. The C™*-smooth function
By : RY — R will be selected as follows to satisfy (2.13).

First, we claim that for a sufficiently small a; = a;(d,r, @) € (0,1) and each choice of @
there exists a vector w = w(u) € R, |w| = 1, such that |ug - w|® [[5= luj - w| > a;. Here -
denotes the scalar product in R9. For instance, if r = 0 then w = uo; if r = 1 then w bisects
the smallest angle between uy and 4+u;. To prove the claim for any r, let us suppose that
for each k € N there exists (k) = (uo(k), ..., ur(k)), |u;(k)| =1, =0,...,r, such that for
all w, |w| = 1, we have |ug(k) - w|* [T}_; |u;(k) - w| < k=" Using compactness of the unit
sphere in R9, we may assume that {u(k)}2, converges to some U = (uy, ..., uy), |u;| = 1.

Passing to the limit, we have that for each w, |w| = 1, at least one of the r + 1 unit vectors
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u; is perpendicular to w. Since each of the sets {w : |w| = 1,wlu;}, j =0,...,r, has zero
surface measure on the unit sphere in R, we have a contradiction, and the claim is proved.

Next, take any a € (0,1), and for a given U pick w = w(W) as indicated in the claim
above. Define

r ~1
Bo(6) = a[(r +a)--- (14 a)ug - w* T fu; - w|] 10w, 6 e R
j=1

We will show that for sufficiently small a and b, independent of @, the function 5(6) =
Bo(0)51(]0]) is as required.

Note, that (3 is constant along the hyperplanes orthogonal to w, and V3, is parallel to
w. Also, we have |Gy(0)] < ¢|6]"t*, where ¢ does not depend on u by the claim above. For

each v = (vq,...,v), |v;| = 1, we have:

r -1 r
D™ Bo(0)(vy, ..., v) = a [\uo cwl* T ;- wy] [T 1w - wii6 - wi®.
j=1 =1

In particular, D*Bo(Tug)(u1, - .., uy) = at®. Since [ is identically one in the ball |0] < b, we
have (2.13). Using the claim above, we have supjg<q, [ D*00(8) |5, = O(b* %) as b — 0 for
k=0,1,...,r. Then, using the choice of #; and product rule, we have:

r

1Blleo =Y sup [[D*(Bo(B)B1(10) 15, = O(B*) as b — 0.

o |01<2b

Thus, [|B]lro < 0 for sufficiently small b. Since ||D*(5of1)|la < 181D Bolla + 1|32]|as Where

(B contains derivatives of By up to the order r — 1, we can choose sufficiently small a and b,

independent of @, to satisty ||| < 1. n
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3 Proof of Theorem 1.1

The inequality 14, (Kra; C%(Or.a)) < py(r, @) can be obtained as in [ChL, Thm 8.60]. Thus,
by (2.6) and Lemma 2.1, the inequality ress(L£; C™*) < px(r, a), yielding one direction of the
proof of Theorem 1.1, is implied by the following lemma, whose proof is an adaptation of

Ruelle’s argument in [R2, p.248-249].

Lemma 3.1. re(L;C™%) < s(r, ).

Proof. By identifying C™*(©) with @, C™*(U;) one can define operators M and M®) | which
are equivalent, respectively, to £ and £* (see [R2, p. 246-247]):

(M f)j(Q):ZCI)(in) F(ij0), (MW )i (0)="D " *(ig. .. ix_1ixd) f(ia .. . ixrird), (3.1)

i0ein_1
where f; = fly,. We have 1e(£) < Tess(M). By Nussbaum’s formula, it suffices to show

that
ligglf JIMP — Ko |V* < s(r, ), (3.2)

where K has finite rank for each k. Following the proof of [R2, Thm. 3.2, p.249], choose
0 = 0(ig, ...,i) € Uso...i,, and define K, f = MBF, f where F,f is the Taylor expansion
of f of order r at §. Let h denote the remainder of the Taylor expansion. To see (3.2), we
need to estimate the C™“-norm of the function

(M® — K) f(0) = Z OF(ig . . ip_10)h(ig . . . ip_10), 0eU,.

0. g1
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As in [R2, p. 249] we have
DO < || flr.adist(d,0)"*  for g=0,...,r and § € U,,. (3.3)

Since limy, oo 5x(0, T + )% < s(r, ), and h(f) = DIh(A) =0, q=1,2,...,r, for each ¢ > 0

we have

dist(ig . . . ip_10,0)]""
dist(0, ¢"0)

[M® = K)lleo < cllfllasup sup 32 [04io-.i416)]

e EUik 20.. 1k —1

c(e)(s(r, @) + €)*||fllra-

IN

In the remainder of the proof we show that similar estimates (up to a polynomial in &) hold
for the C%-norms of the derivatives and Holder seminorm of £¥h = (M®) — K ;) )h. We will
work with the r-th derivative; lower order derivatives can be considered similarly. By (2.12)
we have D"LFh = K} D*h + hy, where h, contains a variety of terms with derivatives of
order r — 1, but no derivatives of order r of h.

To estimate ||} o D™h||coge, ), we let 01 = 0, 0, = ©*(0), i* =iy ... ix_1. By the definition

of Ky and the bound (3.3) on |[(D"h)(0)||, we have that ||} D"hl|coce, ) is dominated by

0
r(rglavbfz 10 (*0)|| | [ IID&" (i*6)] "o, | dist ("0, 0)* - || flleo < c(€)(s(r, ) + €F[[ fle.a-
Tk j=1

Similarly for the other derivatives and, hence, ||h;||co(e, ) and || D*LFR||coe, ) are dominated

by the expression c(e)p(k)(s(r, ) +¢)*|| f]

cr.o for a polynomial p(-). The same estimate holds

for the Holder seminorm of h,. Thus, to finish the proof, we need to show that

Sup max 1(KE0 D ) (01, v) — (Ky g D™h) (02, v) | dist (61, 02) ™ < e(€)p(k)[| fllr.a(s(r, @) + €)".

Consider r-linear operators A = (D™h)(i*0;), B = (D"h)(i*6y) and split (for fixed 6;,6, € O,
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v € (7)) the difference (KF(D*h)(01,v) — (KfoD"h)(02,v) = Si + S 4 Ss, where

Sio= Y [0F(i*6) — (M 0a)JA({[D" (i*61)] Mo ),

Sz = Z‘I)'“(%"%)[A({[Dw'“(ml)]’lvj};l)—B({[Dw'“(i'“@l)]’lvj};l)],
Sy = Z‘Pk(i’%)[B({[Dwk(ik&)]_lw}?:l)—B({[Dsok(i’“Hz)]_lvj}Ezl)]-

Since ®*(ik0y) — ®*(ikh;) can be written as
k—1
> (ki ik0) [Py - ix2) — P(ipp .. k)] (i . i)
p=0

and [[A({[De"(*601)] "0 )| < [fllr.a Iy [[D9" (%61)] 05, we have

k—1 r
11 < elfllea D D 197 pir i)l [ ] 11D (it - - ix61)] 05 X

D=0 if_pe.ig j=1

X dist(ig—p . . 501, iy - ix02)" D RFPTHEG) | [P (1 61)) vy
Jj=1

i1eib—p1
Thus ||Si|| < c(e)p(k)(s(r,a) + €)F||fllr.a- A similar, but longer argument works for ||Ss||

and [|.Ss]|. O

Remark 3.2. For r = 0 let d(-) be the generalized (—function, see [R2, Thm. A1l], defined as
the formal power series d(z) = exp ( = Yo AT Y e o T @’%9)), where Tr denotes
the trace. Combining the proof of [R2, Thm. Al] and Lemma 3.1 we have that the power
series converges in {z € C : |2]s(0, @) < 1} (that is, in fact, for |2| < 1/ res(L£; C%%)). Indeed,
arguing as in the proof of Lemma 3.1, we can replace in the estimates (A.3) and (A.6) of
[R2] the quantity §%e” "¢ by the quantity s(0, ) + ¢; the rest of the proof of [R2, Thm. Al]
remains unchanged. We suspect that for r > 0 similar changes could be made in (1.5) and

Proposition 3.2 of [R3].
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We split the proof of the inequality ress(L£; C™) > pu(r, a) in two lemmas.
Lemma 3.3. re(L; C7%) > 15,(K5% C%(Or ).

Proof. For e« = 0 the proof is given in [ChL, Thm. 8.56, p. 328]. We will describe how to
extend this proof for @ > 0. As in [ChL], passing to the operator z 'K, , for some z with
2] = 15p(Kr.0), we will assume without loss of generality that re,(Kya; C%(Or4)) = 1 and
1 € 0up(Ky; C°). We will prove that 1 € 0,,(Kya; C%(Oy4)) implies 1 € 0,,(L; C™*). This

will be done by an explicit construction for any € > 0 of a g = g. € C™* satisfying
19 = L9l < c(d,x, ) - € [|glr.a- (3.4)

Fix € < 1/8, and choose a large N = N(¢) € N, and small 6 = §(V, €), which will be specified
later. Since 1 € 0,,(Ky.a; C%(Or.4)), we can, as in [ChL, p.328], pick an F' = F, y € C°(0,,)

and (0, v°) € O, such that
[F|lco@rn) =1, |IKooF — Flloo@,a) <€ |F(60,¥°)]| > 1/2. (3.5)

Using (3.5) we have that for each N there exist an aperiodic point (6, v®) and vectors
F(no, @), for (no, @) € ;N (65, %°), such that

I1F(0, @) <1 and H 3 \pya(no,ﬁo)p(ng,aO)H23/4. (3.6)

no€eNoo
We also recall that ry,(Kya; C%(Or4)) = R(r,a) =1 by (2.6). Using (3.6) we will construct
g as in (3.4), as follows.
Choose a small open set By in © such that §, € By and the components of @~ (Bo),

k=20,...,2N 4+ 1 are disjoint. Take a smaller ball B C By such that 6, € B. Let x :
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© — [-2,2] be any (r, @)-smooth bump-function such that: y(6) = 1 for 6 € U,QVZO ©* N (B),
x(0) = (e— 1)~ for 0 € Ny, " N(B), and x(0) = 0 for 0 & (3, 0"V (By,). Note that
lIxX||r.0 grows as € — 0 and N — oo.

For a sufficiently small 6 > 0, use Lemma 2.3 to choose a function § : © — [0, 1]
such that supp 3 C o M(B), ||Bllro < 6, ||Bllra < 1. In addition, we select 3 such that
lim, o7 *D*B(no + Tud)(u’) = a for each ny = i¥y. Here v° = (v],v°) is as in (3.6),

notation (2.1) is used, and a = a(d,r,«a) € (0,1) is the constant from Lemma 2.3. Then

D*B(np)(u’) = 0 and
i = DB (6 + 1)) () = al (D )]~ 48]" (37)

Define h(n) = B(n)F(no, ") for n € ¢ (B) that belong to the same component of ;" (B)

that contains 7y (for each i), and let h(f) = 0 for 0 ¢ ™ (B). Let
g(0) = (1 —e)N=H(LkR)(H) for 6 e " N(B), k=0,...,2N,

and g(8) = 0 for 6 ¢ | Y, ©*N(B), cf. [ChL, (8.140),(8.141)]. Note that if k =0, ..., 2N +1,
then supp L"h C =N (B) C "V (By).
Since supports of L¥h, k = 0,...,2N, are disjoint, we can re-write g() for all # € © as
the following sum: g() = S22~ (1 — €)W =H(L*h)(6). Then
2N
(Lg)(0) =D (1 — )N FH(LER)(0) + (1 — N (LN T'h)(0) for 6 € O.
k=1
For k =0,...,2N we denote, for brevity, e, = (1 — €)N "¢ — (1 — ¢)IN=F+1l_ Again using the

fact that supports of LFh are disjoint, we conclude that if € o~ (B) then g(#) — (Lg)(0) =

(1 —e)Nn(d); if k = 1,...,2N and 0 € " N(B) then g() — (Lg)(0) = e (L*h)(0); if
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0 € ¢N*1(B) then g(0) — (Lg)(0) = —(1 — )N (LN*1R)(9); and if 0 ¢ ULy " ¢V (B) then
g(0) — (Lg)(#) = 0. For 0 € o~ (B) we rewrite (1 —€)Nh(0) = eo(L°h)(0) + (1 — )N L1 (D).
Ifk=0,...,Nthen e = e(1—e)NH If k= N+1,... 2N then ¢, = (e — 1)1 (1 — )Nl
Thus, if k = 0,...,2N and 0 € ¢* "V (B), then ¢,(L*h)(0) = ex(0)g(h). We stress, that
supp(xg) belongs to the set Uiﬁo ©*=N(B) and, therefore, g does not depend on the choice

of x outside of this set. Finally, we conclude that for all # € © the following identity holds:
9(0) = (Lg)(0) = (1 — &) h(0) + ex(0)g(0) — (1 — &) (L *h)(0). (3.8)

First, we estimate [|[£*"™'h]|,, from above. Since R(r,a) = 1, by Lemma 2.1 there
exists c(€) such that sonyi(r,a) < c(e)(1 + €2)?ML. Apply (2.11) from Lemma 2.2 for
f =hand k = 2N + 1. Since ||h]lro < ¢ and ||D*h|lo < 1 by the choice of 3, we have
LT R||p 0 < c(e)(1 + €2)?N L 4 ¢(N)§. For the middle term in (3.8), using the product
rule, we have that [[xgllra < [Ixllcollgllea + c()lxllrallgliro < 2lgllra + c(e, N)d. Using

these estimates and the inequality ||hl/;o < 1 in (3.8), we have:
lg = Lgllr.a < 2ellgllra + (1= )1+ () (1 + EQ)ZNH] +c(e, N)o. (3.9)
We claim, that for a sufficiently small § = §(e, N) we have
1 <207 '|glra- (3.10)

Recall that a = a(d, r, ) does not depend on N nor e. As soon as the claim is proved, we
use it in (3.9) and, first, choose NN sufficiently large, and, next, choose § = (¢, V) sufficiently
small to see (3.4).

To prove the claim, we use the inequality ||h]/ro < ¢ and (2.10) from Lemma 2.2 for
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f=hand k=N to obtain the inequality [|gllra > [|LVA|ra > IKND"hlla — ¢(N)d. Note
that (I Dh) (6o, v°) = 0 by the choice of 5. Thus,

IS D™ hllo = lim 2| (Ko, D™h) (8 + tug, v7) |

)

> N(iV0o) [T I[De™ (iN6o))~ ol F (i 6y, ") lim t=>D"B(i™ (B + tv]))(u?)
iN Jj=1

see notations (2.1). By (3.7) the last expression is equal to

> N (N00) [TIDe™ (% 00)) 7 of | - [[D" (i 60)] g F (i 6, W)

=1

a

= a||(’Ci\,[aF)(90,VO)|| > 3a/4,
where we have used the choice of F' as indicated in (3.6). Thus, ||g|ra > 3a/4—c¢(N)d > a/2

for all sufficiently small 6 = §(N,€). O

By Lemma 3.3, (2.6) and Lemma 2.1 we have res(Kra; C™*) > p(r,«). Thus, the

inequality ress(fCra; CT) > py(r, a) is implied by the following lemma.
Lemma 3.4. p(r,a) > pu(r, a).

Proof. We will make use of the Oseledec Multiplicative Ergodic Theorem (see, e.g., [Ar,
Thm. 3.4.1]). This theorem gives the existence of exact Oseledec-Lyapunov exponents and
corresponding subbundles almost everywhere whith respect to ergodic measures. We will
apply the multiplicative ergodic theorem for three cocycles: {Dy*}, {®*}, and { ¥} ,}. First,
we will select sets of full measure such that for each point from these sets the conclusions
of the multiplicative ergodic theorem hold. This will allow us to recalculate the largest
Lyapunov exponent, A, (1), V), for the cocycle {\I/’,fa} via the largest Lyapunov exponent for
the cocycle {®*} and the smallest Lyapunov exponent for the cocycle {D¢*}. Next, we
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will use Furstenberg-Kesten formula for A, (¢, ¥). To finish the proof of the lemma, we will
estimate A, (¢, V) following the plan of the Bowen’s proof of the variational principle [Bol,
thus generalizing the proof of [CL, Thm. 8.53].

Let v € Erg(e,©). Recall that the conclusions of the multiplicative ergodic theorem
hold for both cocycles { D"} and {®*} on a subset of © of full v-measure. Let ©®) denote
this subset. The conclusions that we will need are as follows. For each point 6 & oW
and each vector v € 7y there exists exact limit x,(6,v) = limg_o k= log |D*(0)v|, the
Oseledec-Lyapunov exponent. There are only p, p < d, distinct values Xl(,l), e Xl(,p ) of the
limits. They depend on the choice of v € 7y, but independent of 6 € O®). We order the

(1) (p)

Oseledec-Lyapunov exponents as follows: x,’ > ... > x» . For the smallest Oseledec-

Lyapunov exponent we abbreviate x, = Xl(,p ). Also, there are p subbundles Vi, ..., V, such
that if v belongs to the fiber V;(0) over 0 € O™ of a subbundle V;, then Xv(0,v) = X(Vi),z' =
1,...,p. We stress, that the value of y,(#,v) does not depend on v as long as v belongs
to V;(f) with the same number ¢. That is, for any choice of vectors v; € V,(0) we have
Yo = limy_o k7' log | De"(@)v;|, 5 = 0,...,r. Since the conclusions of the multiplicative
ergodic theorem for the cocycle {®*} hold on O®) we also have that for each § € O®) there
exists exact limit limy_ ., k="' log ||®*(9)||. Here || - || denotes the norm of (¢ x £) matrices.
This limit coincides with A\, = )\,(,1), the largest Oseledec-Lyapunov exponent for the cocycle
{®F} over .

Let V,(0), 0 € O®), p < d, denote the trace in 7' of the Oseledets subbundle V, that

corresponds to the smallest Oseledets—Lyapunov exponent Y, for the cocycle {Dy*} over
@. Let (:)m C O, denote the bundle with the base O™ and fibers V,o(0) x ... x V,(0).
Take any measure pu € Erg(¢y o, 0y o) such that v = pru and that u is supported in ém
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(cf. [Ar, Thm.6.2.3]). Select a full y-measure subset o c Or. such that for each (4,7V) €
(:)9‘ ) the conclusions of the multiplicative ergodic theorem hold for the cocycle {\If’;a} over
Yrq. In particular, for each point (6,v) € éffg there exists the exact limit A, (¢, V) =
limy, o0 k7" log | W] (6, ¥)]|, the largest Oseledec-Lyapunov exponent for the cocycle {¥} ,}
over ¥y . Again, by the multiplicative ergodic theorem the limit is independent of (0,V) €
6. Fix a point (0,v) € O¥) with v = (vp, ..., ). Since € O and each v; € V,(6),
we have that x, = limj_ k7 log | De"(0)v;], 7 =0,...,r and A\, = limy_, k" log ||®"(0)]]
by the multiplicative ergodic theorem for the cocycles { DpF} and {®*}, respectively. Using

the definition of W¥

r,a)

we have that A, (¢, ¥) =\, — (r + a)x,. Indeed,

A, 0) = Tim " log |0, (6,9)]

= lim k" log | ®*(0)[| — o lim k™" log [ D" (B)uo — Zklim k~log | D" (0)v;|

= )\I/ - (I‘ + a)Xl/‘
On the other hand, using the Furstenberg-Kesten Theorem ([Ar, Thm.3.3.3] or [W,

Cor.10.1.2]) for y and { W} .}, we can also compute A, (¢, ¥) as follows:

A W) = lim / log [ ¥+, (6,9) | d.
Using the disintegration pug(-) of p with respect to v and the definition of \Ilra, we have:
M) = i [ / log IOl dpo(%) d(6)
koo k Jo Jizpyrer - [DEFO)vol [T1—, [De*(0)vy]

< Jim o /@ tog ([|84(6)1] - D (6)) ) v (6).

Let A= {Ay,..., A4} denote a finite Borel partition of © such that each 6 € © belongs to
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the closure of at most M elements of A. As in Step 1 of the proof of Theorem 8.53 in [ChL],

it follows from the definition of entropy and a standard variational lemma [W, Lem.9.9] that
k-1

H,(\ o7 A) + /@ tog ([|2*(0) ] - I[DL*(0)) 1" ) dv (3.11)

=0

<10z Y sup ([0F@)] - [0 E)] ™)

.~ 0eB
BeViZy ¢iA

g Y (1040n)- 1D 0m) )

BeViZ) oA
for suitable 6g in the closure of B.

First, we remark that there is an n = n(A) such that each U intersects no more
than M sets A for A € A. Indeed, if not, then there is a nested sequence Ui(f ) and 6 =
lim,,_oo ™, ) € Ui(yfn), such that @ belongs to at least M + 1 sets A for A € A. The
contradiction to the assumptions on A proves the remark. Next, for each p € B, with
B = Aj,ne YA N ...Nne *D(A; ), choose "™ = 4y ... igigs1...igsn such that
0p € Upin. Define f(B) := Upin for B € \/'7) oA We claim that the multiplicity
of the function B +— f(B) does not exceed M*. Indeed, if f(B) = f(B’) then, for each
m = 0,...,k — 1, we have that p™0p € A, and ¢p"0p € Zj;n, but also that ¢™fp and

@0 belong to U; . By the remark above, there are no more than M choices for

14mebk--lhtn
Jm # jh, for each m =0,...,k — 1, and the claim is proved.
Therefore, (3.11) is dominated by

log (M’“Z sup (Hq)k(@H ' ||[D90k<9)]_1’|r+a)>

T 0€U
<log (M* D257 sup (@5 ()| - (D ()] ) ) < log (MFe(n)pi(r, ).

in ik ne€Un

Since A, (¥, ¥) = A, — (r + a)y,, we conclude that h,(¢, A) + A, — (r + a)y, < log M +
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log p(r, ). Now, passing to the higher iterates of ¢, the proof can be completed along the

lines of [ChL], see Steps 2 and 3 on p. 320. O
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